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ANALYSIS OF OPTIMALITY CONDITIONS FOR SOME TOPOLOGY
OPTIMIZATION PROBLEMS IN ELASTICITY
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The subject of topology optimization has undergone an enormous practical development since the appearance of the paper
by Bendsge and Kikuchi (1988), where some ideas from homogenization theory were put into practice. Since then, several
engineering applications as well as different approaches have been developed successfully. However, it is difficult to find in
the literature some analytical examples that might be used as a test in order to assess the validity of the solutions obtained
with different algorithms. As a matter of fact, one is often faced with numerical instabilities requiring a fine tuning of the
algorithm for each specific case. In this work, we develop a family of analytical solutions for very simple topology optimiza-
tion problems, in the framework of elasticity theory, including bending and extension of rods, torsion problems as well as
plane stress and plane strain elasticity problems. All of these problems are formulated in a simplified theoretical framework.
A key issue in this type of problems is to be able to evaluate the sensitivity of the homogenized elastic coefficients with
respect to the microstructure parameter(s). Since we are looking for analytical solutions, we use laminates for which an
explicit dependence of the homogenized coefficients on the microstructure is known.
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1. Abstract Setting The problem we are studying is the following: We

. . consideru? € V uniquely defined by the state equation
Those readers who are familiar with the type of problems

under consideration may wish to skip this section and go a(p;u?,v) =l(p;v), YweV,
directly to the discussion examples, starting in the next and j(y) = J(p, u?). We wish to compute
section.

The type of problems we wish to address can be de- 2223(@'
scribed by the following abstract setting: Laf be a More precisely, in order to use descent-type methods
Hilbert space (state space), be a Banach space aril or to compute the necessary stationarity conditions, we
be an open subset of (control space). We are given the \yant to differentiatej(¢) with respect top. We have the
functionals: following classical result (cf. Chenais, 1987):
* a: PXVXV — R Theorem 1. Under the above conditions, the functions
(pyu,v)  —  alp;u,v) ¢ — u? and ¢ — j(p) from & into V and R,
respectively, are of clas€'. Moreover, for anydy € A
o [: dxV — R we have
(¢,v) —  lpv) dj _ 9

Oa
e P _ P »
d@(@)&o a(p(@m )0 a¢(<p’“ ,p¥)op

o J: dxV — R ol
G op?
(p,v) —  J(p;v). + 8@(%17 )dep, (1)

For eachyp, a(y;-,-) is supposed to be bilinear, con- where p? is the adjoint state variable, which is given as
tinuous, symmetric, coercive in and v; [ is supposed the unigue solution of the equation:
to be linear and continuous in. Both are supposed to be o.J
of classC! with respect toy, in thespaces of continuous ~ P¥ € V, a(p;w,p?) = 3 (p;uf)w, Ywe V. (2)

. . : i A v
bilinear functionalsandcontinuous linear functionajse-

spectively. As for.J, itis supposed to be of clag®! with ;reh\zrﬁiﬂ;gz?vt:ig;neral'Zed to the case when one
respect to the paify, v). 851,02, Pm-
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2. One-Dimensional Examples—Extension where E¥ represents the macroscopic (homogenized)
and Bending of a Rod Young modulus and primes stand for the derivatives with
respect to the axial variable.
Summarizing, the topology optimization problem
under consideration consists in the minimization of func-

Consider a rod occupying the intervidl, L[C R, of a con-
stant cross section are4, fixed at one of the ends, e.g. at

=0, and subjected to a loadl applied to the free end tional (5), with respect to functiony, subject to condi-

z=1L. tions (3) and (6) and, for the present case, for materials

Let us assume that the material the rod is made of verifying (4). This problem fits into the presented abstract
possesses a microstructure formed by the combination ofsetting.

two layered materials, which are supposed to be homoge-
neous and isotropic of Young’s modui'™ and E—, in
proportions+y and (1 — ~y), respectively, with

L
0<~y<1 3) £:Fu(L)+k/ p Adx
We denote byp™ and p~ the specific masses of 0

In order to solve this problem, one may apply Theo-
rem 1 or, equivalently, consider the Lagrangian

these materials, respectively. For simplicity, we will as- L .,
sume that the materials are well ordered, i.e. +A /O E7 Au' v de — Fo(L)
EY>E, pt>p, 4) . .
and that the macroscopic properties are obtained via ho- +/ ™ (y-1)dz — / T yde, (7)
0 0

mogenization theory.

In topology optimization problems one usually con- Where), 7+ and 7~ are the Lagrange multipliers associ-
siders the problem of minimizing the work of the applied ated with constraints (6)y < 1 and 0 < v, respectively.
forces, i.e. Fu(L), with respect to the volumic fraction From the necessary conditions of stationarity, we ob-
7, where u stands for the axial displacement of the rod tain, besides (6) and far €0, L[:

(Bendsge, 1995; Bendsge and Kikuchi, 1988).

The solution of this minimization problem is simple v = _1 U,
and given by~ = 1. As a result, the whole rod will be A
made of the strongest material of elasticity modulurs. dpf drf i _
However, it may happen that the cost of adding the stiffest k Ay A- W}”“ F+7T =1 =0, (8)
material will be extremely high and, as a consequence, in
some parts of the rod, or in all of it, it has to be made of " >0, 9)
a material with Young’s modulug€’~ in a proportion to _
be determined. Moreover, there is no reason to expect that T 20 (10)
the value ofy in a certain cross section is the same as the T (y—1) =0, (11)
value of v in another cross section. That is, one may have
v =7(2). Ty =0. (12)
tionaIl_et us consider the problem of minimizing the func- We remark that (8) is exactly what we obtain apply-

L ing (1) and (2). So far, we have not specified the type of
jv)=Fu(L)+k / ot Adz, (5) microstructure the bar is made of. Let us consider the sim-
0 plest case of a laminated microstructure made of two ma-

where the constant, whose units are work/mass, repre- i ia1s with Young's moduliE+ and E- oriented along

sents the work done in order to add a unit of mass to thea system of axe®)y, parallel to Oz, and Oy, parallel
rod. The quantityp” represents the macroscopic (ho- to Oux», in proportionsy and (1 —+), respectively. From

mogenized) specific mass of the rod and is a function of homogenization theory (Bendsge, 1995), we get
the volumic fractiony. ’ '

. T . B 1 v 11—

In order for the structure to be in equilibrium, the dis-  ,# — )+ 4 (1 — ) p~, pE=prt 5
placement fieldu must satisfy the equilibrium equations,
which we write down in variational form, i.euw € V = Therefore (8) becomes
{ve H(0,L):v(0) = 0}:

. EtE-(ET—E7) | ,,
L k(pt —p7 ) A= — T Wm A
/ ET Au/ v'dz—Fo(L)=0, YveV, (6) [y E~+(1-7) EY]
0 N——
(v;v) +rt —77 =0.

a(v;uv,v)
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on problems in elasticity

& ac

On the other hand, from the differential expression of
the equilibrium equation (6), one hd& A v/)? = F?,
which, after substitution in the previous equation, leads to

(Et—-E7)

S -
1B+ = T +77. (13)

k(pt—p7) A—F?

X

Together with (9)—(12), this is the equation that leads to
the solution to the problem. As a matter of fact, if the
cost k£ is low, one hasy < 0 and, as a consequence,
77 =0, 77 > 0, which implies, from (11), thaty =

1. In other words, if the cost of adding material is low,
the rod will be made of the hardest material with Young's
modulus ET (usually the more expensive one). On the
other hand, if the cost of adding material is high, one gets
x > 0 and, consequentelyr= > 0, 7= = 0, which
implies, from (12), thaty = 0. That is, the rod is made of
the weakest material of Young's modulds .

Summarizing, we have

X > 0=7"=0,7>0=~v=0

— B = E, (14)
X < 0=7">07"=0=1~v=1
= E" = EY, (15)
X = 0=7"=07"=0=0<y<1
— EH = ! (16)
v o 1=7
7+7
ET ' E”
or, in an equivalent manner,
Et B~
F2<k(pt—p)A? ——
<k(p"=pT) A
= y=0=FE"=F", (17)
Et E-
F*>k(pt—p ) A> —r
>k(p" = p) AY o
—y=1= E¥ = Et, (18)
Et E-
F2=Fk(pt—p ) A? ————
(" =P ) A® =
e 0<y<l—spio__ 1 (19)
=7= A
ET ' E”

From the above equations, we conclude that when
the applied force is such that

Et E-

2 _ + o\ g2
F_k(p p)A E+_E_7

(20)

the uniqueness is lost and the rod may be formed by any
combination of the two materials. This may be a source
of difficulties if one tries to solve these types of problems
numerically. Namely, some oscillation in the values-of
and, consequentely, in the values of the displacement field
may be found from one iteration to another and in adjacent
finite elements. This fact means that for this value of the
applied force, the minimizing functional is independent of
~. As a matter of fact, for this case we have
_ F2 1 (Etpt—E p)
M= gv5= pr——

In conclusion, we see that as the force increases,
keeping the cost of adding material fixed (or as the cost
diminishes keeping the forcé’ constant), the solution
to the problem is given by a rod whose properties are
(E—, p~) until the relationship (20) is reached, where a
multiplicity of solutions exists, characterized loy< ~ <
1. Increasing the force even further one obtains a rod made
of a material with propertie$ £+, p™).

Let us now look at some other examples where the
same type of phenomena may occur. Let us consider, in
the first place, the case when the rod is also subjected to a
distributed forcef over its domain|0, L[. The functional
to minimize is now

L L
j(v)=Fu(L)+/o fudx+k/() pf Adz. (21)

The equilibrium equation, written in its variational
form, is given byu € V = {v € H'(0,L) : v(0) = 0}:

L.

LEHAu’v’dx— Lfvdx—Fv(L) =0, YweV.
’ ’ (22)
As before, from (1) and (2) we obtain
k(pm—=p7)A
12
—|F+ /:f(s)ds %4—7*—77 =0, (23)
together with (9)—(1-2). As a result,
i L 12 o+ -
F‘f'/m f(s)ds <k(P+—P_)A2ﬂ
) o, (24)
[ L 1? Et E-
F*L Fs)ds| >k (p"—p) A o
) - = y=1, (25)
[ L 1? Et B
P [ reas| =kt =) A e
_ o <y <1, (26)
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which reduce to (17)—(19) whenevgr = 0 and where In this case one ha&”’ = yE+ + (1 —~v)E~ and
similar questions of nonuniqueness may arise. If, e.g.,

F =0 andif f # 0 butis constant, then . B+ _E- 1 L 2
E2>7—F+/fs)ds
R N HA AR
A [k(pt —p7) EY E- — =0
L— = =0 T=5
Tz < 7 \/ Bt — B 7 )
Et—FE- 1| L 1°
A [k(p—p) B+ B- (BT)? < —————~ — |F+ [ f(s)ds
L— - — =1 k(p+ — A2 ;
xr > f \/ Bt _ B v ) (p P ) L _
— ’y = ]_7
A [kt —p ) E¥E-
L — = — < < 1 r 72
! f\/ Br—p 0SS gy BB 1F+/Lf()d
B k (p+ - p_) A2 x i 3
We then conclude that the sections where the stiffest —0=y=sl
material will be located are the regions where the stress is ) ) )
higher, i.e. near the end = 0. For example, if F = 0 and if f # 0 is constant, we
obtain

If, e.9., F =0 and f(z) = sin(wz/L), we have I 2
F+/ f(s)ds] = f* (L —z)?,

(oo ()" < kipt -y 8" BB
l por L? Ef - E- and the solution will be such th@t< z < z;, v =1 for
= v=0, 1 <x < w9, 0 <y < 1l,andforzy <z < L we will
have v = 0. We remark that, in this case, the solution is
TN 2 A2 72 ET E- unique, andz; and z, depend only upon the data.
(14 cos ()7 > k(o - ) 222 BB | -
L? Et-FE Clearly, we can now consider several other situations
= 7y=1, involving either different orientations of the microstruc-
ture, different loadings or even other problems. As an ex-
TT\N 2 . _ A*n? EtE- ample, we shall write down the solution obtained if one
(1 +cos (T)) =k =) e considers the bending of a simply supported rod subjected
<~y <1, to a transverse load of intensity

4k Al EY —E~
¢ E+fE7(
2’}/:07

pt—p7)

2? (L—z)? <
Again, the cross section where the stress is higher is the
one where the stiffest material will be located.

4k Al EY —E~

Many other situations may now be considered. If we 22 (L —x)* > (pt —p7)
. . . . . L ¢¢ E+—FE-
wish to consider a bar subjected to its own weight, i.e. if
f = —p'lgA, where g stands for the gravity constant, =y =1,
similar reasoning can be performed, but in this case, in
order to have an analytical solution it is necessary to show 2] s 4kAI EY—-E-, . _
that u(z) < 0 for all 2 €]0, L[, which can be done using z° (L—2)" = 2 Et—E- (b = p7)

the maximum principle. —=0<y<1,

Itis possible to consider layers with a different ori- \yhere 1 stands for the second moment of area with re-
entation and, in fact, later on we shall consider any ori- ghect to a principal axis perpendicular to the bending plane
entation and seek the optimility with respect to the layer ¢ ihe rod. One observes that the region where the bend-

orientation as well. Let us suppose that the layers are suchng moment is higher is the one where the stiffest material
that their orientation is defined by a system of coordinates i|| pe located.

Oy1y2 in such a way thaDy, || Oxo and Oy || Ox;.
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3. Two-Dimensional Examples—The Torsion

&Y

The torsion constant is given by

Problem

. J=- 0 0,¥dw =2 | ¥d
Let us now consider the problem of maximizing the /wm v /w ~
torsion constant as a function of the proportian =
. 1
~v(x1,x2) of the components of the microstructure at each = / - A%?ﬂ 00V 95V dw. (31)
point (z1,72) € w C R? of a rod of cross sectionw wD
made by lamination of two materials as has previously Using (30), we obtain

been described. Since the optimal configuration may lead
to a heterogeneous and anisotropic material, one has to set
up the torsion problem in all its generality.

In order to do so, we use the methods of asymptotic
analysis described in (Trabucho and Viafio, 1996), which
we are now going to summarize. With the usual notation
in elasticity theory, where Latin indices take the values

J = (Aééw x% + Aggl a:% -2 Ag*;gl T1 .732) dw

w

— / Agi?,a Oaw Ogw dw, (32)

1,2 or 3 while Greek indices take the valuésor 2, and

with the usual summation convention on repeated indices,

we have
e3a(u) =2 aigﬁ 038, O3 =2 Agma e3a(u),

where ajf,, and Afl, , represent the elasticity coeffi-

or, equivalently,

J:/Agg?,a (Oaw + &4) (Opw + €5)dw.  (33)

The problem of maximizing the torsion constant
while taking into account the cost of adding material is

cients obtained through homogenization theory. For ex- equivalent to the one of minimizing the functional

ample, in the homogeneous isotropic case, with =
E~ = E, this corresponds to
E
2(1+v)’
where £ and v stand for Young’s modulus and Poisson’s
ratio, respectively. Let us consider the following notation:

H _ AH _ H _ AH _
/43131 - f13232 - 3132 — 113231 - 07

AH AH
I L R L DY Y ST R
= = Aszis; A3o30 3132 A3231,
AH A
3231 A3239 27
§1=—x2, & =um1.

Then it is possible to show that the warping function
w € H'(w) is a solution to the following problem:

~05[AM, (aw +£)] =0 in w,

Aglﬁiﬁa (aoéw +§a) ng = 0 on 8&),

/wdw:(),

and that Prandtl's potential functiony € H}(w), satis-

fies
A
o, <

The relationship between these two functions is given by

DoV = A3H13<x (Oaw+&a), OV = _A§{23o¢ (Oaw+Ee)-
(30)

(28)

H
383

8a\11> =2 in w,

¥ =0 on dw. (29)

jly) = =2 /\Ifdw+/<: /pH dw, (34)

where Prandtl’s potential functiony € H}(w), satisfies
the equilibrium equation, which we write in its variational
form as follows:

H
383

A
75

Proceeding as before, egns. (1) and (2) give, for this

case,
o (A
"oy

which has to be taken into account together with (9)—(12).

OV 8gvdw:/2vdw7 Vv € Hj(w). (35)

k(pt=p7)

53
@\ 9,0 9,
D ) A

+7t—77 =0, (36)

Having written it in terms of the warping function,
instead of (36) we have

o (A
Oy

In the particular case when the laminates are oriented
parallel to the principal axes of the cross section, we ob-
tain

k(pt—p7)

H
?gga> (Oaw +&€a)(Opw + &p)

+7t 717 =0, (37)

k(pm =p7)—x+7" -7 =0, (38)
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s

where

1
=2(1 Et - E~ 01 v|?
=240 (5 - B )
1 2
+ 029 }. (39)
As a result, we get
k(pt —p7) 01?020
2(1+v)(EY—E)  (E)?  EVE-
— v =0, (40)
k(pt —p7) 01> 020
S+ v) (E-—E-) > (B2 ' EVE-
== v=1, (41)
kot =p) 012
2(14+v)(Et—E-) [yEt+(1—-~)E-]?
|0, 0]
<~<1.
+ e = 0<7<L (42)

From the maximum principle, it is possible to show
that, for sufficiently smooth domains, Prandt's potential
function is always positive, vanishes on the boundary and
possesses its maximum in the interior of the domain. Con-
sequentely, we see that in a neighbourhood of a point
where the function has its maximum one must have:

0, and in a neighbourhood of the border, where the gradi-
ent is higher, one should have = 1. This is illustrated

on the left panel of Figs. 1 and 2. In these pictures each
finite element is coloured with a gray scale corresponding
to the correct value ofy. The darker tonalities correspond
to higher values ofy. At the points where (42) holds

may take any value in the interv@), 1]. Once again, the
discretization of this problem may lead to some difficul-
ties in elements for which such a multiple value-pimay
occur.

3.1. Rotation in Torsion

We can easily see that the above analytical solutions can

be obtained for the case of layered materials of higher
rank. Due to the lack of space, we shall not write down the
corresponding equations but will rather consider a related
issue, namely, the orientation of each layer. In order to
be more specific, let us consider only a rank-one layered
material and try to find out not only the correct amount of
strong materialy, but also the orientatiod made by the
microstructure reference axéy; and Oy, with respect

to the macroscopic axe@z; and Oxs.

Proceeding as before, and using an immediate gen-

eralization of Theorem 1 for the case of two parameters,

it is possible to show that, in addition to the stationarity
condition (36), one now also gets

(A
We remark that solving this equation can be seen as
trying to solve the following problem: Given a vector field

V¥, what must be the orientation of thiex 2 coefficient
matrix AL, /D so that

363
A
B3a
—22 16, 950
( s )a 5
is a maximum?

Solving this problem, together with the previous one,
and denoting bya the angle formed by vectoWV W
with the Oz, axis, we obtain that vectov’ ¥ should be
aligned with the principal axes of the base material char-
acteristic 2 x 2 matrix A, /D. The final results are
illustrated on the right panels of Figs. 1 and 2. Each fi-
nite element was not only coloured with the correspond-
ing gray tonality (a solution to (36)), but we also rotated it
accordingly to the anglex (a solution to (43)).

9
a6

H
383
D

)%w%w_o (43)

Fig. 1. Optimization of the torsion con-
stant for a square cross section.

Fig. 2. Optimization of the torsion con-
stant for anL-shaped cross section.
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4. Three-Dimensional Examples—Some
Elasticity Problems

We shall now consider the same type of problems for the
elasticity case. Let us consider a solid occupying a volume
Q c R™, an open bounded simply-connected subset of
R™, n = 2,3. Moreover, assume that the body is fixed
in a part of its surface denoted by, and thatoQ2 =
ToUTy, ToNTy =0. Let f = (f;) andg = (g:), i =

1,2, 3 denote the forces per unit volume and the forces per
unit surface area of'y, applied to the body, respectively.
Denoting byu = (u;), ¢ = 1,2, 3 the displacement field,
we consider the problem of maximizing the work done by
the external loads taking into account the cost of adding
material, i.e. the problem of minimizing the functional

j(y):/fiuidx—i—/ giuids—l—k/pde, (44)
Q I Q

subjected to the equilibrium condition, written in varia-
tional form, u € V = {v € [H}Q)]? : v; = 0 on
Do, i =1,2,3}:

/ Egkz er(u) e;;(v)de = / fiu;dz + / gi u; ds,
Q Q r;
YoeV, (45)

whereEgM (4,4, k,1 = 1,2, 3) denotes the homogenized
elasticity coefficients and where one also considers (9)—
(12).

The Lagrangian is now of the following form:

o dx

L= f,»u,»dx—k/ F,u;ds + k
Q Iy Q

+ A |:/&:2ELI;I]€T" ekm (u) e;;(v)de f/sz v; dz

[ fr

F;v;ds

1

+(7—1)da:—/7'

Q

~ ydx. (46)

& ac

(cf. (Bendsge, 1995) and references therein):

+ —
Ellll Ellll

Eﬁu = — )
v Eqn + (1 —7) Efi,
pH  _ Efys Egio
1212 — f o 1 _ E+ )
Y Eig1 + (1 =) Efpo
Ef, Ef,
Eflgs = |7 222 + (1—q) 212
Efin Eiin

+ —
Ellll Ellll

X — —
v Erg + (1—7) Efin

E2%22 =7 E;222 + (1 =) B

(Ei12)? (E1195)°
V0= =
[ Efin Ein
Ef, o
+ |:’Y 1122 + (1 _ ) 1122:|
Bfiy, Ein

% Eﬂn Erin _
v En + (1 -) Eﬁn

(48)
For the case of plane stress these expressions can be
simplified, and so one gets

1 1

H _ H _
By =130 Eiap = mhv
(49)
1%
Efiay = T2 Ehoy = I+ T2l
where
Et E-

~

L=yE"+(1-9)E",
(50)

YTAE (1) BT

Once again, Theorem 1, or the necessary conditionsand v stands for Poisson’s ratio, which, for simplicity,

for optimality, lead to

ap™ _ 3E5m

eri(u) e;j(u) = —t 4+,

together with (9)-(12) and (45).

It is now necessary to calculate the derivatives with
respect to the volumic fraction. As an example, for the
two-dimensional case and for simple laminates, formed
by well-ordered materials with elastic properties- and
E~, in proportionsy and 1 — ~, respectively, we have

is supposed to be the same for both the materials. As a
result, (47) becomes

x 17 [(enn (u) + Vezz(u))]2 +Et E- (622(7_1,))2

1

1—v2

(BT —E7)
Et E-

k(pt —p7) —

2 9 2 _
+ mll (e12(u)) ] =—t4+77. (51)
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In a similar way, in the case of plane strain, we would + e

have <k(pt—p7)— E-F) (1—v?%)c?
E+E-
Et—E7) [ 1
k + =\ ( B
R e (=) P o) 201+ W
2 ETE” 2
x I? [(e11(u) + v esn(u)]” + = (e22(u)) o 1
TTE B
2 2
—— T} =—7"+77. (52
+ ) 7 (e12(w)) ] " 4+77. (52) . N B E—(5 — v0)? _E]
_ -V EfEZ 1 _,2\52 _ 2 ’

We are now in a position to build some analytical Kot —p )y — (- vA)er — 2047
examples. Consider, e.g., a rectangular plate with prin-
cipal axesOz; and Oz, subjected to uniform loads on A (Et —E7) 1 )02
its boundary and in a plane stress state, namely, a normal (0" =p7) = g |V
stress of intensityr along the directionOx;, a normal
stress of intensity. along the directiorDz, and a shear E~ 2 2] _

. X + ==& - +2(1+ <0=~=1.

stress of intensityr all over the boundary. Thug;; = o, E+( vo) (L+v)r| < 7

o099 = 2 and 012 = 091 = 7. For this case and for the
associated strain field, we have

2 2

1—v v v

= R

en(u) =0 ( L 12) I’

1 1
egg(u):EE—JI%, ero(u) = —71 ZV.

Equation (51) now takes the form

to o) - Ee |- e B
«E-vo) — 2 a(1+v) 72] ——rt4r. (53)
2

According to the relative values af, ¥ and 7, we
have the following load history:

b e
k(p+—P)—(EE+E€){(1—V2)U2
+£EC—F(Z—VU)2+2(1+V)7'2:|20:>7:Oa
b e
k(p+p)(EE‘-‘rE€)|:(1V2)02
+ g—f(z —vo)? +2(1+ v>72]
(ET —E7) 2\ 2
<(p*=p7) TR [(1—V)U
+EtE- (= _1221/0)2 +2(1+ V)7'2] =0

From these expressions, we conclude that i vo,
there will be no region for whicl) < v < 1. Moreover,
the presence of # 0 contributes to the incresing value
of ~ (keeping the applied normal stresses,and ¥, at
the same values).

Using now (52) and the corresponding equations for
the plane strain case, a similar expression could be ob-
tained. As a matter of fact, for the plane strain case we
can conclude that iZ = v/(1 — v), then there is no re-
gion for which0 < v < 1.

Let us now consider another example, consisting in
the bending of a clamped rectangular beam of length
width ~ and thickness. That is, the beam occupies the
region]0, L[ x |-h/2,+h/2[ x |-b/2,+b/2[ along axes
Ozx1, Oxzo and Oxs, respectively. Assume that we have a
constant distributed transverse lo&dapplied atz; = 0,
and that the beam is clampedat = L. Then, from the
equilibrium equations, the stress distribution is given by

011 = —7 x1 T2, 022 =0,
P h\2 b h3
re=gyle-(3) ] 1=
Proceeding as before, (1) and (2) lead to
Et —E-)P?
k(pT —p7) — (77
oy, BYE"V?) 5 5 (A4+1)7 o hy212
x{Ja-+ et + [3-(2)7"}
F(v,y,z1,22)
=7t 477, (54)

By studying now the functionF'(v, v, z1, x2), Sev-
eral conclusions can be drawn. For instance, if we start
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with a zero load and successively increase it, it can be ob-
served that at the beginning = 0 all over the beam. As
the load starts increasing around the corn@is+h/2),

we have 0 < ~ < 1. While increasing the load
slightly further, these regions propagate along the beam, EEEEEEENRR
and around the same corners we have a region with 1 EEEEEEEEE
while in a neighbourhood of the beam’s axigs; = 0, ENEEEEEER
we always havey = 0. It is possible to show that the L
darker regions move longitudinally, approaching the el-
lipse whose equation is

2 2
T ( T2 ) =1. (55) Fig. 4. Optimization of the bending

- 2(;(4;2(%/2)22)/12 h2/2 problem for a forceFy > Fo.
-V v 2

Increasing the load still further, the solution becomes
extremely complex but its behaviour is completely deter-
mined by the functionF'(v, v, z1, z2). These features are
illustrated in Figs. 3—6.

4.1. Rotation in Elasticity

Once again, it is possible to include not only the optimiza-

tion with respect to higher rank laminates, but also the ori-

entation of the cell. As an illustration and as in the torsion

problem, for the plane case, if we consider rank-one lam-
inates and the orientation of the base cell with respect to
the macroscopic axes, denoted bythen not only must

; Fig. 5. Optimization of the bending
Ive (47) together with (9)—(12) and (45), but also
we solve (47) tog with (9)~(12) (45), bu problem for a forcet, > F3.

H
0Bl ,
a0

As in the torsion case, this can be interpreted in the
following way:

(i) we assume that the strain field,s is given in a sys-
tem of axesOzx x5, Which allows one to calculate the
principal strainse; and e, as well as the principal
direction characterized by the angte made by the
eigenvectore; with the axisOx1,

eys(u) eqp(u) = 0. (56)

Fig. 6. Optimization of the bending
problem for a forcets > F5.
EEE N EEEEEENEEEEEEEEERN

(i) we assume that the material propertiE‘Zkl are
given with respect to a coordinate syst&m; z», and
we wish to find out the orientation of this system, i.e.
EEEEENEESNEEEEENEEEEEN the angled betweenOz7 and Oz, such that
EEEIEENEEEEEEEEN

l—g _ _
EEEEEEEEER §Eamaevéem

_ - _ is a maximum with respect t@, and wheree,g
Fig. 3. Optimization of the bending stands for the strain field components written with re-
problem for a small forcéy,. spect to theOz, T, System.



s

L. Trabucho

Setting ¥ = 6 — «, the solution to this problem is
given by (cf. (Bendsge, 1995) and references therein):

e; = es = ¥ may take any value,
€1 # eg =>sin2¥ =0
or

cos 2¥

(E2202 — E1111)
(e1 —e2) (F1111 + E2222 — 2F1120 — 4E1912)

_ (e1te)

For the plane stress case, taking into account (49)—
(51), these conditions reduce to

e1 = e —> ¥ may take any value,

(e1+e2)

cos2¥ = .
(e1 —e2)

e1 # e =sin20V =0 or

For the same case, as is illustrated in Figs. 3—-6, we
obtain now the results depicted in Figs. 7-10.

IEEEEENEY
IEIEEEEN1

Fig. 7. Optimization of the bending problem for a
small distributed force, with rotation.
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Fig. 8. Optimization of the bending problem for a
distributed forceF, > Fy, with rotation.

EEE =
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Fig. 9. Optimization of the bending problem for a
distributed forceF, > F1, with rotation.
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Fig. 10. Optimization of the bending problem
for a distributed forces > F».

Many other examples could be obtained. As an illus-
tration, we consider only the case of a load concentrated
in the middle of the left end:; = 0. The results are illus-
trated in Fig. 11.

Fig. 11. Optimization of the bending problem
for a concentrated force.
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If we choose a higher ratidz™ / E~, then the result References
shown in Fig. 12 is obtained.
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Fig. 12. Optimization of the bending problem
for a concentrated force and a large re-
lationship between the elastic moduli.

Acknowledgements

The numerical results were performed by Gaspar
Machado from the Mathematics Department of the Uni-

versity of Minho, in Guimaraes, Portugal. The author

would also like to thank for the comments and suggestions
from the referees.



