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We study a thermo-mechanical system consisting of an elastic membrane to which a shape-memory rod is glued. The slow
movements of the membrane are controlled by the motions of the attached rods. A quasi-static model is used. We include the
elastic feedback of the membrane on the rods. This results in investigating an elliptic boundary value problem in a domain
Q c R? with a cut, coupled with non-linear equations for the vertical motions of the rod and the temperature on the rod.
We prove the existence of a unique global weak solution to this problem using a fixed point argument.
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1. Introduction Section 2 of this paper contains a comprehensive de-
scription of the model at hand. We will introduce the nec-

In this note we investigate a model where one or more thin €SSary terminology and state the major results, a local ex-
linear rods of shape memory alloy are attached to an elasiSténce and uniqueness theorem, as well as a global ver-
tic membrane. Heating these rods can be used to chang&ion of tr_le same. Since this situation myolves the _solutlon
their shape and, in turn, to deform the membrane. We ©f an elliptic boundary value problem in a domain con-
assume that the reference domain for the membrane is 42iNiNg a cut, the solutions will have less regularity than
bounded domairf2 ¢ R2. The motions of the membrane the results known for one-dimensional models of shape
are governed by a linear wave equation. However, we will mémory alloys (Brokate and Sprekels, 1996; Bubner and
assume that the motions of the rod and the membrane are>Prekels, 1998; Sprekels and Zheng, 1989). It will there-
slow compared with the vibrations of the membrane, and fore be necessary to consider a weak formulation of the
will therefore restrict ourselves to a quasi-static model, Problem.

i.e. we will model the membrane statically and the actuat- In Section 3 we will prove the local existence and
ing rod dynamically. The membrane itself will act on the uniqueness of weak solutions. This was outlined for a
rod via the elastic force. The feedback of the structure on somewhat simpler model by Horn and Sokotowski (2000).
the actuator will change the system dynamics. A precur- we will adapt this outline to the analysed situation and
sor of this model was previously introduced by Horn and provide the necessary details. In Section 4 we will prove
Sokotowski (2000), where a proof of a local existence the- uniforma-priori estimates to extend the local solutions to
orem was sketched. In the present paper we will conductthe global ones.

a more thorough investigation of the analytic properties of

this model. Throughout the article we will use the same model

for shape memory alloys as in the papers cited above. We
The rod could be either attached to the boundary or refer the reader to those papers and the works cited therein
in the interior of the membrane. The boundary case is for a derivation of this model and its properties. The ba-
less complicated and its mathematical properties follow sic techniques of the present paper are also following the
directly from the case when the actuating rod is attachedtechniques of these earlier papers, but in the present situ-
to the interior. The case of a finite number of rods is anal- ation we have to perform many of the steps with signifi-
ogous to the case when there is only one rod. We will also cantly less regularity because of the low regularity of the
assume that the membrane does not conduct heat. feedback term.
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Several authors have studied related questions. AHere§ isthe absolute temperature of the rod and the func-
one-dimensional model of an adaptive structure was intro-tion o is given by
duced in Bubneet al. (2001). Two-dimensional models 5 5
can be found in (Hoffmann arbchowski, 1992; Pawtow o(0,v;) = v (61 — 0) vz — Bvy + av,. (6)
andZochowski, 2000Zochowski, 1992). However, these .

. . . 0., a, B, 7, k and R are positive constants. We refer

models differ from the present one in that they use visco- the reader to (Sprekels and Zheng, 1989) for a detailed
elastic shape memory materials, and that they do not con-. P 9:

: . investigation of this model. The function can be inter-
sider the feedback of the structure (in our case the mem- . . . )
brane) on the actuator. preted as either the tangential (as in the work cited above)

or the normal displacement (as ifchowski, 1992), for
example). We will interpret it here as the normal dis-
Lo placement. The functiory represents an external heat
2. Model Description source. As in the previous papers, we will assume that
g € L?(0,T; L*(Q)) and thatg(x,t) > 0 on Q x [0, T).

In this section we will discuss the situation with an actua- Tpig positivity condition is necessary to apply the maxi-
tor in the interior of the domain. We assume tiiat- R? mum principle to (5).

is a bounded connected domain withCd boundaryT.
Let @ be a line segment which lies in the interior Of
We will assume that) = {x € Q: 0 < z < 1,y =
0}. Furthermore, we assume that we can exténhdo a
smooth non-self-intersecting curve which intersectd”
transversally at two points and dividé€3 into two sub-
domains, and 2_ with Lipschitz boundaries as indi-
cated in Fig. 1. This will allow us to apply Green’s for- fi=c {8
mula type arguments. The vertical displacemé&nbf the

The function f; represents an external force on the
rod. In this paper we assume that the only external force is
the elastic force acting on the rod from the deformation of
the membrane. Following Hooke's law, the elastic force is
proportional to the normal derivative of the displacement

(@)

where

ou . ou . ou
[ay] - (‘yli%h oy T, ay>' ®)

To simplify the notation we will assume that= 1.

The system of equations (4), (5) is augmented by the
following set of initial and boundary conditions:

om(()?t) = ex(Lt) =0, (9)

v(0,t) = v(1,t) = V24(0,t) = vy, (1,¢) =0, (10)

Fig. 1. Domain. 0(z,0) = Op(x), (11)
membrane satisfies v(z,0) = vo(x), wv(z,0) =wv1(x). (12)

—AU = f(x,t) for x=(z,9) €Q\Q, (1) These boundary conditions, especially), t) = v(1,t)=
0, are rather restrictive. In order to get a more general

Ux,t)|g = v(z,1), (2 model, we will assume that the actuator is glued to the
membrane and moves with it even if it is not deformed.
Ux, )l = w(x, ), 3) For this, the vertical displacemerif of the membrane
) is composed of two partsU (x,t) = 4(x,t) + u(x,t),
forall 0 < ¢ < T. We will also assume thaf <  \here the functioni is smooth acros€) and does not
C([0,T); H(Q)) andw € C([0, T]; H(T)). contribute to the force acting on the rod. This function

The functionwv(z, t) is the vertical displacement of ~ will satisfy the system
the actuator. It satisfies the non-linear system for shape A
memory rods given in (Sprekels and Zheng, 1989): —Au=0 on Q\Q, (13)

Vit — (0(07 U:v))g; + vaxmw = fl» (4) |:ZZ:| 0 = 07 (14)
0 — KOpy — 0(0(9, vg:))evzt =g. (5) Ul = w. (15)
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The functionu, which is the second part d¥, describes  These spaces are Banach spaces with the following norms:
the part of the vertical displacement that acts on the rod.
This part will be used to model the entire interaction be- ”“”Xl(t)

tween the membrane and the rod. The functigr, ¢)
satisfies = o { e (6 g, el |
—Au=0 on Q\Q, (16) ||U||X2(t)
u|Q =0, a7 ‘ ) 1
ulp = 0. (18) = max{ </0 ()l 7r2(g) ds> ,
The system fori can be treated separately. Any function ax [lu(s)ll g ) » mas, llur(s)ll }

@ € H%(Q) which satisfies
) For notational simplicity, we denote by || without any
—Ad =0 on £, subscripts the norm ofi.(Q) .

N We say that a paifv, §) € X;(t) x Xo(t) is a weak

iy =, solution to (4), (5) together with the initial and boundary
will automatically satisfy the boundary condition af. conditions if (v, #) satisfies the initial conditions and
The classical elliptic regularity theory guarantees the ex- t
istence of a unique solution on the smooth domaif. ((ves ) + (0, ¢2) — R{vgae, b2)) ds
0
We will therefore only consider (16), (18) coupled .
with the non-linear system (4)—(5) via the force = - 1 1
ystem (4)-(5) (0000 = [ 100413 s 85 @)
Ji= Pu] : (19) ¢
6y (<9ta ¢> + K/<0:Ea ww> - <09vmt07 1@) dS
0

Foranyv € H'(Q) the solutions to (16) (18) are only t
- [@vas 24)
0

in H*(Q\ Q), and thereforef; € (Hz(Q)). Itis thus
necessary to defing; as a linear functional. We follow .
the approach used in (Hazounet and Joly, 1979). Then forfor every pa|r(¢ ¥) € X1 (t) x Xo(t). Here

any ¢ € Hy(12), define Xi(t) = {¢ € HY (0, HX(Q)) : 6(x,0) = 0}, (25)

(fi,0) = — /Q VuVeode, (20) XQ(t) =L*(0,; H(Q)). (26)

We can now state the main results of this paper. In Sec-

Wh?re“ Zatisfies (16)-(18). Formally, this is Green's for-  tjon 3 we will prove the following local existence theorem:
mula, an

(i, ) = / [8u} bdu. Proposition 1. For a sufficiently smalk > 0 there exists
’ a unique triple

The functional f; is supported onR. We can therefore (u,v,0) € C(0,t; H' () x X1(t) x Xa(t)
restrict it to functions¢ € Hz(Q) as follows, by taking

¢ € H(Q), an extension of) to Q2. We denote by such thatu solves (16)—(18), andv, #) satisfies the ini-

tial conditions and (23), (24).

<f1,¢>(H%(Q)),XH%(Q) In Section 4 we will prove uniforqa-priori esti-'
mates for the weak solutions which will give the following

the action by f; on H(Q). In order to write a weak  9lobal existence result:
formulation of (4), (5) we introduce the following spaces: . . . .
Proposition 2. For any givenT' > 0, there exists a unique
Xi(t) = C(0, H*(Q) nCH (0, H(Q), (21)  'Ple
(u,v,0) € C(0,T; H(Q)) x X1(T) x X»(T),
Xa(t) = L*(0,t; H*(Q)) N C(0,1; H(Q)) ( )
such thatu solves (16)—(18), andv, #) satisfies the ini-
NCH (0, L*(Q)). (22) tial conditions and (23)—(24).
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Remark 1. We could also investigate this situation by is bounded, i.e. there are constands, C; which depend
using weighted Sobolev space methods as described ironly on 2 and @ such that
(Kondrat'ev, 1967; Kondrat'ev and Oleinik, 1983; Kozlov
et al, 1997; Kozlov and Maz'ya, 1999). In particular, the HJT(U)H(H%(Q)), <O ||UHH%(Q) ; (28)
solution u to (16)—(18) satisfies

H(}-(U))tH(H%( < Gy [ug]

, < 1 (29)
e VI Q) Q) HE(Q)

B
Proof. Elliptic regularity theory implies (Lions and Ma-

for |3 — 1] < 1/2. Its trace on the boundar{$) U Q genes, 1972; Nazarov and Plamenevsky, 1994):

satisfies .
u€ Vﬁl+§(89 uQ). lull gr\g) < € HUHH%(Q) : (30)
In this situation the weighted Sobolev spades™ (2 \ We combine this estimate with the trace theorem and the
Q) are endowed with the following norm: compact inclusionH!(Q) c H=(Q), and get the first
estimate of the lemma.
HuH%/é(Q\Q) = (1 = G = Qullfong) Next observe that,, satisfies
2 " —Au; =0 on Q\Q, (31)
4 / ‘x_x,‘2(ﬁ—l+a)
; Q §<:l ’ ’U,t(X, t)|Q = ’Ut(l',t), (32)
x D2 (Gl da, u (% Dl = 0. (33)

We apply the same reasoning as above to this elliptic equa-

wherez, andz; denote the endpoints of the rd@d and 1t get the second inequality in the lemma. m

¢; are C*°-functions equal to one in a neighborhood of

x; and vanish outside a neighborhoodof. Here o = Proof of Proposition 1.1t suffices to show that (4), (5)
(a1, ) is a multi-index. admit a weak solution in the sense (23), (24) for any

right-hand sideF(v) € C'(0,t; (H2(Q))'). We start
with two observations: First, folo given by (6) and
S(@,H) € X1(t) x Xo(t), we haves € L2(0,t; H*(Q)) N

However, this approach would require re-
establishing the existence and uniqueness theorem
for the evolutionary system (4), (5) in the setting of - , 1 it
weighted Sobolev spaces. This might be worth undertak—c(o’t’ H @)1)' Second, iff; Gf.c (Or’]t’ f.HQ (%))/) and
ing in its own right, but it would be beyond the framework Y ef (I’;(O’tzH (@), we can define the linear forni(g)
of this paper. as follows:

For more on the theory of weighted Sobolev spaces L(g) = <f1(t)’g(t»(H%(Q))/xH%(Q)
and its application to elliptic problems in non-smooth do-
mains, we refer the reader to the cited works. - <f1(0),g(0)>(H%(Q))/XH%(Q)
t
3. Proof of Proposition 1 _/O 16:9) 4 @y @) 9
Before proving this result we need to get some preliminary . /t<f ) L ds (34)
results. To do this, define the following linear pseudo- o LI b @y xms (@)
differential operator associated with the elliptic system o )
(16)—(18): Observe that the definition of(g) involves only f; and
u f1t acting ong, but not g;. Formally, this is equivalent to
Five fi= {ay} : (27) integration by parts in the variable

To prove the proposition, we consider the following
This operator involves the solution of (16)—(18). The next |inear problem:

lemma gives a result about the regularity 6t For this, X
let (Hz(Q))' denote the usual dual space Bz (Q). Vit + Rgzee = f1 + (0(0,02)) (39)

Lemma 1. The operator b — oz = 6(0 (0, 00)) 50t — 9, (36)

) ) , where
F Y0, H(Q)) — C (O,t; (H*(Q)) ) f1 = F(0). (37)
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G

These equations are augmented by the initial and boundfor an appropriateCs (see (Bubner, 1995) for details).
ary conditions. Since the right-hand side of (35) contains Combining these results, we get

f1 € CY(0,t; (H2(Q))"), the solutions to this equations

are not classical solutions, and this equation must be un-

derstood in the weak sense as (23).
The linear system (35)—(37) defines a map

G:(6,0) — (v,0). (38)

To continue, for positive constantd/, and M; define
the following subset ofX; (h) x Xa(h):

B— {||U||X1(h) < Mo, [16]| ) < M, 60 > o} . (39)
We will show that for a sufficiently smalk the mapg is

a contraction

G:B—B. (40)

We do this in several steps.

Step 1.We multiply (35) by v, integrate overQ x (0, t)
and obtain after integration by parts

L ()1 + R ourt0)P)

+/Ot Ha(é,m

t
+/o e 413 @y @ 45

We apply (34) with Holder's and Young’s inequalities to
the last term on the right-hand side to get

1 2 2
< 3 (||U1H + R ||vowz|] )

(41)

1

L (@I + B o 01?)

(1001 + Roel?) + Crt-+ 5 [l as

/nf Wrsiar ds-t g [ Il @

)) U(t>>(H2 (Q))'xHZ (Q)
— <.7-(170),U0

1
2

)i @y xrt @) (42)

for an appropriate constan€;. The second to last

5 (I + Rloea (0]

1 2 2
< 3 (HU1|| + R ||vosz|] )

t
i€t [ (ol + o) ds
0
for an appropriate suitable positive constafit which de-

pends only on the initial data an@i@) € B. Applying
Gronwall's inequality, we get

[ve(8)]* + R [[vas (£)]
< e (JJorll® + R lvosal® + Cst) , (44)
where C5 depends only om\/y and M, .

Step 2.We multiply (36) by 6 to get, after integration by
parts,

1 2 ¢ 2
3 101" + HﬁmH ds

< Dol + ¢+ / 161 ds, (45

DN | —

for an appropriate constan@s. Next we multiply (36)
by 6, and obtain by applying integration by parts and
Young's inequality

1 K 1
e+ [P as < Do+ cr a9
0

for an appropriate constar®z. We combine these last
two results and apply Gronwall’s lemma to get

e (Il9ol31 g +1C5),  (47)

2
16 1) <
where C; again depends only on/, and Mj.

Step 3.1In this step we multiply (35) by-wv..., integrate
the result overQ x (0,t) and integrate it by parts. The
right-hand side of the resulting equation contains the term

t
/0 o vaet) gk gy ) 4

term can be treated via Holder’s and Young S mequalmes which is again treated using (34). Using a similar argu-

again. The last term is bounded I63 ||U0HH1 . Since
v(0,s) = v(1,s) = 0, foreachs € [0, ] there isa§ €Q
such thatv, (¢, s) = 0. We can therefore apply Poincaré’s
inequality to bothv and v, to obtain

loll sy < Cs el (43)

ment to that of Step 1, we get

||Umt(t)H2+R”Umm”2
t 2 r 2
< e (Jora @I + Rlvoses® +1Cs ) . (48)

where Cg depends only onVl, and M.
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Step 4.We combine the first three steps to get the follow- as follows:
ing inequalities:
2 : > 2 B(0:9) = (F(0¥) (11 gyt oy
ol < € (Ivollfrag) + Nl gy + K1) (49)
Then the following estimates hold:

161%, 0y < € (1601131 () + tK2) , (50)
o <! (Iliyq +15%2) B(v,v) <0, (54)
where K; and K, depend onM, and M;. Further- 5
more, since (36) satisfies a maximum principle, we have [B(v,v)] < C HUHHI(Q) ) (55)
6 > 0. We can now pickM,, M; and h such that the ,
map G satisfies /va as < L w02
G:BoB. 51) ; (v,00)ds < S [lul )l \q)
< Cllvoli(q) - (56)

Step 5.1t remains to be shown that the mgpis actually

a contraction. To do this, observe that is linear and t ~ 9
therefore we have ) B(v,ve)ds| < OmaX{ @ () -
1 2 1 2
176 =l s gy < C I =22l g 62) el }- D)

1 2 1 2
|(F "~ ))tH(H%(Q))’ < Gs o —villing (53 where the constants’, ¢’ and C' depend only on the

for any functionsv! and v? in C'(0,¢; H'(Q)). To data.

prove thatG is a contraction, we will use similar-priori Proof. For the first two assertions, observe that, by the
estimates forG(vt,0') — G(v?,62) as in the previous definition of B and (20), we have ’ ’

steps. The feedback term can be treated using (52), (53) '
combined with the techniques of the previous steps. If )
necessary, we can use smaller valuesifpt\l, and M B(v,v) = <7‘—(v),v>(H%(Q)),XH%(Q) = —/ [Vul” dz,
in order to show thatj is a contraction. @

We can now apply the Banach Fixed-Point Theorem since u is an extension ofv to H{ (D). The result fol-
to obtain the existence of a unique pair, 0) € X (t) x lows immediately.
Xo(t) which solves (23) and (24). To get Proposition 1,

) For the third and fourth assertions we have
we solve (16) for the given. ]

Blo, o) = (F) ) (4 @ ko)

4. Uniform A-Priori Estimates
= — / VuVuy de.
In this section we will prove some unifor@-priori es- @
timates which W'" then imply Proposmqn 2. In gen- . The result follows from integration ove0, ¢).
eral, these estimates follow the same lines as the esti-
mates in (Sprekels and Zheng, 1989). However, the au-  We can now proceed analogously to (Sprekels and
thors of that paper require the inhomogenefiyto bein ~ Zheng, 1989; Zheng, 1995). We will state the estimates.
H(0,T; H'(Q)). In the present situation this function is However, we will not give the proofs unless there is a sig-
in C1(0,T; (H?(Q))). In other words, we have slightly nificant difference. The only differences are due to the
more regularity in time, but significantly less regularity in t€rms involving inhomogeneity’; = 7 (v).
space. We will therefore need to modify the approach. We
start with the following preliminary lemma. We will, how- | emma 3. There exists a constarit which depends only
ever, only use the third assertion of this lemma, butwe will o, the initial data andg such that
state and prove the others for the sake of completeness.
2 2 6

, , . sup (Hvt(t)ll + o2 (@) + 1v2(®l s ()
Lemma 2. Let u satisfy (16)—(18). Define the bi-linear 0<t<T
form 9
B:HHQ) x H}(Q) — R  loa ()} ) + 10 gy ) < €. (58)
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Proof. We start by multiplying (4) byv, and integrating  side observe that
the result over to get

d (1 2 G 2  « 6 R 2
T <2 Joe]l™ + 0} Jva I + 5 lvallzeg) + 5 [Vaa |

t
/ B(vg, v) ds
0

e 2 2
<5 [ (1) gy + loaallin o) ds.

This term will be estimated by the application of Gron-
wall's inequality using the terms

B d 4
= B(v,vs) + Td ||v1||L4(Q) - /wazt dx.

Next we take (5) and integrate it ové} to get

= (s O + eI

d
So1= [ gaot [ sbu0d 2
@ @ which appear on the left. Continuing as in the previous

By adding this equation to the equation above, the cou- WOorks we arrive at the following result:
pling term

Lemma 5. There exists a constarit which depends only
/Q V0Vs vzt da on the initial data andg such that
is cancelled. To continue, we integrate the result over sup (Hth(t)HQ + [[vawa (01 + Hew(t)”2>
(0,t) and apply (56) to estimate the ter_rﬁj B(v,v;) ds. 0<t<T
The L* term on the right-hand side can be estimated T
against theL’ term on the left. The same argument as +/ (H@(S)IIQ + ||9m(5)||2> ds < C. (60)
0

in Step 1 of the preceding section is used to estimate the
2 i - ) . . .
_H norm with [|vg,||. The result then_follows by tak Finally, we can combine all the previous estimates to
ing the supremum ove(0,7") and applying the Sobolev deduce that
Imbedding Theorem ta,. in order to get an estimate for

||U:v||L°°(Q)' sup ||Utt(t)||i1—1(Q) <C, (61)
The next estimate is concerned only with the energy O<t<T

balance (5). Thus its proof is identical to the proof in the for a constantC that depends only on the initial data
previous papers. We state the result for completeness.  gndg.

Proposition 2 follows immediately from these esti-
Lemma 4. There exists a constarit which dependsonly  mates.
on the initial data and the inhomogeneitysuch that

T
sup 1001+ [ (101 +106) o)) a5 < € Acknowledgement
(59) Some of the work on this article was performed during
the first author’s stay at Institut Elie Cartan at the Univer-
We continue as in the proof of Lemma 2.6 of sity of Nancy. Both authors wish to thank the referees of
(Sprekels and Zheng, 1989) by multiplying (4) by, this paper for pointing out several errors in the previous
and (5) by#;. Only the term version.
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