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SENSOR CHARACTERIZATION FOR REGIONAL
BOUNDARY OBSERVABILITY

EL HAssANE ZERRIK*, Lavyacul BADRAOUI*,

The purpose of this paper is to report some original results on regional boundary
observation and boundary strategic sensors. Characterization of such sensors is
related to their spatial structure and location, and aims at achieving regional bo-
undary observability for parabolic systems. An application to a two-dimensional
diffusion process and various illustrative examples are demonstrated.
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tegic sensors

1. Introduction

In various distributed-parameter systems we are interested in the knowledge of system
states (Dolecki, 1973; Rolewicz, 1972). This concept is closer to practical situations
when we are only interested in the knowledge of the state in a given subregion of the
system domain, or if the system is not observable on the whole domain. The notion of
regional observability has been introduced only recently by El Jai and Zerrik and the
results are finer than those regarding the usual observability (Amouroux et al., 1993;
El Jai et al., 1994). A sensor which allows for a unique reconstruction of the state in
a given domain (resp. in a given subregion of the domain) is said to be strategic, cf.
(El Jai and Pritchard, 1988) (resp. regionally strategic, cf. Zerrik, 1993). The notion
of regional observability was then extended to the case where the subregion is a part
of the boundary of the system domain (Zerrik et al., 1999).

In this paper, we present some results related to regional boundary strategic
sensors and their characterization in connection with regional boundary observability.
We then apply the results to a particular parabolic system.

The paper is organized as follows. Section 2 is devoted to the presentation of
the system under consideration and preliminaries. We also give results related to
regional boundary observability. In Section 3, we characterize this concept in terms
of the sensor structure. In the last section, an application to a two-dimensional
diffusion process is considered. Examples of various situations are also given and
specific results are summarized in a tabular form.
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2. System Description and Preliminaries

Let © be an open regular subset of R” with sufficiently regular boundary 8§} and T’
a non-empty simply-connected part of 8. For a given time T' > 0 let @ = Qx]0,T][
and ¥ = 980x]0,T7.

We consider the system described by the equation

9y _ :
E(wat) —Ay(:c,t) n Q)

Oy _ 1
5y G0 =0 on %, 1)

y(2,0)  =uyo() in 9,

where A is a linear differential operator, with compact resolvent, which generates a
strongly continuous semigroup (S(t)):>o on the Hilbert state space H'(Q). In the
sequel, A* stands for the adjoint operator of A. We assume here that yo € H().
Moreover, the measurements are given by

z(t) = Cy(z, 1), (2)

where C' : H'(Q)) — RP is linear and depends on the structure of the sensors
employed. The observation space is assumed to be O = L?(0,T; RP).

System (1) is autonomous and note that (2) allows us to write
z(t) = CS(t)yo ().
Let us recall that a sensor is conventionally defined by a couple (D, f), where:
(i) D denotes a closed subset of (), which is the spatial support of the sensor,
(ii) f defines the spatial distribution of the sensing measurements on D.
According to the choice of the parameters D and f, we may have various types
of sensors. A sensor may be pointwise when D = {b} and f = §(- — b), where ¢ is

the Dirac mass concentrated at b. The output function (2) can then be written in
the form

z(t) = y(b,1). (3)

In this case the operator C is unbounded and some precautions must be taken (El
Jai and Pritchard, 1988).

A sensor may also be of zone type when D C Q. The output function (2) can
then be written in the form

2(t) = /D y(@, 1) () da. (4)

In both the cases b and D may be internal in Q or on the boundary 9.
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The concept of strategic sensors was introduced in (El Jai and Pritchard, 1988)
and generalized to the regional case in (Zerrik, 1993). Let us recall the definitions:

1. A sensor (D, f) is said to be strategic if the observed system is approximately
observable.

2. For an non-empty subregion w which is internal to 2, a sensor is said to be
w-strategic if the observed system is approximately w-observable.

Consider
e the operator
H(Q) — O
h — CS()h
which is linear and bounded, with the adjoint operator defined by
0 — HY Q)

K*: T
¢ — / S*(r)C*z* (1) dr,
0

e the trace operator of order zero:
Yo : HY(Q) — HZ(69)

which is linear, surjective and continuous, v§ being its adjoint operator,

& the operator

H%(8Q) — HI(D)

z-—)Z|F

Xr:

where z). is the restriction of z to I' (its adjoint is denoted by X5)s

e the operator H from O to Hz (') defined by

H= XF'YOK*> (5)

@

a boundary initial state on T', %o = X170 (¥0)-

The problem of boundary observability is as follows: Given the autonomous system (1)
and output (2), characterize the sensors which allow for a unique reconstruction of
the state of system (1) in a subregion supposed to be located on the boundary of the
system domain. Basic results were established by Zerrik et al. (1999). In this paper,



348 E. Zerrik and L. Badraoui

we recall the most important of these results and show a relationship between regional
boundary observability and boundary strategic sensors.

Regional boundary observability is a natural extension of the concept of regional
observability. It concerns the state reconstruction in a given subregion which is a
part of the boundary of the domain where the system is defined. For completness, we
recall here some relevant results:

Definition 1. System (1) together with output (2) is exactly (resp. approximately)
boundary regionally observable on I' or exactly B-observable on ' (resp. approxi-
mately B-observable on T') if Im H = H3(T') (resp. Im H = Hz(T)).

The problem of reconstructing the initial state §p on I' can be addressed using
various approaches (Zerrik et al., 1999). It is clear that

1. The approximate B-observability on I' amounts to the condition H*z* =0 =
z*=0.

2. If a system is exactly B-observable on T', then it is approximately B-observable
on I

3. If a system is exactly (resp. approximately) B-observable on T', then it is exactly
(resp. approximately) B-observable on every subset I'; of T.

4. There exist states which are not observable on the whole domain € but B-
observable on I'. This is illustrated by the following example.

Example. Consider a two-dimensional system described by the diffusion equation

Y %y *y
52($17x2)t):8_l‘%($1,x2’t)+—8_£—3—% (zlanJt) in Q:
Y(@1,22,0) = yo(z1,22) in 0, (6)
Oy
% (6:77#5) =0 on E,

where  =]0,1[x]0, 1[, the time interval is ]0,7°[ and T = [0,1] x {0}. The output
function is given by

0= [ vlemnsn dcan, (7
where f(&,n) = cosnn and I'g = {0} x [0,1]. The operator
82 62
A= 5:1;—% + 8—.’1,‘%

generates a semi-group (S(t)):>0 on H'(Q) given by

Sty = Z ey, i) i (@) Pig»

1,j=0
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where A;; = —(i% + j2)n2, ¢4(z1,32) = 2a4 cos(inzy)cos(jnzs) and ay = (1 -
Xij)~1/2. The state yo(z1,z2) = cos(mz1)cos(2mzs) is not weakly observable on
(Kyo = 0, cf. El Jai and Pritchard, 1988) but is approximately B-observable on I'
(H*yo = 0, cf. Zerrik et al., 1999). )

3. Regional Boundary Strategic Sensors

In the following section, we introduce the notion of regional boundary strategic sensors
and characterize same links between regional boundary observability and sensors’
structure.

Definition 2. A sensor (D, f) is said to be I'-strategic if the observed system is
approximately B-observable on T'.

Now, consider system (1) and assume that the measurements are taken by p
sensors. The output function is then given by z(¢) = (21(¢),...,2,(t)) with z(¢) =
y(bi,t), b; € Q for 1 <4 < p in the pointwise case and z;(t) = fDi y(z,t) fi(z) dz,
D; c Q) for 1 <1i<p in the zone case.

Assume that there exists a complete set of eigenfunctions (p;);er of A associated
with the eigenvalues ()\;) of multiplicities m; and m = sup,c;m; is finite. For
T =(T1,-..,%n) € Q and i = (41,...,%n) € I = N*, let T = (z1,...,2p-1) and
i = (i1,...,9n—1). Suppose that the functions (t;) defined by ¥;(Z) = xryopi(z),
i € I form a complete set in Hz(I'). Then we have the following result:

Proposition 1. System (1) together with output (6) is B-observable on T' iff
1. p>m, and

2. rankG; =m; for i €1,
where G2 = (Gi)j,k7 1 S 7 S mg, 1 S k S D,

(Gi)jn = ©i; (bx) in the pointwise case,
e (%j,fkbk in the zone case.

Proof. For brevity the proof is limited to the case of zone sensors. For z* € H %(I‘)
we have
H'z" = Kyxpz"
m;
= (Ze“sz‘jﬁéxl“w*)n(w,-,f1>D1,

i€l Jj=1

m;
Tty Z eMit Z(‘pij s '73X;z*)9((piji fp)Dp)

iel j=1
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mM;
(Ze)\ tz XF’YO‘;DZ;N <g0175f1>D1:

iel Jj=1

mq
DILDI TN

iel j=1
mi M
Ai Ait
= (Ze tde z* (102]>f1 Dys-- Ze Z¢1J’Z>P (Pljaf]:r)D)
i€l j=1 i€l

If the system is not B-observable on I', there exists z* ;é 0 such that H*z* = 0
which gives > (¢, 2*)r(pi;, fi)p, =0 forall i € I, 1< k < p.

Consider z; = (¢5,,2")r and 2z = (z,,...,%,,)" Then we obtain G;z; =0
rank G; # m; for any 1.
Conversely, if rank G; # m;, there exists ¢ € I such that z; = (zil,...,zim )£
0 and Gizi =0.
Let z* € H3(T) verify
(W, 2)r =0 forl#4,
(5,2 )r = zi;  for 1< j<my.
Thus z* # 0 and H*2* =0, i.e. system (1) is not B-observable on T ]

Remark 1.

e Proposition 1 implies that the required number of sensors is greater than or
equal to the largest multiplicity of the eigenvalues.

e By infinitesimally deforming the domain, the multiplicity of the eigenvalues
can be reduced to one (El Jai and El Yacoubi, 1993). Consequently, the B-
observability on I' can be guaranteed by employing only one sensor.

4. Application

Consider the two-dimensional system defined on 2 =]0,5[x]0,d[ by

Iy &y By .

e (wl,zo,t):a—m%(xl,mg,t)+é—;g(x1,zg,t) m Q,

a_z(fla§2at) =0 on X, (8)
y(®1,22,0) = yo(z1,z2) in Q.

Let T' =]0,5[x{0} and assume that the output function is given by (4) or (5). The
eigenfunctions associated with (8) are of the form

2ar;

sl = gm () )
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with ag; = (14 (k2/b? + 52 /d?)n?)}/2.
They correspond to the eigenvalues

k? j2
/\ka—(—l;g-l-a;)ﬂ

of multiplicity of one if 5%/d?> ¢ Q because if b?/d? = p/q for p,g € N*, then
the eigenvalue Api1,4-1(= Ap—1,4+1) is associated with two different eigenfunctions
Pp+1,g—1 and Pp—1,g+1- In this case I = NQ, (k,]) =k and ((Z.‘]_,il;‘g) =Ty.

The functions

Yr(z1) = \/_\Z/gk cos (kﬂr%) , keN

form a complete set in H# ().
For 0<a; <as <band 0< B < B2 <d weset

_aptaz _Bi+ DB _ap—o -
m = 7 p=—— =t

7 2 g 0 2 2
Now consider some examples.
4.1. Case of a Pointwise Sensor

Consider (8) with the output function z(t) = y(b,t), where b is the sensor location.

4.1.1. Boundary Pointwise Sensor

Suppose that b = (a,0) (cf. Fig. 1(a)) or b = (0,8) (cf. Fig. 1(b)) with 0 < o < b
and 0 < B <d.

Xo Ko
d
d Q Q
Byb
b T r
0 a b b 0 b *
(a) (b)

Fig. 1. Location of a boundary pointwise sensor.
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I
0 ¢ b !

Fig. 2. Location of an internal pointwise sensor.

Corollary 1. In the case of Fig. 1(a), the sensor is not I'-strategic if there exists
k € N* such that 2ka/b is odd. In the case of Fig. 1(b) it is not T-strategic if there
exists | € N* such that 218/d is odd.

4.1.2. Internal Pointwise Sensor
Consider the sensor located inside the domain at a point b = (a, 8) (Fig. 2).

Corollary 2. The sensor is not I'-strategic if there exists k,1 € N* such that 2ka/b
or 2lB/d is odd.

4.2. Case of a Zone Sensor

Here we consider (8) with the output function z(t) = [}, y(z1, z2,t)f(z1,32) dz1 da,
where D is the sensor support.

4.2.1. Boundary Zone Sensor

The sensor is located on the boundary along D =]ai,az[x{d} (cf. Fig. 3(a)) or
D = {0}x]B1,B2[ (Fig. 3(b)). In the case of Fig. 3(a) we have the following result:
Corollary 3.

(a) If f is uniformly distributed on [a1,as] x {0} (or on [au,as] x {d}), then the
sensor 1s not I'-strategic if p1/b € Q or there ezists k € N* such that 2kny /b
s odd.

(b) If f is symmetric with respect to the point (11,0) or with respect to the point
(m,d), then the sensor is not T-strategic if m /b € Q.

(c) If f is symmetric with respect to the axis = = 1, then the sensor is not I'-
strategic if there exists k € N* such that 2kn, /b is odd.

In the case of Fig. 3(b) we get the following characterization.
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D

d i P Q d Q
; ]
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i } D
; |
T gl r

0 % oy b A1 0 b S|

(a) (b)

Fig. 3. Location of a boundary zone sensor.

Corollary 4.

(a) If f is uniformly distributed on {0}x]B1,B2] (or on {b}x]B1,B2[), then the
sensor is not I'-strategic if pa/d € Q or there exists | € N* such that 2In./d
is odd.

(b) If f is symmetric with respect to the point (0,ms) or with respect to the point
(b,m2), then the sensor is not [-strategic if n2/d € Q.

(c) If f is symmetric with respect to the azis y = 72, then the sensor is not I'-
strategic if there exists | € N* such that 2ins/d is odd.

4.2.2. Internal Zone Sensor

Suppose that the sensor is located inside the domain over D =]oy, a2[%x]B1, B
(Fig. 4).

X

0 %4 % b 1

Fig. 4. Location of an internal zone sensor.



354 E. Zerrik and L. Badraoui

Corollary 5.

(o) If f is uniformly distributed on lai,cs[x|B1,Bs], then the sensor is not
[-strategic if one of the following properties is verified: u1/b € Q or uy/d € Q
or there exists k,l € N* such that 2kn, /b is odd or 2lns/d is odd.

(b) If f is symmetric with respect to the point (n1,72), then the sensor is not
D-strategic if m/b € Q or no/d € Q.

(c) If f is symmetric with respect to the azis x = 11 (or with respect to the axis
y = 1n2), then the sensor is not I'-strategic if there exists k € N* such that
2kn1/b is odd (resp. there exists | € N* such that 2Inq/d is odd).

Remark 2.
e The results obtained follow, in general, from symmetry considerations.

e If f is uniformly distributed, it also verifies the axial symmetry and the corol-
laries are compatible with this observation.

4.3. Recapitulating Table

Tables 1 and 2 summarize the results obtained in the paper.

Tab. 1. Pointwise sensor.

Sensor location Non I'-strategic cases
a€]0,bfand f=0o0r f=d | Ik € N* | 2ka/b is odd
B el0,danda=00ra=>b| 3 € N* | 2(8/dis odd
a €]0,b] and S €]0,d| Jk € N* | 2ka/b is odd or
3 e N* | 203/d is odd

Remark 3. From a practical point of view, the distributed system is most
often approximated by a finite-dimensional system. Then the conditions of the
B-observability on I' can also be verified for the finite-dimensional system. For
instance, in the pointwise sensor case (Fig. 1), if the system is approximated by a
seven-dimensional system, then the condition of non B-observability on T is a/b € I;
where I; = {1/6,1/4,1/2,3/4,5/6}.

5. Conclusion

The concept developed in this paper is related to the regional boundary state recon-
struction in connection with the sensors structure (both the distribution and location
of the support). It permits us to avoid some ‘bad’ sensor locations.

Various open questions are still under consideration. For example, the case of
the optimal sensor location for the boundary observability problem.



Sensor characterization for regional boundary observability 355

Tab. 2. Zone sensor.

Sensor location Non I'-strategic cases

e f uniformly distributed on D
p1/b € Qor 3k € N* | 2kny1 /b is odd
e f symmetric with respect to (n1,0) or (71, d)
D = [, a3] x {0} or m/beQ
D = [oq,as] x {d} e f symmetric with respect to the axis ¢ =
Ik € N* | 2k /b is odd
e f uniformly distributed on D

D = {0} x |51, 8] or po/d € Qor Al € N* | 2n,/d is odd
D = {b} x [, B2] e f symmetric with respect to (0,12) or (b,72)
772/d S Q

e f symmetric with respect to the axis y =
Al e N* | 2n,/d is odd

e f uniformly distributed on D
u1/bEQor pz/d € Qor
3k € N* | 2kn; /b is odd or

D =)a, az[x]b1, B2 3l € N* | 2ln2/d is odd

e f symmetric with respect to (11,72)
m/beQorn/deQ

e f symmetric with respect to the axis
T=1M 0ry =12
dk € N* | 2kn1 /b is odd or
3 € N* | 2n2/d is odd
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