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A basic mathematical model of the immune response when cancer cells are recognized is proposed. The model consists of
six ordinary differential equations. It is extended by taking into account two types of immunotherapy: active immunother-
apy and adoptive immunotherapy. An analysis of the corresponding models is made to answer the question which of the
presented methods of immunotherapy is better. The analysis is completed by numerical simulations which show that the
method of adoptive immunotherapy seems better for the patient at least in some cases.
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1. Introduction well-known fact that if the cancer is very aggressive, then

) _despite the identification of cancer cells, the immune sys-
The treatment of cancer is one of the most challenging 1o is unable to stop the development of the neoplasm.
problems of modern medicine. An ideal treatment method |, this case cancer vaccine can be very useful. The pro-

should fulfil two basic conditions. First, it should destroy posed model is extended to allow the comparison of var-
cancer cells in the entire body. Second, it should distin- j5 ;5 types of anti-tumor vaccine. A mathematical anal-
guish between cancerous and healthy cel!s. Immunother-ysiS of the proposed models is carried out together with
apy seems to be the method that best fulfils both of these; nymerical simulation to determine which of the treat-
requirements (Chen and Wu, 1998). ment methods is more effective. In these models the three-
The immune system comprises many types of lym- dimensional space structure of the neoplasm is not taken
phocytes which effectively destroy foreign strange cells into account. Our models can be used for cancers charac-
after activation. Some lymphocytes even exhibit natural terized by easy access to cells, and best to disseminated
cytotoxicity, i.e., they do not require activation, e.g., Nat- cancer cells. We mention, however, that in the litera-
ural Killer (NK) cells. B and T lymphocytes have a wide ture one can find spatially structured models (Greenspan,
range of antigen receptors, which allows the immune sys-1972).
tem to identify foreign antigens and to distinguish cancer
cells.

The stimulation of an immune system in order to pro- 2. Basic Model
vide an effective treatment of cancer diseases can by real-
ized with the aid of vaccinations. It is necessary to clarify The model describes the dynamics of cancer cells and
that the term “vaccine” with reference to cancer therapy some selected elements of the immune system whose role
does not mean the prevention of the disease as is comseems significant, i.e., NK, LAK, T helper cells, B lym-
monly understood. In the case of the application of vac- phocytes and cytotoxic T lymphocytes (CTL). The com-
cine against the cancer we still have to deal with the acti- ponents are identified by their concentration without tak-
vation of the immune system. The difference is in the fact ing into account their three-dimensional distribution. We
that the vaccine now has the character of treatment, notdenote by 7'(t), K(t), L(t), H(t), C(t) and B(t)
that of prevention. the numbers of cancer cells, NK and LAK lymphocytes,
helper and cytotoxic T cells and B cells at tinje > 0),

In this paper we propose a mathematical model of 7
respectively.

the immune system response to the identification of can-
cer antigens. Some other models can be found in &ory The total number of cancer cells in a body depends
2002; Villasana, 2001). The presented model confirms theon the rates at which they divide and are destroyed by the
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immune system. We assume that the number of canceractivated by the high level of interleukin Il. This process
cells increases exponentially by division and that their de- is described by the termtaK H. The decrease in the
cline occurs mainly through the action of NK and LAK number of these cells is a result of apoptosis. This effect
cells. We can describe these processes by (2). The ternis represented by the termdL. The equation describing
a1 T represents the growth in the number of cancer cells LAK cells dynamic reads as follows:

due to proliferation, wherei; is the tumor’s prolifera-

tion rate. The next two terma;T K and 3;TL describe L=—-dL+aKH. 4)
the reduction of tumor cells by the activity of NK and o _
LAK lymphocytes (the direct destruction of cancer cells Similarly to cytotoxic T lymphocytes and B lympho-

and their elimination through the production of the tumor CYt€s, T helper cells arise in the bone marrow, and then
necrosis factor (TNF)). It is assumed that the amount of proceed through the process of maturation to enter finally

the TNF produced by NK and LAK cells is proportional the girculatory system (Jakobisiak, 1995). Its mgin goal i§
to their number, but LAK cells are more effective in the 10 Stimulate the immune response. The dynamics of this

destruction of cancer cells (Jakobisiak, 1995). Therefore POpulation are described by the equation

we have o < B @ A= smdHta ) [T(E-n) T (1)) 6
The model also takes into account the activity of B lym- The number of T helper cells depends mainly on the rate at
phocytes and cytotoxic T lymphocytes. The first factor which new lymphocytes are produced in the bone marrow
affects the tumor cells mainly by the mediation of the pro- and the rate of apoptosis. These phenomena are described
duction of antibodies. Due to the contact with antigens, B respectively by the terms, and —d,H. The parame-
cells are activated and begin producing antibodies. Thister ds is the mortality coefficient. The next term, i.e.,
process is described by the termTB. The last term  auH(t — 7)[T'(t — 7) — q4T*(t — 7)] describes the phe-
in(2),i.e.,5,TC isresponsible for the loss of tumor cells nomenon of the increasing number of tumor cells due to

due to the activity of T cytotoxic cells. Finally, we have the stimulation by the presence of identified tumor anti-
the following equation: gens. In our model we assume that in patients with ad-

. vanced, metastatic cancer, the strength of the immune re-
I'=alT-aTK-/HTL-mTB-6TC. (2 action is significantly reduced (Jakébisiak, 1995). This
NK cells are derived from precursor cells that mature 1S the reason behind the occurence of the logistic com-

in the bone marrow. A certain number of mature lympho- Ponent in the considered equation. The teffiit — 7)
cytes circulate in the bloodstream, and some of them entef€Presents the relationship between the proliferation rate
lymphatic organs and tissues. Therefore it can be said tha?f T nelper cells and their number. This relationship is
the number of these lymphocytes depends on the rate a{wofold. First, the proliferation rate depends on the num-
which they enter the bloodstream. We can describe it us-Per of cells which can proliferate. Next, the proliferation
ing the quantitys,. The presence of foreign antigens in a Process needs the presence of some interleukins which

tissue may cause an additional increase in the number oft"® mainly produced by some subpopulation of T helper
NK cells, mainly as a result of the intensified recruitment CellS, the so called Th1. In the equations describing the

of primary cells. This effect can be modeled by the term dynamics of T helper cells, cytotoxic T lymphocytes, and
3,T. The number of NK cells decreases mainly through B lymphocytes, the timer > 0 is taken into considera-
apoptosis. We describe this by the terd K, whered is tion for the successive d|y|5|0ns of lymphocytes, because
the mortality coefficient. Some NK cells may undergo ac- (Nese processes are relatively long.

tivation and transformation into LAK cells. This process The number of B lymphocytes depends on the level
occurs in the presence of large amounts of interleukin 11, of their production in the bone marrow, the rate at which
which is one of the cytokines produced by T helper cells to they are activated by an antigen and at which they prolif-
activate other immune cells. We assume that the amounterate, and their characteristic level of apoptosis. We de-
of interleukin Il is proportional to the number of T helper scribe it using the following equation:

cells producing it. This phenomenon is described by the
term —aK H. The coefficienta is relatively small be-
cause the amount of interleukin Il needed to transform NK

B=ss—d;B+azH(t—7)[T(t—1)

—_— 2 — —
lymphocytes into LAK cells is very high. Finally, we ob- gsT"(¢ = )1B(t = 7). ©)
tain the following equation: Similarly to (3) and (5), the constant flow of B cells is
K = sy —dK — aKH + G,T. 3) modeled by the termss. The expression—ds B is re-

sponsible for the loss of B cells due to apoptosis. In the
We assume that the increase in the number of LAK nextterm, i.easH (t—7)[T(t—7)—qsT?(t—7)|B(t—7),
cells occurs as a result of the transformation of NK cells we describe the increase in the number of B cells caused
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by activation. As has previously been mentioned, T helper vaccine is introduced into the body in a continuous way.

cells play a very important role in the regulation of the im-
munological response. They facilitate activation, prolifer-
ation and the differentiation of B helper cells, as well as
the precursors of T cytotoxic cells. Therefore the term
H(t — ) occurs in the expression considered. More-
over, the proliferation rate depends on the number of cells
which can divide. This process could be represented by
the term B(t—7). The logistic term is used once again for

the same reason as in the previous case. We assume that

the time needed for cells to divide is comparable. There-
fore we use the same time delay

The equation describing the dynamics of cytotoxic T
lymphocytes is analogous to the previous one. The activ-
ity mechanisms of B and T lymphocytes are completely
different, but the appearance, the loss through apoptosis

and the activation process can be modeled in the same

way. Thus we obtain the following equation:
C = s6—dsC +agH(t—7)[T(t—7)

— s T*(t —7)]C(t = 7). ()
Finally, we study the system of six ordinary differen-
tial equations with time delay that consists of Eqns. (2)—
(7). We assume that all coefficients are positive, but in
Section 5, in order to simplify the model, we sgt= 0.

3. Extension of the Model to Include
Immunotherapy

Of great interest is to study the possibility of making use
of the immune system in tumor therapy. This raises the
activity of the tumor necrosis factor, TNF. It affects the

tumor cells, induces alterations in the tumor’s blood ves-

sels and stimulates the immune response of other Iympho-term G, H

cytes. While operating directly on tumor cells, the TNF
causes their decomposition, stops their proliferation and
induces differentiation. In cells subjected to the activity of
the TNF we can observe DNA spallation and death similar
to apoptosis.

Both of the examined ways of the activation of the
immune system are aimed at stimulating it mainly to pro-
duce the TNF. The first way is based on introducing T
helper cells into the patient’s body. These cells secrete
interleukin causing the transformation of NK into LAK
cells. The second way is the administration of vaccine
that stimulates the production of T helper cells.

The first method constitutes a variant of a wider ap-
proach called adoptive immunotherapy. The patient is
given immune cells that have been activated outside his
body. In this case T helper cells can identify cancer anti-
gens. For simplicity, we assume that in both cases the

The constant influx of T helper lymphocytes, caused by
the vaccination, is reflected by the term and added
into the equation describing T helper cell dynamics. Fi-
nally, the model with the adoptive immunotherapy is the
following:

T=aT—a1TK — $TL —wTB — 6,TC,
K=sy—dK —aKH + 3T,
L=—dL +aKH,
H:34—d4H+Oé4H(t—7')[T(t—T)
— quT?(t —7)] + 04,
B=s; —dsB+asH(t—7)[T(t—7)
—gsT*(t —7)]|B(t — 1),
C=s6—deC+agH(t—7)[T(t—7)
—qT*(t —7)]C(t — 7).

(8)

The administrated lymphocytes are an additional
source of lymphocytes needed to activate other compo-
nents of the immune system and compounds from the
group of interleukins, especially interleukin II.

The second method is an example of active im-
munotherapy. The patient is given vaccine, usually in the
form of attenuated cancer cells or their antigens. The ad-
ministration of the vaccine activates T helper cells. We
describe it by the following equation:

V= S7 — d7V (9)

The rate at which the vaccine enters the bloodstream
can be described using the tersp. The second expres-
sion, —d;V/, is responsible for the loss of vaccine. In the
presence of the vaccine, we have to change the equation
describing the dynamics of T helper cells. The additional
(t — 1)V (t — 7) describes the increase in the
proliferation of T helper cells as a result of the adminis-
trated vaccine. Finally, we obtain the following model:

T=aT—a1TK — }TL —TB — 6,TC,

K=sy,—dK — aKH + (3T,

L=—dL +aKH,

H=sy—dyH +oqH(t —7)[T(t — 7)
—quT?(t = 7)] + BuH(t = TV (t = 7),

B=ss—dsB+asH(t—71)[T(t —7)
—gsT*(t —7)]|B(t — 1),

C=s5—dsC+agH(t —7)[T(t — )
—qT*(t—7)]C(t—7),

V:87 - d7V (10)
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4. Simplified Models We emphasize once more the differences between
] ] ) these two models because formally they are the same. In

Equations (8) and (10) are quite complicated. In order 10 e case of the model with adoptive immunotherapy we

analyze the behavior of their solutions, we simplified them 5ve s5 = s4 + vy, wherevs > 0, while in the case of

by excluding certain components of the immune response.ine model with active immunotherapy;, = ds — s7/dx,

We assume that both the antibodies and the cytokines proy,pere s7/dy > 0. We want to study the behavior of the

duced by cytotoxic T lymphocytes act only minimally on - goytions to the models when the coefficients s» and

the populations of cancer cells. Therefore the expressionsd7 change.

and equations describing these lymphocytes are excluded

In Section 6 we perform numerical simulations for
from both models.

o ) Eqgns. (11) and (13). However, to make a mathematical
The next simplification is the assumption that= 0. analysis, we assume thai = 0. Therefore, in Section 5

Itis justified by the fact that in a situation where a menace \ye consider the model with adoptive immunotherapy
is recognized, the specific immune response is very quick.

Therefore we neglect the cell division time in the models T=aT - TK - pTL,
consndere@. _ o K=sy— dis — aKH + T,
Consider the model with adoptive immunotherapy.
Instead of constants,; and v, we introduce the new con- L=—dL + aKH,
stants; into Egn. (5). This constant is responsible for the .
increase in the number of T helper cells due to the rate at H=s} —dyH + asHT. (14)

whi_ch these Iymphoc_:ytes enter the bloodstre_am and vacci-, 4 the model with active immunoth erapy
nation. After these simplifications the model is as follows: ]
. T:alT—alTK —ﬁlTL,
11:0,11_'70[17_7(7511_'1;7 .

. K:SQ—dK—OéKH-f—ﬂQT,
K=sy—dK — aKH + 32T,

) L=-dL+ aKH,
L=—dL +aKH,

. , H=s4— diH + asHT. (15)
H=s}y —dsH + o, H[T — q4T7). (12)

Consider now the model with active immunotherapy. . . -
Equation (9), describing the dynamics of the adminis- 5. Analysis of the Simplified Models

trated vaccine, is independent of other equations. SOIVingFirst we study the existence, uniqueness and non-

it, we obtain negativity of solutions. We should stress that only nonneg-
ative solutions (corresponding to nonnegative initial data)
make biological sense.

which exponentially tends to the valug /d;. Therefore, In order to prove the uniqueness of solutions, we use
still making a simplification, we assume that the amount the Picard-Lindelof theorem. To investigate the stability
of vaccine does not change in time and is equal-téd-. of the solutions, we use the method of linearizations (Hart-

Hence we find that the termi,V can be approximated by ~mMan, 1964).
a constant valuer /d. Proposition 1. (Global existence and uniquenesslj

For this reason, instead of the tekinH, we can con- the initial valuesTy, Ky, Ly and H, are nonnegative,
sider the expressiot; H. The new coefficientl reflects  then there exist nonnegative, unique global solutions to
the loss of T helper cells caused by the apoptosis as wellEgns. (14) and (15).
as the increase of this lymphocytes due to the adminis-
trated vaccine. We would like to stress that the coefficient
d; is the only parameter in both models which can take a
negative value. Finally, we obtain the following model:

V(t):Z—:(l—e‘d7t), V)=0, (12

Proof. We can outline the proof only for Eqn. (14), not-
ing that the corresponding proof for Egn. (15) is the same.
The existence and uniqueness of solutions follows directly
from the Picard-Lindel6f theorem. Now we should prove

T=aT —oTK — BiTL, that the solutions are nonnegative for the nonnegative ini-
) tial data.
K =53 —dK —aKH + (5T, Assume that(T'(t), K (t), L(t), H(t)) is a solution

to (14). ThenT'(¢) satisfies the following integral equa-

L=—dL+ aKH, o\
tion:

H=s,—diH+ asH[T — q4T?). (13) T(t) = Toelo (0101 K()=prL(s)) ds. (16)
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Since Ty, > 0, we haveT'(¢t) > 0 for ¢ > 0 for which
the solution exists.

From

K > —dK — aKH, (17)

we obtain

K(t) > Koelo (-d-al() ds, 18)

If Ko > 0, then we haveK (¢t) > 0 forany ¢t > 0 for
which the solution exists.
Since

H Z H(—d4 + O[4T) (19)

and
H(t) > Hoelo (~datouT(s)) ds | (20)

if the initial value Hy is nonnegative, then so i ().
From aKH > 0 we have

L(t) > Loelo "D ds = pge=dt, (21)

and L(t) > 0 for Lo > 0 and ¢
which the solution exists.
(T'(t), K(t),L(t), H(t)) is nonnegative for nonnegative
initial data.

> 0 for

Consider the first equation of (14). It follows that
T(t) < Tope™*. (22)

The right-hand side of (22) is bounded on aft;t).
HenceT(t) is also bounded off0, ¢).

Now consider the inequality
K < sy —dK + (3.T. (23)
It implies
t

K(t) <e ¥ (KO —l—/o eds [52 + BQT(S)] ds). (24)

Using (22), we obtain
K(t) < Koe ¥+ %2 4+ Ty2ent, (25)

Thus K (t) is bounded on any compact time interval.

We have

H < s +auHT, (26)

and

t
H(t) < (Ho+ s} / e 5 T tsgr ) e TN
0
(27)

Therefore the solution Alz_pKﬁ—q K1, (a1 —a1 K1)

We use again (22) and obtain

Tooy aqt

H(t) < (Ho + s;t)e o1 ©

Thus H(t) is bounded on any0, ¢).
The third equation of (14) can be estimated in the
following way:
L <dL+oKH. (29)

Hence
L(t) < et (Lo +a /t e ¥ K(s)H(s) ds). (30)
0

H(t) and K(t) are nonnegative and therefore (30) im-
plies that L(¢) is bounded on every0, t). Thus the solu-
tion (T'(t), K(t), L(t),H(t)) is globalintime. =

Equation (14) has three stationary points which are

r Sody 595y sy
Ap=10 —=1, 31
oL ’dd4+asz’d(dd4+asz)’d4} (31)
ar r(ay—aky)
—_— 2
- ] 6
r ar r(ap —akK.
Ap=|pKatq, K, — (a1 01 K), Mo af2)] (33)
i 2
where
alu—l—alw—i-sj—I—\/Z
Kl = )
20&1’[1,
K2:a1u—|—o¢17,u—i-s4—\/Z7 (34)
2001
A= (—ayu+ ayw + s5)? + 4aysiu, (35)
u=oaypr, w=r(ds— q),
p:M’ :Mjr:i' (36)
152 B152 af

Note that the new parametets p and r are always pos-
itive (cf. (1)). It is also easily seen that all coordinates
of the point Ay are nonnegative. It remains to check the
nonnegativity of the coordinates of the poims and As.

Proposition 2. The coordinates of the poini; do not
satisfy the nonnegativity condition.

Proof. Consider the third coordinate o;.> L; is non-
negative if and only ifa; — o1 K7 > 0, which leads to

(37)
1 The consecutive coordinates of the poidt are denoted byl

K1, Ly and Hy, and those of the pointde by Ts, K2, Lo
and Ho.

au—aqw — sy > VA.
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Note that (37) is satisfied only ifiyu — ayw — s > 0. Proposition 4. If
Assuming this, we obtain the conditian us}; < 0, which dd d
is never satisfied. Therefore, the poid; does not sat- sk M, (45)
isfy the basic condition of the nonnegativity of the coordi- afard — s2f31)
nates. ® then A, is a stable node. If
Proposition 3. The coordinates of the poind, are non- ddy( ~ ard)
negative if and only if sh < %, (46)
ala1a — S201
aydapr dy
" daonr + 5 =q< o (38)  then 4, is a saddle.
Proof. Proceeding similarly to the case d@fi, we obtain - pyqq¢ The Jacobian for the poind, is as follows:
that the coordinatd., is positive. The coordinatd, is
. . . s d s 8*
nonnegative if and only if a1 — o2 — B d(dd4i;sz) 0
a1u + cqw + sy > VA. (39) Bo —aZ—Z _d
4
This yields a1u + a;w + s; > 0. Squaring both sides 0 ol
of (39), we obtaina; a;wu > 0. This inequality is satis- § s
fied if and only if w > 0, i.e.,q < d4/ovy. If w > 0, then g 0
aiu + aqw + s; > 0. Hence K> is nonnegative if and
only if ¢ <ds/ay. 0 0
H, is nonnegative ifa; — a1 Ko > 0 and Ky > 0, 0 —qos2da_
orif a; — a1 K2 <0 and K, < 0. The second case can dd4;"‘s4 . (47)
be rejected. The inequality; — oy Ko > 0 is satisfied. —d addiigsz
ThereforeH, > 0 ifand only if Ko > 0,i.e.,q < d4/ay. 0 —d,
T, is nonnegative if and only ipK5 + ¢ > 0. This
is certainly true wherny > 0. Assume thaty < 0. The Hence the characteristic polynomial is
inequality pKs + ¢ > 0 leads to 4 5 .
a1S aS9S
T2 S VA o) W) = (e - R o e
a1u + W + Sy + 2oy oqr > ) ddy + sy d(ddy + asy)
which is fulfilled only if a1u + aqw + s} + 2a104qr > as®
0. Replacingw by 7(dy — asq) and performing some X (—4—d—/\) (=d—X)(—ds—A). (48)
calculations, we obtain 4
d * Wo(A) has only real roots:
q>_(a1a4pr+ 4a1r+54). (41) ( )
opour ) Sody 3 as95y
. . . = a1 — —
This implies ajayprqg + a1qr(ds — a4q) + siq + ! ! 1dd4+o¢sz 1d(dd4+a32)’
araaq®r > —ardapr + aaapgr. Hence .
S
Ao = —a=2 —d, Ag=—d, I\ =—dy.
qz*dald4ir*' (42) 2 ad4 ) 3 ) 4 4
4001 T S
h biai * Itis obvious that\s, A3, A4 < 0. If A1 < 0, then the point
Thus we obtain Ay is a stable node. Ii\; > 0, then A, is a saddle.
dy Sq, q> e tdior + iy The sign of \; depends on the magnitude ef.
ay Q10T Consider the auxiliary function
ardypr d *
and ¢> - (43) oo S204 (S25y 29
djonr + s4 f(s1) =a aldd4 Fas; B d(dds + asy)’ (49)
Clearly, in this case The derivative of this function is always negative (because
__aadapr  aaupr+dionr + s, a1 < 31). Thus the functionf(s}) is strictly decreasing,
dgonr + 85 agoyr ’ and it is equal to zero if
Hence -
__mdpr (44) i dd4(52da1 o
dgonr + 85 ~ oy a(ard = s261)
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The case wherd, is a stable node is good for the
patient. It is equivalent to a total recovery. Whdlg is a
saddle, then the values @€, L. and H stabilize in time,

G

Itis easy to see that ifny, mo, n; andny are posi-
tive, then all the roots o, have negative real parts. But
the situation whenn; or my are negative is also possi-

but the number of cancer cells increases. Itis very harmful ble. We assume that, < 0. If the absolute value of

for the patient. If the administrated vaccing is greater
than %jgzgi? — s4, then the patient has a chance for

a total recovery.

The task is now to examine the stability of the point
A,. The Jacobi matrix at this point is

=A —aTy =BT 0
—aHy—d—\ 0 —akK.
62 2 2 ) (50)
0 OéHQ —d— A\ OéKg
Oé4H2 0 0 —d4+Oé4T2—)\

The characteristic polynomial has the form

Wa(A) = AT+ A® (54 +2d+ aHQ)
H,
2 SZ * 2
+)\ (QdH+O{S4+d +OédH2+0162T2>
2
« 1o
+ A | a1 BodTs 4 By B Ho T + a16234F2

+ dasiTy+d?

S*
H4 +aa4K2H2T2(61—a1))
2

« T ,
+ 15 (d011ﬂ284H2 +afB1 P25,
2

+OéOé4K2H2(61 — Oél)) . (51)
Our goal is to determine the signs of its roots. We start
with the observation that all the coefficients of this poly-
nomial are positive.

Using the Fourier theorem (Turowicz, 1967), we ob-
tain the following result:

Corollary 1. The characteristic polynomial (51) has no
nonnegative real roots. Moreover, it has exactly zero, two
or four negative, real roots.

Assume thaf¥’;(\) has complex roots. For simplic-
ity, denote bycs, c2, ¢1 and ¢y the subsequent coeffi-
cients of (51). The polynomial’y(\) can be represented

as a product of two polynomials of the second degree. We

have

W) = A2+ mid+n) (A2 +mod +ng),  (52)

where c3 mi + Mo, Co mimes + N1 + N2,
c1 = nims +nomy and cy = nins.

mo is relatively small such that the following inequalities
hold:

c3 =my1+mg >0,
Co :m1m2+n1+n2>0,

(53)

c1 = nimeo +nemq > 0,
then the solution is unstable.

Corollary 2. The characteristic polynomial (51) always
has at least two roots which have negative real parts. The
point A, is then stable or it is a saddle.

From a medical point of view, the stability of this
point means that the disease does not progress, but the pa-
tient is not definitely cured. The instability of this point
means that the immune system is unable to respond ade-
guately. The patient cannot reach the status of homeosta-
sis (Kuby, 1997).

We now turn to Egns. (15). It is obvious that the sta-
tionary points are the same as for Eqns. @.8ut now the
parameterd) can have a negative value, so the nonnega-
tivity conditions for this point may have to be changed.

A necessary and sufficient condition for the nonneg-
ativity of all the coordinates of the poi, is dj; > 0. If
d; = 0, then the stationary pointl, does not exist. The
number of cancer cells, NK and LAK lymphocytes stabi-
lize, but the number of T helper cells increases and finally
reaches a size which can be dangerous for the patient, be-
cause T helper cells produce cytokinin which can be toxic
for the patient in large amounts (Kuby, 1997).

Proposition 5. The coordinates of the poinl; do not
satisfy the nonnegativity condition. The coordinates of the
point A, are nonnegative if and only if one of the follow-
ing systems of conditions is satisfied:

aydapr < dy

_— < —= and 0<d;, 54
d40¢17‘ + SZ =1 (7] 4 ( )
a1 d; d

_a1a4pr + 40¢1T+S4<q<74

a104T Qg
2007 oqr

Proof. If d; > 0, then the nonnegativity conditions of
A; and A, are the same as in (14). Assumidg < 0,
we haveL; < 0 and L, > 0. Hence we can exclude the

2 |nstead ofs; and d4 we haves, and dj, respectively.
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point A;. The coordinated<, and H, are nonnegative if
w > 0,1.e., g < dyg/ay. The taskis now to find conditions
for the nonnegativity ofl;. From the analysis of (14) we

have that (43) has to be fulfilled. Clearly, it is necessary

that

* d* d*
74>max<_a1a4pr+ 11T +84 *al 4 DT )7 (56)
Qg aloyr djor+5y

and therefore we assume théifa;r + s4 < 0. Now, we
obtain

araapr + djonr + sy
Q104T

ardypr

— . 57
dionr + s4 (57)

Thus we see that the condition (56) is equivalent to the

conjunction of the conditions

«
4
Qy

aroupr + diagr + s s
_GQapr FGOT S g g o _ 54 (58
a1oyr agr

The inequality
di
%)

- aropr + dyoqr + sS4
Q104T

is satisfied if and only if

aioypr + s
dz>_ 104p 4.
2047

Finally, we obtain the condition (55). =

Proposition 6. If d; < 0, then Ay has negative coordi-

nates. If
« _ asy(saf —aid)
0<d) < —d(ald— osa) | (59)
then A, is a stable node. If
i > Qsis2f — ard) (60)

d(ald — 0[182) ’
then Ay is a saddle.

Proof. Now we study the stability of the stationary points
as solutions to (15). Assume thdf > 0. The Jacobian
for the point Ay has only real eigenvalues. The eigen-
values Ao = —asy/d} —d, A3 = —d and \y = —d;
are always negative. Hence the stability of the poit
depends on the sign of the first eigenvalue

Sgdz
aq
ddy + asy

S254
d(dd; + ass)’

)\1 =ay — - ﬁl (61)
If A\ <0, then A4, is a stable node. I\; > 0, then A4,
is a saddle. We check the sign af depending on the

value of d;. Consider the auxiliary function

S9dy4

as2S)
a1 -
dds + as}

(dds + OéSZ)

fdi) =ar - =7 . (62)

The derivative of this function is always positive. There-
fore the functionf(d}) is strictly increasing and is equal
to zero if
d* _ 0184(82ﬁ1 — ald)
4 d(ald—alsg) ’

]

The stability analysis for the pointl; in the case of
Egns. (15) is the same as for Egns. (14). Thus we do not
repeat it.

Corollary 3. If one of the conditions (54) or (55) is sat-
isfied, thenA, is a saddle or a stable point with all non-
negative coordinates.

While comparing the two models, we should draw
our attention to the fact that the case described by (14)
seems to be safer for the patient. Even the administra-
tion of a high dose of vaccine does not cause a loss of the
stability of the pointAg. In the next part of our paper, us-
ing numerical simulations, we try to answer the question
which type of immunotherapy leads to a quicker cancer
remission.

6. Numerical Simulations

We perform numerical simulations for the models (11)
and (13). First we intend to present the way in which we
obtain some parameters. In our simulations we consider
one day as the most natural time unit.

We assume that the time of one mitosis of a cancer
cell is between 48 and 72 hours depending on the ma-
lignancy of the cancer (Villasana, 2001). On this basis
we can estimate the range of the cancer proliferation rate.
Thus we obtaine; € [0.23,0.35].

T helper cells make up about 28% of all lymphocytes
presented in peripheral blodqTraczyk, 1997). Since
in 1mn? of the blood of a healthy individual there are
about 2500 different lymphocytes, we obtain that there
are about700 T helper cells in w 1mrf. We assume
that the initial number of T helper cells i500. The
lifetime of these lymphocytes is very fluent, sometimes
it may be even equal td0 years, but on average it is
5 years (Traczyk, 1997). Under this assumption we can
compute that the death coefficient of T helper cells is
d4 = 0.00055. Of course, in the case of the lack of foreign
antigens the concentrations of the lymphocytes are on bal-
ance. Thus we obtain, = 0.38 (becauses,/ds = 700).

NK lymphocytes make up from 10% to 30% of all
lymphocytes presented in the peripheral blood and the
medium range is about 15% (Jakdbisiak, 1995; Traczyk,
1997). But the number of NK cells increases with age.

3 All the quoted values are estimated and concern peripheral blood.
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For example, for persons with the Down syndrome ageing 2500

is much quicker than for healthy individuals and in these

patients the cancer disease is more frequent (Jakdbisiak, .-

1995). The cancer occurs mainly in old persons and hence — iy

we assume that NK lymphocytes make up 20% of all lym- Py %

phocytes presented in peripheral blood. Therefore, we ob- _ 1500y % Ze—
tain that in 1mm of blood in healthy persons there are £ ¢ N — DK
about 2500 - 20%, that is, 500 NK cells. In homeostasis 2 il \,\ ---Tcells
in peripheral blood where there is only a small number of ,

LAK cells, we assume that the initial value of LAK lym- 8

phocytes is 1. S0~ o

The determination of parametess and d is more Hi"‘ g =cERRE * 55
difficult, because the proper lifetime of NK cells is un- gl—" B SR, L)
known (Jakdbisiak, 1995). We assume that iRig/ears . : m nlﬂse & = 28
(Michalkiewicz, 2003) and hence we obtaih= 0.0014
and s = 0.68. Fig. 1. Simulation of the cancer behavior fer = 0.23.

The parameterg), and oy describe the cancer im-
munogenity. We assume that their values belong to the
interval [0, 0.05] (Kirschner and Panetta, 1998). We also 16000 Z
assume that the parameteis, (;, o and ¢4 are equal S
to 0.00001, 0.001, 0.0001 and 0.0004, respectively. J

Before considering the effects of the treatment meth- 120007 &
ods referred to in the above neoplastic process, let us see joooo} e
how the immune system reacts when it identifies cancer z z”
antigens but does not receive additional support in the £ ®% K
form of vaccine. ook .

Figures 1 and 2 show the numbers of the particular | e z3indea
types of lymphocytes and cancer cells when the patient s ---%'}?:F;Hs
does not receive treatment. In both cases it was assumed 2000 -7
that the number of cancer cells at the time when the im- Oﬁ______%fi,ii,f )
mune system identified their antigens is 1000 per Bmm 0 5 10 15

After having recognized the tumor antigens, the organism
is able to overcome the tumor if the tumor does not pro-
liferate too quickly, as presented in Fig. 1. However, in

the case when the tumor proliferates very quickly, the or-

ganism cannot recover by itself even if the immunological

system recognizes the foreign antigens (as presented irf'i- We assume that the administered vaccine may cause
Fig. 2). an increased proliferation of T helper cells, by shortening

the time of the interphase between two consecutive mito-
sis phases, but the vaccine cannot make the proper time
of mitosis shortef. Therefore the absolute value af;
cannot be greater thane.

Fig. 2. Simulation of the cancer behavior fer = 0.35.

Let us now study how the population of cancer cells
changes if the patient’s immune system is supplemented
by the investigated vaccine. From now on we make our

numerical simulations for the cancer with a proliferation ; ) )
coefficient equal t).35. Figures 5 and 6 show two simulations of the can-

cer behavior when a patient is vaccinated to simulate the
proliferation of T helper cells. The vaccine is adminis-

tered in a continuous manner. The simulations show that
a proper application of active immunotherapy leads to a
recovery, although the final result strongly depends on the
right choice of the vaccine level. In Fig. 5 one can see
] ] ) . the simulation of the cancer behavior when the vaccine
Performing the simulations of cancer evolution when |ayel is not properly choosen. Although the cancer is fi-

the patient is in active immunotherapy, we assume thatpgajly eliminated, it is not satisfactory that before this hap-
the coefficients, is constant and equal to its physiolog-

ical value0.38. Now we change the value of parameter ~ * The time of one cycle of mitosis is about thirty hours.

Figures 3 and 4 show two simulations of cancer evo-
lution when a patient is locally administered a high dose
of T helper cells activated outside the patient’s body. Our
simulations indicate that when the patient receives vaccine
in the form of adoptive immunotherapy administered in a
continuous manner, it may overcome the tumor.
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Fig. 3. Simulation of the cancer behavior when adoptive im- Fig- 5. Simulation of the cancer behavior when active im-

munotherapy is based on a five-day administration of

munotherapy is applied through a continuous five-day X : . ) )
vaccine stimulating the proliferation of T helper cells

administration of a high dose of helper T cells activated

* —
outside the patient’s body] = 380). (df = —0.2).
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Fig. 4. Simulation of the cancer behavior when adoptive im- Fig. 6. Simulation of cancer behavior when active immunother-
munotherapy is applied through a continuous one-day apy is based on a two-day administration of vaccine
administration of a high dose of helper T cells activated stimulating the proliferation of T helper cellglf =
outside. The patient’s bodygf{ = 760). —0.6.

pens there are far too many cancer cells which may cause7 . Conclusions
metastasis.

_A problem related to the treatment methods de- 1 qestion arises which of the analysed treatment meth-
scribed by us is the frequently significant increase in the j4s is petter. i.e.. which of them is more effective in de-

number of T helper cells in the final period of treatment. stroying the cancer and which is safer for patients. On the
Although the number of these lymphocytes returns 1o a paqiq of the results of all simulations it was found that the
normal level in time, this occurs after a very long period ,5timal method of cancer treatment is the one leading to
(Fig. 7). a rapid rise in the level of T helper cells, but in which the

The simulations conducted by us suggest at least aduration of administering the vaccine is as short as possi-
partial solution to this problem. If the number of T helper ble so as not to cause an excessive rise in the population
cells administered in the vaccine is increased and the du-of T helper cells that may endanger the patient. Cytokines
ration of the infusion is shortened, the subsequent increasgroduced by T helper cells are toxic also for normal cells.
in the number of these lymphocytes is significantly lower A high number of T helper cells causes a high concentra-
(Figs. 8 and 9). tion of cytokines and may lead to self intoxication.
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Fig. 7. Simulation of the cancer behavior when adoptive im- Fig. 9. Simulation of the cancer evolution when active im-

munotherapy is applied through a continuous five-day

administration.

3500
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munotherapy is based on a one-and-a-half-day admin-
istration of vaccine stimulating the proliferation of T
helper cells {3 = —0.6).

of the particular types of lymphocytes or the intensity of
immune reactions in healthy subjects, not to mention data
for cancer patients. It should be emphasized, though, that
this is primarily because most of the necessary parameters
are difficult to measure.

£ - LI - - Cancer
S qs00y E Ak The models should be improved to better reflect the
'- ¥ T eels cancer evolution and its therapy using vaccine. It seems
009 to be a good modification to replace the square terms
500 S describing the stimulations of individual groups of lym-
e . phocytes by a function in the Michaelis-Menten form
oo-" To—ﬁ — = k. v (Eqns. (5)—(7)). This type of kinetics was considered in

time

the paper (Mayeet al,, 1995). Such changes would bring
our models closer to reality.

Fig. 8. Simulation of the cancer evolution when adoptive im-
munotherapy is applied through a continuous fifteen-
hour administration of a very high dose of T helper cells
activated outside a patient’'s body; (= 1140).

Another good modification of the presented models
can be extending them by including T suppressor lympho-
cytes, which are the lymphocytes responsible for the regu-
lation of the immune response. Taking them into account
could reduce the disadvantageous increase in some lym-

The analysis of the simulations shows that the phocytes in the last part of treatment. We should mention
method of adoptive immunotherapy seems to better ful- here that SUCh mOdificationS Would probably make the sta-
fil the hopes inspired by immunotherapy. When compar- bility analysis of stationary points impossible.
ing the effectiveness in terms of killing cancer cells, this Although the presented models do not show all
type of immunotherapy is presumably safer for the patient the complicated physiological and patophysiological pro-
since it causes the smallest increase in the number of othetesses, by describing their crucial factors they approach
lymphocytes. The simulations also show that the course ofthe future methods of practically using the vaccinations in
active immunotherapy is highly dependent on the activity cancer therapy.
of the vaccine and the proper time of its administration
(Figs. 5 and 6). The advantage of the adoptive over the
active immunotherapy can be seen by comparing Figs. 8
and 9.

The main problem in applying the presented models This work was supported by the EC Programimgrov-
is the determination of parameters used in these models. ling the Human Research Potential and Socio-Economic
is difficult to obtain even such data as the average lifetime Knowledge Base—Research Training Netwpr&sntr.
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