Int. J. Appl. Math. Comput. Sci., 2003, Vol. 13, No. 3, 289-296 ‘ ames

MATHEMATICAL MODELING OF THE COMPETITION
BETWEEN ACQUIRED IMMUNITY AND CANCER

MIKHAIL KOLEV*

* Institute of Applied Mathematics and Mechanics
Warsaw University, ul. Banacha 2, 02—097 Warsaw, Poland;
South-West University, Blagoevgrad, Bulgaria
e-mail:kolev@duch.mimuw.edu.pl

In this paper we propose and analyse a model of the competition between cancer and the acquired immune system. The
model is a system of integro-differential bilinear equations. The role of the humoral response is analyzed. The simulations
are related to the immunotherapy of tumors with antibodies.
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1. Introduction The present model is formulated in terms of a sys-

tem of Boltzmann-type integro-differential bilinear equa-
The present paper is devoted to the modeling of the ac-tions. The individuals (cells or molecules) of the inter-
quired immune response to cancer. The model is a gen-acting populations are characterized by a microscopic in-
eralization of the recent models developed by Kot#v  ner state variablex € [0,1] which is related to a spe-
al. (2002), and Kolev (2002a), which describe the cel- cific biological function of each individual. The model
lular immune response, as well as the model set forth by describes the evolution of the number densities for each
Kolev (2003), which is devoted to the description of hu- population. This research line was initiated in (Bellomo
moral immunity. and Forni, 1994) and then developed by various authors
through different papers; let us mention only the recent
papers (Arlottiet al., 2000; 2002; Bellomo and Preziosi,
2000; Lachowicz, 2000; 2002). We refer the reader to the
| review papers (Bellomo and De Angelis, 1998; De Ange-
lis and Mesin, 2001) as well as to (Adam and Bellomo,
1997; Bellomo and Pulvirenti, 2000; Chaplain, 1999) for
a general bibliography.

In (Kolev et al., 2002) the authors proposed and ana-
lyzed a model of the competition between single cell can-
cer and cell-mediated immunity. The model is a bilin-
ear system of integro-differential equations. This mode
was modified and generalized in (Kolev, 2002a) in order
to consider the role of Th cells and antigen-presenting
cells (APCs) in cellular immunity. The simulations in
(Kolev, 2002a) analyzed the vaccinations with antigen- The present paper is structured as follows: This sec-
loaded dendritic cells (DCs). tion deals with an introduction concerning the aims and

The model (1) which we propose here constitutes a the organization of the paper. In Section 2 a brief descrip-

generalization of the model proposed in (Kolev, 2002a). tion of the main biological processes related to acquired

We describe in it both essential forms of acquired immu- Immunity is presented. In Section 3 the description of
nity: the cellular as well as humoral immunity. the model is given. Interacting populations are introduced

] ) ) and significant interactions are described. The evolution
The present model describes the interactions betweeny,qgel is presented. Section 4 is devoted to the numeri-

a single cell system of a tumor and the acquired immune ¢4 simulations of the model. Some of the results are re-
system. It refers to the so-calléee cell regimenamely  jate to possible immunotherapy with antibodies. The re-
to physical S|tuat_|ons in which all cells move freely and ¢ jts are compared with those of the recent paper (Kolev,
homogeneously in space, and cancer cells (CCs) are n0boo2a). The comparison shows the importance of humoral
yet condensed in a macroscopically observable quasi-immunity as well as the complexity of the competition be-

spherical tumor (Bellomet al, 1996). The model de-  tyeen a tumor and the immune system. In Section 5 some
scribes early stages of solid tumors and all stages offjnal conclusions are presented.

leukemias.
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2. Acquired Immunity Table 1. Nine interacting populations.

The immune system is a remarkably adaptive defense Syst’ |

. Population
tem that has evolved in vertebrates to protect them from

invading pathogenic microorganisms and cancer. Immu- CCs
nity has both nonspecific and specific components. Innate, 2| Th cells
or nonspecific, immunity refers to the basic resistance to a| 3| CTLs
disease that an individual is born with. Acquired, or spe- B cells

cific (adaptive), immunity requires an activity of a func-
tional immune system, involving cells called lymphocytes
and their products. Innate defense mechanisms provid
the first line of host defense against invading pathogens
until the acquired immune response develops. In general
most of the microorganisms encountered by a healthy in-
dividual are readily cleared within a few days by nonspe-
cific defense mechanisms without enlisting a specific im-
mune response (Kuby, 1997). Innate immunity responds
rapidly to foreign antigens (Ags) but possesses no mem-
ory and has a low level of specificity (Lydyaret al,
2000).

When an invading microorganism or tumor eludes e will assume the following meaning of the func-
nonspecific host defense mechanisms, a specific immundional state for the populations of CCs, CTLs and Th cells,
response is enlisted. The key cells in adaptive immunity Which was introduced in (Kolev, 2002a): For a given CC
are B lymphocytes (B cells) and T lymphocytes (T cells). the inner state denotes the probgblhty that.thls CCisrec-
Two major populations of T cells exist: T helper cells (Th) ©9nized by APCs. For example, if the functional state of a
and cytotoxic T cells (CTLs). Both populations of T cells CCissmall ¢ ~ 0), th|§ _CC is “invisible” for the immune
are involved in the first form of acquired immunity called system and therefore it is very dangerous.
cell-mediated (or cellular) immunity. CTLs are able to de- For a given CTL the functional state (activity) is sup-
stroy altered self-cells, including virus-infected cells and posed to be the probability for a recognized CC to be
CCs. Th cells secrete numerous cytokines which are re-illed after its interaction with the given CTL. For a given
quired for the activation and proliferation of T cells, B Th cell the functional state (activity) is supposed to be
cells and APCs. In the present paper we will consider the normalized quantity of the cytokines produced by the
separately the population of B cells and the population of Th cell after its interaction with an antigen-loaded APC,
other APCs (e.g. DCs, macrophages). whose cytokines induce the generation of new T cells, B

B cells give rise to the second form of acquired im- cells and APCs. The value = 1 corresponds to the
munity called humoral immunity. On contact with Ag, B maximal possible production of cytokines, while the value
cells proliferate and differentiate. Some of them produce © = 0 corresponds to the absence of produced cytokines
secreted antibodies (Abs) (immunoglobulins) which bind (Kolev, 2002a).

to and help eliminate the Ags or CCs. In addition, in the present paper we define the func-
Interactions between T and B cells as well as APCs, tional state (activity) of a given B cell to be the normalized

are critical to the development of specific immunity. In ex- quantity (concentration) of secreted Abs, produced by the

perimental and clinical observations tumor Ags have beenB cell for unit time.

shown to induce both humoral and cell-mediated immune

responses. Thus acquired immunity plays the major role

in the defense against cancer (Lydyatdl., 2000).

APCs which are not B cells (e.g. DCs, macrophages)
antigen-loaded APCs ([Ag-APC]))

secreted Abs

antigen-loaded B cells ([B-Ag])

cells of the host environment (HE), mainly endothelial gells

OO | N0 WIN|F

of the i-th population with functional state € [0,1] at
time ¢ > 0 and by n;(t) = [, fi(t,u) du, n; : [0,00[—
R, the concentration of the-th individuals at timet >
0,i=1,...,9.

Using the above definitions of the functional states,
it is easy to organize experiments suitable for measuring
the inner state of a given cell. For the populations de-
noted byi = 5,...,9 we neglect the presence of internal
degrees of freedom and assume that the distribution func-

3. Model Description tions fs,..., fo areindependent of their functional states.

We consider the following nine interacting populations, To simplify the biological reality it is reasonable to
each denoted by the corresponding subsciiftab. 1). assume that the number of environmental cells is constant
The functional state of each individual of each population in time. Therefore we have performed a natural normal-
is given by a number: € [0,1]. Let us denote byf; = ization of f;, « = 1,...,8, similarly to (Arlotti et al,
fi(t,u), fi:]0,00[x[0,1] — Ry the distribution density ~ 2002; Bellomo and De Angelis, 1998).
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To simplify the reality we will take into account only
binary interactions between individuals. We assume that
the interactions are homogeneous in space and instanta-
neous (without time delays). They may change the func-
tional states of CCs, T cells and B cells, as well as the size
of each population by destroying or creating individuals
or by antigen-loading of APCs or B cells.

The rate of interactions between the individuals of
the j-th and thek-th population is given by the function
a;,(u,v), and possible transition into theth population
with state v is described by the functiomg.lk)(v, w;u)
(Arlotti et al, 2002; Bellomo and Forni, 1994).

We now proceed to the specification of the interac-
tion structure characterizing our model. First, we take into
account the interactions which are described in (Kolev,
2002a). They are related to the cell-mediated part of ac-
quired immunity. The main populations participating in
cell-mediated immunity are the populations denoted by
1 =1,2,3,5,6 and 9. Following the model in (Kolev,
2002a), we consider the following processes:

e destruction of CCs by CTLs and macrophages, acti-
vated by Th cells; these processes are described re-
spectively by the loss terms, cf. Eqn. (1a):

1

v fr () / ofi(tv)dv, i =32

0

e destruction of Th cells, CTLs and [Ag-APC] by
CCs, described respectively by the loss terms
dﬂf,(t,u) fol fl(t,’l}) dv for 1 = 2,3, and
de1ne(t) fol f1(t,v) dv, see Eqgns. (1b), (1c) and (1f);

e loading of APCs with tumor Ags, described by the
term b§65)n5(t) fol vf1(t,v)dv, which is a loss term
for the populationi = 5 and a gain term for the
populationi = 6, see Eqgns. (1e) and (1f);

e production of new CCs, Th cells, CTLs and APCs
by the HE, described respectively by the gain terms
p%) fol fi(t,v) do, pgg)(l —u),h = 2,3, andpg‘:‘,),
see Egns. (1a), (1b), (1c) and (1e);

e production of new Th cells, CTLs and APCs as a
result of interactions between Th cells and antigen-
loaded APCs, which imply the production of numer-
ous cytokines by the Th cells; the rates of the prolif-

&Y

ing gain terms, cf. Egns. (1b), (1c) and (1e):

1

P (= wnal) [of)dv, b=

0

2,3,

1

pne(t) / 0fa(v) dv;

0

¢ reduction of the functional state of CCs by HE (CCs
become less “visible”); this process is described by
the conservative term, cf. Eqn. (1a):

1
‘359)

1
[QU/fl(tﬂv)dU*UQfl(t’“) )

e raising the functional state of CTLs by Th cells, de-
scribed by the conservative term, cf. Eqn. (1c):

u

D[ 1att.0) o2 fum ae,0) do- (-0 1)

2

0 0

e raising the activation state of Th cells by antigen-
loaded APCs described by the conservative term, cf.
Egn. (1b):

u

no0)[2 [ (w=v)altv) dv— (1w folt. )]

0

e the natural death of Th cells, CTLs, APCs and
[Ag-APC] described respectively by the loss terms
digfi(t7u),i = 2,3, and digni(t),i = 95,6, cf.
Egns. (1b), (1c), (1e) and (1f);

e possible influx of Th cells, CTLs and [Ag-APC]
through medical therapy described respectively by
the non-negative function$;(¢t,u), i = 2,3, and
Se(t), see Egns. (1b), (1c) and (1f);

e raising the functional state of CCs through suitable
immunotherapy, leading to a better recognition of
CCs by APCs; this process is described by the con-
servative term (see Eqn. (1a)):

19 [2(1 —u) /fl(t,v) dv — (1 —w)?fi(t,u)].
0

In the present paper we generalize the model of

eration of Th cells, CTLs and APCs are assumed to (Kolev, 2002a) describing in addition the humoral part of
be proportional to the functional state of the Th cells; acquired immunity. In humoral immunity the populations
the respective production is described by the follow- denoted by: = 4,7 and8 are involved. We assume that
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the following interactions are significant for the descrip- We assume that the respective loss term for Population 8
tion of humoral immunity: is

(1-4) Interactions between Populations 1 and 4 Lg(t) = dsins(t) / fi(t,v)dv

(a) Loading of B cells with tumor antigens. We as-
sume that the interactions between CCs and B cells lead(1-9) Interactions between Populations 1 and@ere ex-
to the loading of a part of B cells with tumor Ags. Thus ists evidence that the HE surveys constantly for neoplastic
a concentration of new antigen-loaded B cells appearsantigens associated with a newly developing tumor and
which is supposed to be proportional to the functional destroys the cells bearing them. The B cell development
state of CCs. The respective gain term for the population within the thymus is independent of foreign Ags (Lydyard

i=28s et al, 2000). Thus we assume a constant production of B
L cells and Abs, taking into account the fact that the prob-
' ®) ) ability of producing new B cells with a small functional
/ /AM (0, wyu)ar(v, w) fi(v) fa(w) dv dw state is greater than that with a high activation state (Kuby,
0 0 1 1 1997). The respective gain terms are supposed to be
= b§i>/f4(w)dw /vfl(v) dv, Yu,w € [0,1]. Ga(t,u) = pig (1 —u), Ga(t) = ply.
0 0

(2—4) Interactions between Populations 2 and\e as-

(b) B cells destructive interactions. Sometimes CCs sume the following interactions between Th and B cells:
express Fas ligand (FasL). When FasL on the CCinteracts  (a) B cells conservative interactions. The interactions
with Fas on B cells or on [B-Ag], the destruction of B cells between Th and B cells lead to the progress of B cells to-
or of [B-Ag] may occur (Lydyaraet al, 2000). We assume  wards increasing their activation states through cytokines

that the respective loss term for the populatios 4 is produced by Th cells. We model this process through
1 2(u—v) .
— if u>w,
La(t,u) = dan falt, ) / it v) dv. AL (0, wiw) = (1= 0)?
0 0 if u<w,

4
(1-7) Interactions between Populations 1 and\We as- and azs (v, w) = ¢ (1 = v)2, Yo, w € [0,1].
sume the following interactions between CCs and Abs: (b) Production of Abs by B cells. Some B cells
(plasma cells) produce and secrete large amounts of Abs.
We suppose that the interactions induce the production of
Abs with a rate proportional to the activation states of B
cells and the respective gain term to be

(a) CCs destructive interactions. Some Abs can ac-
tivate, on binding to Ag, the classical pathway of com-
plement leading to the lysis of the CC on which the Ag
is located, and/or to the attraction of effector cells (e.qg.
CTLs, macrophages) leading to the destruction of the
CC by phagocytosis or ADCC (antibody-dependent cell- //Am (v, w; u)aga (v, w) f2(v) fa(w) dv dw
mediated cytotoxicity, see e.g. (Kolev, 2003) for details).

In our model we assume that the number of the destroyed L
CCs is proportional to the activation states of CCs and the = p24 / fa(v) dv / wfy(w) dw
respective loss term is s

(2-8) Interactions between Populations 2 and\8e as-
sume that the interactions between Th cells and antigen-
loaded B cells are characterized by the following effects:

(a) T and B cells proliferative interactions. The in-
teractions between Th cells and antigen-loaded B cells

d17UTZ7(t)f1 (t, U), Yu € [0, 1].

(b) The above-mentioned attraction of CTLs leads to
the raising of their activation state, which we model by

2(u —v) oy trigger the secretion of numerous cytokines by Th cells,
AD (w,ww)={ (T —v)? T u=zwv, which induce the proliferation of Th cells, CTLs and B
0 if w<ow, cells. We suppose that the rate of the production of new

cells is proportional to the functional states of the Th cells
and the respective gain terms are

1

(1-8) Interactions between Populations 1 and/& was P (1 — w)ng(t) /va(y) dv, h=23,4.
mentioned above, CCs are able to destroy a part of [B-Ag].

and ars (v, w) = &3 (1 — )2, Vo,w € [0, 1].

0
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We have taken into account the observations that the
probability of producing new T and B cells with small
activation states is greater than that with high activation

Oify = p3) (1 —u)
1

states (Kuby, 1997). + (Pg?nﬁ(t) +P§?ns(t))(1 —u) /Ufz(v) dv
(b) Th conservative interactions. They lead to the 0
progress of Th cells towards increasing their activation 1
states. We model this process through — dg1 fo(t,0) /f1 (v) dv — dag f2(t, u)
2(u—wv) . 0
A(228) (v,w;u) _ { (1 — U)i if u>w, "
0 if u<w, + (cé?nﬁ(t) + cézg)ng(t)> (2 /(u —v)f2(v)dv

0

and agg (v, w) = cg)(l — )2, Yo, w € [0,1].
— (L= w2 Lot ) + Salt, ), (1b)

(4-7) Interactions between Populations 4 andFinally,

we take into account the possible inhibition of the humoral
response by Abs in some cases when the Abs deliver neg- (3)
ative signals to B cells (Lydyaret al, 2000). We model Oifs = pig (1 —u)

lowering the activation states of the B cells through L

0o (a0 +28ns(0) (1) [ofa(w) o
— if u<w,

AR (0, wiu) = 0? B 0
0 if u>w, 1

— d31f3(t, 'LL) / fl (’U) d’U

0

and aqr (v, w) = cfé)UQ, Yo, w € [0,1].

u

(i-9) Interactions between Populations 9 and i =

4,7,8. We consider the natural death processes of B cells, + (2 /(u — ) f3(v) dv — (1 — u)? f3(t, U))
Abs and [B-Ag] and assume them to be linear with coeffi- 0
cientsd;g, i = 4,7,8. 1
We assume that an inlet of B cells, [B-Ag] and Abs is % (C%) /fz(v) dv + C(7?§>n7(t))
possible (e.g. through medical therapy) and model this by J

the respective source ternts (¢, u), S7(t) and Ss(t).
Using balance arguments similar to those of kinetic
theory, we obtain the following evolution model for the

interacting populations:
) O fa = p%)(l —u)

_
Oufr = piy / hilv)dv + psg ns(£)(1 — ) / vfa(v) dv

0

- d39f3(tv ’LL) + S3(t7 U), (1C)

1

1

— d41f4(t,u)/f1(v) d’U
0

1 u

7d12f1(t,u)/vf2(’0) dv +cgj>/f2(u) dv<2/(u—v)f4(v) dv

0
0 0
1

— d13f1 (t, U) /’Ufg(’l)) d’U

0

1
+el) (20 [ A do - a2t

1

(1= w2t u)) — dug fa(t,u) + Sa(t,w)

u +cn (t)(2u [ fa(v)dv — u®fa(t,u)
+019<2(1—u)/fl(v)dv—(1—u)2f1(t,u)> o ( u/ ' )
0

1

— duguns(t) f(t, ), (1a) — b3 falt, ) / vfi(v) dv, (1d)

0
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| of B cells and Abs on CCs, T cells and APCs). Cellular

dins = ply) + Pl ns(t) /vfz(v) dv immunity plays a very important role in the anticancer de-
0 fense (see, e.g. (Kolev, 2002a; Koleval, 2002)). We
1 consider this particular case of cellular immunity and set
the following values of the other parameters:
~Wns(t) [ uio)do = dsoms(t),  (1e) g P
0 diz = do1 = de1 = da1 = dg1 = drg = p%) = pﬁ?
3 4 5
1 1 = pgg) = p§9) = pgg) =1
_ 18 _ <
Oing = by n5(t)/vf1(t, v) dv d61n6(t)/f1(t, v) dv pg‘é) — 05, bgz) _77,
0 0
®) _ 1) _ (2 _ _
— degns(t) + Ss(t), (1f) bif =pig =Py =5, dz =0.1,
5 4 7 4 2 3 1
1 1 Péﬁ) = és) = pé4) = c§4) = Céﬁ) = 053) = ng)
Oiny = p(lz,) —i—péz)/fg(t,v) dv/wﬂ;(t,w) dw = d;5 = 10.
’ ’ All the other parameters are set as zeros. We do not
— drgnz(t) + S7(t), (19) consider inlets of cells of the immune system, thus choos-

ing S;(t,u) =0, i=2,3,4 and S;(t) =0, i =6,7,8.
1 1 The result of the simulations for the temporal evolution
AC) of CCs is presented in Fig. 1 as3 plot of the tumor
Orms = bia /f4(w) dw/vfl(v)dv density f; against the functional state and timet. The
0 simulations show that in this first example the insufficient
L cell-mediated response of the immune system leads to an
- dglng(t)/fl('l)) dv—dggng(t)+Ss(t). (1h) unlimited tumor growth.

0

0

In this bilinear system of eight integro-differential equa-
tions for distribution densities;, : = 1,...,4 and con-
centrationsn;, i = 5, ..., 8, the coefficients are assumed
to be non-negative constants, ang is assumed to be
constant in time.

Using standard arguments, it is not difficult to prove
the existence and uniqueness of a hon-negative solution tg
the system (1), similarly to the models in (Arlott al,
2002; Kolev, 2002b; Koleet al., 2002).

4. Simulations

The numerical scheme used to solve the system (1) is sim-
ilar to the one described in (Kolev, 2003; Kolet al., Fig. 1. Evolution of cancer cell densities
2002). As the initial condition we assume the presence of in Case 1 (cellular immunity).

a small amount of easy recognizable CCs (i.e. with high

state values) and the absence of T cells, B cells and APCs.

The biological problem of the technical evaluation of the
parameters of (1) is not dealt with in the present paper.

In our second example we add the influence of the
humoral response changing only the value of the param-
) ) . eter dy7, describing the destruction of CCs as a result of

In the first part of our simulations we analyze the ¢ activity of Abs, settingl,; = 0.0033. The temporal
role of the humoral response in acquired immunity. Let o oiution of the total numben, (¢) of CCs in this second

us note that the model of cellular immunity presented in c45e is presented in Fig. 2. It is compared with the total

(Kolev, 2002a) can be considered as a particular case of,,mper of CCs in Case 1 whetk» = 0.0. The simula-
our model of acquired immunity if we sek;; = pss = tions show that with the help of the humoral response the

cé? = pé?é) = c%) = 0 (in this case there is no influence immune system is able to control the growth of CCs.
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Fig. 2. Evolution of the number of cancer cells for Case 1 Fig. 3. Evolution of the number of cancer cells for Case 3 (neg-

_(cellula_r immunity,d;7 = 0) and Case 2 (acquired ative feedback by Abg;f;;) =10, d17 = 0.0033).
immunity, d17 = 0.0033).

However, in some cases the role of the Abs can be
negative. One possible explanation for this is the poten-
tial modulation of the tumor Ag expression. The binding
of Ab to Ags of the surface of tumor cells may result in
a rapid internalization of the Ag and its loss from the cell
surface, permitting the tumor cell to temporarily escape
from further detection by Ab or APC and thus from effec-
tor cells (e.g. CTLs) (Kuby, 1997; Lydyast al., 2000).

Another possible negative feedback by some Abs can
be the inhibition of the B cells response as a result of de-
livering negative signals to the B cells by Abs or Ab-Ag
complexes. We model this process by the term lowering ]
the activation states of the B cells. Changing the value of 0 05 1 154 2 25 3
the parameter:fé) and settingcfé) =10 (d17 = 0.0033),
we conclude from the simulations that in this case, called
Case 3, the immune response is not sufficient to control
the tumor growth. The results are shown in Fig. 3, where
the total numbem, (t) of CCs is presented.

In the second part of our simulations we analyze one
popular method of immunotherapy. Recently, the clearer the simulations analyze some of the mechanisms which

appreciation that developed of how to use monoclonal Abs play a major role in the anticancer defense. This can im-

more effectively in cancer therapy has resulted in a renais—pmve our understanding of cancer and could help in a fu-
sance in antibody therapy (Chen and Wu, 1998; Moin- {re search for a cure.

geon, 2001). We model this approach by a constant in-

flux of antibodies S7(t) = 1 (Case 5). The numeri-

cal results of evolution in Case 4 (without influx) and

therapy with antibodies (Case 5) are presented in Fig. 4 Acknowledgements

(dy7 = 0.0032, ¢{¥ =0)

Fig. 4. Evolution of the number of cancer cells for Case 4
(no influx of Abs,d,7 = 0.0032, S7(t) = 0) and
Case 5 (influx of AbsS~(t) = 1).

The present work was performed within the framework of
5. Conclusions the EC Programmémproving the Human Research Po-

tential and Socio-Economic Knowledge BasdResearch
The results of the present paper demonstrate the complexTraining Network, Contract No. HPRN—-CT-2000-00105,
ity of the competition between the tumor and the immune Using Mathematical Modelling and Computer Simulation
system, whose very important part is acquired immunity. to Improve Cancer Therapy
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