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A BOUNDARY-VALUE PROBLEM FOR LINEAR PDAEs
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We analyze a boundary-value problem for linear partial differential algebraic equations, or PDAESs, by using the method of
the separation of variables. The analysis is based on the Kronecker-Weierstrass form of the matrigdpentil B]. A
new theorem is proved and two illustrative examples are given.
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1. Introduction ways from the conventional BVPs considered in the lit-
erature on DAEs. Also, the convergence analysis of the

Recently there has been great interest in the analysis ofseparable method we provide differs slightly from the con-

coupled systems of differential and algebraic equations. ventional convergence analysis (Haberman, 1998; Strauss,

Initially, most physical plants are modeled by systems of 1992) as it fully utilizes the Kronecker-Weierstrass form

ordinary and/or partial differential equations coupled with of the matrix pencil.

algebraic constraints. Such systems are usually called par-

tial differential algebraic equations, or PDAES, and have .

found numerous applications as models of electrical, me-2. Linear PDAEs

chanical (constrained), and chemical engineering prob-

lems (Brenaret al, 1996; Campbell, 1982; Griepentrog

and Marz, 1986; Lewis, 1986; Pipilis, 1990). Aug + Bugy = f(z,t) 1)

Consider the following system of linear PDAEs:

In (Campbell and Marszatek, 1999; Marszatek and .
Trzaska, 1995) linear PDAEs were analyzed using the for 0 <z < L, with
method of the separation of variables (modal analysis), . _
and in (Campbell and Marszatek, 1999) a detailed anal- Miu(@, D=0 =0, Mou(z,t)ja=p =0, (2)
ysis of theindexof PDAEs was given. Interesting appli-  where linear operatordz;, i = 1,2 specify the bound-

cations of PDAEs to traveling wave solutions in magne- ary conditions. The initial and final conditions are related
tohydrodynamics were studied in (Campbell and Marsza- through

tek, 1997; Marszatek and Campbell, 1999). A numeri-

cal solution of boundary value problems (BVPs) for linear Q1u(z,0) + Qau(z,T) = B(x), 3)
time-varying differential algebraic equations, or DAEs for

short, was considered in (Clark and Petzold, 1989), andWhere Q1 and @, denote the appropriate matrices.

a necessary and sufficient condition for the existence of We allow A to be singular, and assume that the
the solution was given in terms of the invertibility of the boundary conditions (2) yield a set of real eigenvaldgs
shooting matrix (Clark and Petzold, 1989, Thm. 3.1). In and the corresponding orthogonal eigenfunctigngz),
this paper we shall analytically solve a two-point BVP for n = 0,1,2,.... In most applications, the matrix3
linear time-invariant PDAEs using the modal analysis of in (1) is positive definite, and3(z) = >~ B.¢n(z),
(Campbell and Marszatek, 1996; Marszatek and Trzaska,3,, € R™ with r, being the core-rank of4,, ;, where
1995). This BVP for the PDAE problem differs in many A, s = (sA — A\, B) "' A (Clark and Petzold, 1989). We
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also assume that the rank conditions of matri€gs and If we assume that., ,i(T') = 0 (this is true, e.g., if
Q- are satisfied (Clark and Petzold, 1989). f(x,t) = 0), then the first two columns of); and Q-
The modal analysis of (1) and (2) yields the follow- together with (5) yield
ing DAES:
Aul — B = 1, 4 — 2
Up, AnBugy = fr, ( ) 10 + L1 exp i 01 1(27171)2
where u,,(t) and f,(t) result from the modal series of 01 00 3m|-10] 4

u(z,t) and f(z,t), respectively. Our further analysis of
the problem is based on the analysis of the series of matrix X Un,reg (0) =0, (@)
pencils[4, —A\,B], n=10,1,2,.... _ .
A similar BVP for DAEs was considered in (Clark Which gives
and Petzold, 1989), where tlsbootingtheory and a nu-

merical approach were used. flx,t) = 0, 8(z) = 0, 0 =1 (0) =0 ®)
and (2) yields the zero eigenvalue, say = 0, then the 0 1 e ’

BVP for (1) has a non-unique solution, as is shown by the

following example. for n = 2,5,8,.... Therefore the eigenvalues,, n =

2,5,8,... of the spatial spectrum allow the first compo-

Example 1. Consider (1) withf(z,t) = 0, (z) = 0, nent of u,, 1¢;(0) € R? to be any non-zero numbers. This
T =1 and ) ree : .
) gives the non-uniqueness of the solution of (6) and, as a
100 0 1 0 consequence, the non-uniquenessugfz, t), one of the
2 . .
A=|10 1 0|, B= 3 -1 0 0|, components of the vectar in (1). One can easily check
T that
0 0O 0 0 1
L ) i i
[ -1 0 0 110 ay cos (3”75) cos (3” )
_ ) bl on
= = 2 2
Ql 0 1 0 ‘| 9 QZ [ 00 1 ‘| )
- ) 277rt (97
with My = /8, My = I,for 0 < z < 1. Fas cos| ot Jeos| o
Note that the matricesA and B are already in Upeg (T, 8) = [ === mmmmm e 9)
Kronecker-Weierstrass form (see Section 3 for details e
about this form). Also,\, = 0 is one of the eigenval- —ay sin (3” )COS (3” >
ues of the spatial problem. It yields the non-uniqueness
of the solution of the nilpotent part of the DAEs (see (11) 2T 9
below). Additionally, some of the non-zero eigenvalues —as sm( t) cos (2 )+- -

An # 0 yield the non-uniqueness of the solution of the B

regular part of the DAE. The analysis is as follows: is a solution of the above two-point BVP for any real num-
Let bersas, as, . . .. ¢

u(z,t) = Z Un () Pn (),
n=0

and " 3. Analytical Solution of the BVP for PDAEs
U .
up(t)= | ;
l Un it (£) ] In what follows we shall assume that each pencil
i.e. u,(t) is partitioned into the regular and nilpotent [4,—A.B] is regular and the initial-value problem for
parts. The boundary condition (2) gives = 0, )\, = each DAE with the penci[A4, —\,, B] is impulse-free.
(m?/4)(2n—1)%, n = 1,2,.... The eigenvalues., with Recall that a DAE is of the Kronecker-Weierstrass

n =2,5,8,... are responsible for the non-uniqueness of form if
the solution of the regular part of the DAEs. The remain-

ing eigenvalues do not cause any problems. This is easily I 0 J\, O
seen if we consider the regular part of the DAES (5): [A, =\, B] = o 1l o I , (10)
0 n

2 0 1| =2
/ 2 _
Un,reg(t) — 5 [_1 0] 7 2= 1D unreg(t) =0, (6)  \yhere j € R™ is of the Jordan form with finite eigen-
values, Jy € R™2 is nilpotent withindex ng,, and I is
where w,, 1oq(t) € R?, n=2,5,8,.... the identity matrix.
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expression in the square brackets on the right-hand side of
(12) is constant):

The impulse-free response of such a system is

Un, reg (t> = e_J)\ntumreg (0)

. [ ?1 + Q;Lle—.])\nT] J)\nejkntun,reg(t)
+/ ef'”‘"(tfs)fn’reg(s) ds,
0

(11) +[Q1 + Qe T ety L (1)
il i = ineJ)\"Ltfn reg(t)
Unit(8) = S (=D)AL LD 1), ' )
= —Q5re T [—eMM f oo f(1)] (14)

where f, reg(t) and f, nll( ) are the components of Dividing both sides of (14) by common factors, we obtain

fa(t) in f(z,t) =", fu(t)én(x) corresponding to the
partition of the vectorun( ) into the regular and nilpotent Uy, vog (1) + T Antn reg(t) = frreg(t), (15)
parts.

which is the regular part for each DAE of the Kronecker-
Weierstrass form. It is an easy exercise to show that
unnit(t) in (11) satisfies the equation

= fn,nil(t)' (16)

Let Q1 and Q- in (3) be partitioned according to the
partition of the vecton,,(t) into the regular and nilpotent
parts, i.eQ: = [Q7'QT?] and Q2 = [Q5*Q5?], where

ny andnsy are the dimensions of the regular and nilpotent Jou (1) + Attt ()

parts, respectively.

Theorem 1. The BVP for the PDAE problem (1) with

un(t) _ [ unﬂ”eg(t) ‘|

un,nil(t)

and det[Q7* + Q5'e=/*T] £ 0 has the solution
w(z, t) =, un(t)dn(x), where

[ ?1 +Q;Lle—J)\n,T:| eJ/\ntun,reg(t)

non

:Z(_
i=1
+Qp I L ()]

t
e‘]’\“sfnyreg(s) ds

[ ()

+Q7

T
Qe AT / e fr u(5)ds + B (12)
t

and u, i1 (t) is given by (11).

Proof. From (3) with partitioned matrice$); and Qa,
we obtain

Q?lun,reg( )+ Q Unp nll( )
JFQTQH Un,reg (T) + ngun,nil(T) = B,. (13)

Here u, 1i1(0), unni(T) and w, ,s(7T) can easily be

computed from (11) and substituted into (13). We get
exactly the same formula as we would get from (12) for
t = 0. In addition, differentiating (12) yields (note that the

This completes the proof. =

Corollary 1. If f(z,t) = 0 and g(z) = 0,
then the BVP has a non-zero solution if and only if
[Q7* + Q3te~7*T] is singular for at least ong,,, n =
0,1,2,.... The solution is not unique.

Proof. It follows immediately from (12) with the zero
right-hand side. =

Remark 1. Equation (12) depends only on the initial and
final values of f,, ,i(t). The above analysis can also be
extended to the case when (1) i&; + Bug, + Cu =
f(x,t). Then -\, B in (4) is replaced with-\,, B + C,

as was shown in (Campbell and Marszatek, 1996; Marsza-
tek and Trzaska, 1995).

4. Convergence Properties and Error
Analysis

We shall assume that no zero eigenvalue appears among
the eigenvalues generated by the conditions (2) and that
every matrix [Q}* + Q5'e~*»’T] is non-singular for

n = 0,1,.... Also, we assume that the orthog-
onal series expansiony_ > B,¢,(z) and the input
oo o fn(t)pn(z) are convergent in thel? sense to
B(z), 0 <z <L and f(z,1), 0 <2 < L0<t<T,
respectively.

The convergence properties of the above method can
be analyzed by noticing that the Kronecker-Weierstrass
decomposition of matrices

J 0
0 I

I 0
0 Jo

A=

] and B =
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effectively splits the problem into two linear equations:

aurc 82urc

5 T g = fres(:);

Ounit | unit G
Jo 5 2 fanr(, 1),

with J and J, described in the previous section, and
where fieq(x,t) and fui(x,t) follow from the transfor-
mation of f(x,t) into two vectors corresponding to the
Kronecker-Weierstrass decomposition«fz, ¢) into the
regular andnilpotentvectors. Also, we can use the parti-

tion of
Urcg(x7 t) ‘|

unil(z, 1)

u(z,t) = [
to rewrite (3) as
1 tireg (2, 0) + Q2 upi(, 0)
+Q5 g (x, T) + Q5> unit(z, T) = B(x).

Thus the vectorsu,eg (,t) and uni(z,t), which would

(18)

normally be separated (see (17)), are in fact linked to-

gether through (18).
Let ureg(,t) and uni(x,t) be the exact solutions

of (17) and suppose that the method of the separation of

variables yields the solutions

Urcg X, t g Unp rcg ¢n
n=0
and
unll &€, t § Un, nll ¢n

n=0
for theregular andnilpotentparts, respectively.

Consider the mean-square convergence (also known

Moreover, the condition (18) for the errogge. (x,t) and
ynil(x7 t) is

Ql yreg(‘r 0) + Ql yn11($70)
+Q2 Yreg (1'7 T) + Q£L2 ynil(x; T) =0.

The second of the two equations (19), with the nilpotent
matrix Jy, has only the trivial solutiony,; (z, t) = 0. The
reason is as follows: Because of the zero right-hand side
of that equation and the block structure of the nilpotent
matrix .Jy, we have here many subsystems of equations of
various sizes, but a typical block, of size, say s, has

the form

(20)

010...0
001...0 Sy ) (2. 1)
Ynil a:,t Ynil \ T, 4
=0. (21
: at 92 0. (21)
000 ... 1
000 ... 0

If we assume thag, (z, t) =
then y,, i1 (t) is the solution of

ZZO:() yn,nil (t)¢n ({17) ’

Joy; nil(t) + A’rby’n,nil(t) = Ov (22)

where J, is the nilpotents x s matrix of the left-hand
side of (21). Since the boundary conditions yield no
zero eigenvalues\,,, (22) has only the trivial solution
yn,nil(t) =0 forn= 0,1,....
Since y, ni(t) = 0 yields ynu(x,t) = 0, (20) re-
duces Now toQ 7 Yreg (2, 0) + Q5 Yreg (2, T) = 0. Also,
if M;, i=1,2 in(2) are partitioned as
M = Mi,reg
! M |’

as theL? convergence (Watkins, 1991)) of the solution as then

measured by

Mz 1=

unil(xv t)
whereQ = {(z,t) | 0 <z < L,0 <t < T} and for any
vector a € R? we have|la|| = />, |a:[?.

Define the errorseq (,t) = tyeg (%, t) — Ureg (T, t)
and yui(z,t) = unu(x,t) — Unn(z,t). We shall show
that both the errors are equal to zero §h Substi-
tuting ureg(z,t), uni(z,t) and the respective series of
freg(x,t) @and fun(z,t) into (17), we obtain that the er-
rors yreg (z,t) and yui(x,t) satisfy the equations

_ 2
Treg (7,1) } dz dt

anil(xv t)

agrteg - Jaa z =0
i (19)
JO 8ynil a Ynil _ 0

ot 0z

Ml,regyreg(xa t)|ac:0 =0
and
M2,regyreg(xa t)|a::L = 0.

Note that the initial and boundary conditions stated above
along with the first equation in (19) yiel@c,(z,t) =

S o Tn(t)pn(x), where T, (t) = e 7t A,, A, be-
ing constant vectorsy = 0,1, ..., and
S(QY + Qe ™) Apgn(x) =0.  (23)
n=0

Since every matrix[Q}' + Q5'e~*/T] was as-
sumed to be non-singular, (23) is satisfied if and only if
A, =0 forall n = 0,1,.... This givesSy,eg(x,t) =
0. This fact combined withy,;(x,t) = 0 implies
Ureg (T, 1) —Ureg (%, ) = 0 @Nd upii (z, t) —Unu(z, t) =0,
which completes the convergence analysis.
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Example 2. Consider (1) withT = 1, f(z,t) = 0, zero
Dirichlet conditions atx = 0 andxz = 1, and

1 0 0 0 1
A= 0 1 0 5 B = -1 0 )
0 0 0 0 O
-1 0 0 05 0 0
Ql [ 0 1 0 ] ) QQ [ 0 0 1 ‘| )
1.
B(z) = [ 5 ] sin(27x). (24)

Since A, = (n+1)?7%, n=0,1,2,... and
J_ 0 -1 7
1 0

Sn = [ ?1 +Q7211€—J)\nT]

we get that

is non-singular for alln. However, since, =[ 1 2,

Bi =0, i # 2, We haveug es(t) = e 47715513,
Uireg(t) =0, © # 2, and

€ R3,
Unil(x7 t)

u(z,t) = [ Ureg (1)

Ureg (T, 1) = U reg () sin(272),  unu(z,t) = 0. ¢

5. Conclusion
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