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In practice, one is not only interested in the qualitative characterizations provided by the Lyapunov stability, but also in
guantitative information concerning the system behavior, including estimates of trajectory bounds, possibly over finite time
intervals. This type of information has been ascertained in the past in a systematic manner using the concept of practical
stability. In the present paper, we give a new definition of generalized practical stability (abbreviated as GP-stability) and
establish some sufficient conditions concerning GP-stability for a wide class of discontinuous dynamical systems. As in
the classical Lyapunov theory, our results constitute a Direct Method, making use of auxiliary scalar-valued Lyapunov-
like functions. These functions, however, have properties that differ significantly from the usual Lyapunov functions. We
demonstrate the applicability of our results by means of several specific examples.
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1. Introduction sometimes finite time stability. These stability concepts
are phrased in terms of prespecified time intervals (finite
It is well known that a discontinuous dynamical system o infinite) and in terms of prespecified subsets of the state
can be regarded as a hybrid model that is composed ofspace. As such, practical (or finite time) stability and
a famlly of continuous-time Subsystems and a rule indi- the Lyapunov Stab|||ty are distinct concepts, and, in gen-
cating which subsystem should be activated at a series Ofera|, neither implies the other. For some of the results
time instants. Recently, there has been increasing inter-concerning practical and finite time stability, refer, e.g.,
est in a qualitative analysis of such systems. Most of this tg (Lakshmikanthanet al, 1991; Michel, 1970; Michel
work (see, e.g., (DeCarlet al, 2000; Michel, 1999) and  and Porter, 1971; Weiss and Infante, 1967) and the ref-
the references thGTEin) is concerned with the Stabl“ty of erences cited therein. Especia”y, the monograph (Lak-
such systems in the Lyapunov sense. shmikanthamet al, 1991) presented a systemetic study
In many problems of practical importance, one is of the theory of practical stability. As in the case of
not only interested in the qualitative information provided the classical Lyapunov theory (see, e.g., (Mickehl,
by Lyapunov stability results, but also in quantitative in- 2000)), results of the type given in (Lakshmikantham
formation concerning the system behavior, including es- al., 1991; Michel, 1970; Michel and Porter, 1971; Weiss
timates of trajectory bounds over a finite or an infinite and Infante, 1967) constitute a Direct Method, making
time interval. For example, a system could be asymptot- use of auxiliary functions (ofl/-functions). We empha-
ically stable in the Lyapunov sense, yet completely use- size, however, that thesg-functions (which we will call
less because of undesirable transient characteristics (e.glyapunov-like functions) have properties that differ sig-
it may exceed certain limits imposed on the trajectory nificantly from the usual Lyapunov functions encountered
bounds). On the other hand, a system which is unsta-in the classical Lyapunov theory.
ble in the Lyapunov sense may exhibit dynamic behavior Motivated by the practical considerations described
which is entirely acceptable over a specified finite time above and addressed in (Lakshmikantheiral, 1991;
interval. Problems of this type have given rise to alter- Michel, 1970; Michel and Porter, 1971; Weiss and Infante,
native notions of stability, called practical stability, and 1967), in the recent paper (Zhai and Michel, 2002) we
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considered the practical stability for the discontinuous dy- 2. Preliminaries

namical systems described by
Let R™ denote a reah-space and|-|| a norm onR"™. Set

i(t) = fi(w(t),x(t:),t) +ui(x(t),t), I = [to,to +T), wherety, T € RT and T' may be finite
t; <t <tiyi, 1) or infinite. A property is said to hold almost everywhere
z(t) = gi(z(t™),z(t;),t), t=rti, (abbreviated as a.e.) if the set of points where it fails is a

set of measure zero.

where z(t) € R™ is the state,t, is the initial time, . . : . .
Consider the continuous or discontinuous dynamical

t1,to,...,t;,... € I are discontinuity points and = 4b
[to,to + T'), where T is a specified (finite) constant or system represented by
_ . . 1 n .
T = oco. For all i, we assume thatf; € C'[R" x #(t) = flz, 1), )

R" x I,R"], u; € C'[R™ x I,R"] and g; € C'[R" x

R™ x I,R™], but, in general, we do not assume that wherexz € R” and f : R® x I — R”. In general, it
fi(0,0,¢) = 0, u;(0,¢) = 0 and g;(0,0,¢) = 0 sothat  is assumed thaf(z,t) is measurable in a domai¥ of
stability with respect to a set, rather than a point, can be R™ x I, and for any closed bounded domain bf c G
discussed. Clearly, the differential equation in (1) deter- it is assumed that there exists a summable funcfio(t)
mines the dynamical behavior of the system over the indi- such that almost everywhere iR we have||f(z,t)| <
cated time intervals, where; (x(t),t) denotes some per- M (t). We do not require thaf (0, t) = 0.

sistent perturbing forces (resp., external inputs), while the An absolutely continuous functione(-, z, to)
second equation specifies the amount of the state jumps{tmtl) — R" (wheret; may be infinite), is a solution
when discontinuities occur. In (Zhai and Michel, 2002), s (2) if it satisfies (2) a.e. offto, t1) With z(to, 2o, to) =

we used the concept of the practical stability proposed in . ' 1hrgughout this paper, we assume that all conditions
(Lakshmikanthanet al., 1991; Michel, 1970; Michel and  4.¢ satisfied such that for evelyo, to) € R™ x I (2)

Porter, 19_71; Weiss and Infgnte, 1967)... More precisely, possesses a unique solutiefi, zo, t,) which exists a.e.
we established several sufficient conditions for the sys- [t0, 00).

m (1 h that if the norm of the initial is | han . . . S
tem (1) such thatf the norm of the initial state is less tha Associated with (2), there is a system which is under

a positive scalar, then the norm of the system state will the infl f istent perturbing f ;
never exceed a positive scaldr(G > «) over a finite or € Influence of persistent perturbing forces (resp., exter-
nal inputs), i.e., the system which is represented by

an infinite time interval.
In this paper, we generalize the concept of the prac- o(t) = fo,t) +u(z,t), (3)

tical stability proposed in (Lakshmikanthaah al,, 1991;

Michel, 1970; Michel and Porter, 1971; Weiss and Infante, where v : R™ x I — R™. It is assumed that(z,t)

1967). Rather than considering norm specification of the is also measurable in a domai@ of R™ x I, and for

system state, we deal with two sel5 and €2, satisfy- any closed bounded domain @& C G itis assumed that

ing Q1 C Q,, which are specified for the initial state and there exists a summable functia¥(¢) such that almost

the entire system state, respectively; and Q, do not  everywhere inD we have|u(z,t)|| < N(t). We do not

have to include the origin, and they can be specified flex- require u(0,t) = 0.

ibly in real applications. Then, our generalized practical We define the solution of (3) similarly as for (2)

stability (GP-stability) requires that if the initial state isin  and we assume that (3) possesses a unique solution

Q1, then the system state should always staylin Ob- x(t, o, to) for every (zg,tg) € R™ x I, which exists

viously, GP-stability is a significant extension of practical a.e. on|tg, 0o)

stability. When there is no perturbation in (1), we will

establish several sufficient conditions for some classes of

the system (1) to be GP-stable, uniformly GP-stable and

GP-unstable. When there is a perturbation in (1), we ana-

lyze the properties of the system (1) using the concept of Q-] ={zeR":2€Q, x¢MN}. (4)

totally GP-stable or totally uniformly GP-stable systems.
The remainder of this paper is organized as follows: | ) i

In Section 2 we establish the notation used throughout the'ill be employed. If V(z,¢) possesses continuous first

paper and provide the definitions of generalized practical Partial derivatives onR™ x 1, for the case of the dif-
stability. In Sections 3 and 4 we present results of vari- 'erential equations of the form (2) with continuous right-

ous GP-stabilities for some classes of the system (1). Wel'and side, we can write the expression for the derivative

demonstrate the applicability of our results by consider- V' (#:) along solutionsz(t) as
ing some specific examples. The paper is concluded with ) -
some remarks in Section 5. V(z,t) = (VV(z,t))" flz,t)+

For a setQ) € R, we useQ) and Q° to denote the
closure and the complement 6f, respectively. For two
sets); C Q,, we usef); — Q; to denote the set

In the sequel, real-valued functions: R x I — R

ov

E ) (5)
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&

We first consider the discontinuous dynamical system de-

where VV' denotes the gradient vector 6f. Under the 3. Analysis for Unperturbed Systems

same conditions, for perturbed continuous systems of the

form (3) we can write the expression

V(z,t) = V(2,t) lumo +(VV (2, 1)) ulz,t).  (6)

For the case of piecewise continuous systems such as (1),

the expressions (5) and (6) are valid almost everywhere.

We now give two definitions concerning the general-
ized practical stability of the systems (2) and (3). As in
Section 1, we abbreviate “generalized practically stable”
and “generalized practically unstable” as GP-stable and
GP-unstable, respectively.

Definition 1. (GP-stability)

e System (2) is GP-stable with respect to
(Ql,Qg,to,T), Ql C QQ, if .Z‘(to) S Ql im-
plies z(t) € Qy forall t € I = [tg,to+T).

e System (2) isuniformly GP-stablewith respect to
(Q1,99,T), Q1 C Qo, if foreacht; € I, x(¢;) €
0 implies z(t) € Q9 forall t € [t;,to+ T).

e System (2) is GP-unstable with respect to
(Q,Q,t0,T), Q1 C Qo if there exists an
x(tp) € O and at. € (to,to + T) such that
z(te) & Qa(+ z(t.) € QF).

Definition 2. (Total GP-stability)

e System (3) istotally GP-stablewith respect to
(Q1,Q2,¢,t0, T, ] - 1), Q1 C g, if the conditions
(@) z(to) € 1 and (b) ||u(z,t)|| < e a.e.z € Qq,
tel,imply z(t) € Qo forall t € 1.

e System (3) istotally uniformly GP-stablewith re-
spect to (1, Q,¢6, T, || - ||), Q1 C Qo, if for each
t; € I, the conditions (a)z(t;) € Q1 and (b)

lu(z,t)|| < € ae.x € [Q2— ], t € I, imply
x(t) € Qg forall ¢t € [t;,t0+ T).

Remark 1. It is emphasized that the sef3; and Qo,
the scalare and the norm|| - || are all prespecified in a
given problem. The sef), utilized in the above defini-
tions yields a specific trajectory area for the system.

Remark 2. The system (2) is uniformly GP-stable with
respect to(21, Qe, T), Q1 C o, if and only if it is GP-
stable with respect td€y,Q,t;,T) for eacht; € 1.
System (3) is totally uniformly GP-stable with respect to
(Q,Q,e, T, || - ), Q1 C Qo ifand only if it is totally
GP-stable with respect t(2,, Q9,¢,t;, T, || - ||) for each

t; € 1.

Remark 3. A system which is Lyapunov-stable may be
unstable in the sense of the above definitions, and vice
versa.

scribed by
i(t) = fi(z(t),t), i <t<tipr, @
x(t) = gi(x(t™),t), t=tis,

where f; € C'[R" x I,R"] and g; € C*[R™ x I,R"].
Obviously, this system is a special form of (1), where the
discontinuities do not depend on the system state.

Theorem 1. The system (7) is GP-stable with respect to
(Q1,9,t0,T), Q1 C Qo, if there exist a real-valued
Lyapunov-like functiorV/(x, t) satisfying local Lipschitz
conditions inQ2, x I, a positive scalary and a function
¢(t) which is Lebesgue-integrable ah such that

() V(x(t),t) <o(t) aetel, z e,
(i) V(gi(x,t),t) < uV(x,t), Vi, Vt € I, Vo € Qo,

(iii) / t N g(r) dr

< inf V(x,t) —pNCY sup V(z, to), Vt € I,
€ €D
where N (a,b) denotes the number of discontinuities on
the time interval[a, b).

Proof. The proof is by contradiction. Lek(¢) be a so-
lution of (7), with z(ty) € ;. Assume that there exists
at e [to,to + T), the first time such that:(f) ¢ Q.
Let ¢4,...,t, denote the time instants where discontinu-
ities occur beforet. Then, sinceV (xz,t) satisfies local
Lipschitz conditions, we obtain

V(z(t),t) = V((tm), tm) —|—/t V(Jc(T),T) dr,

m

) = V(‘x(tm—l)atm—l)

+ /tm V (z(r),7) dr,

tm—1

? t"L

V(z(t,)

®)
V(z(ty),tr) = V(z(to), to) +/ 1 V(LU(T),T) dr.

to

According to the hypothesis (i), we have
£

V(2(0).8) < V((tw), tm) +/ 6(r)dr
tm

)

? tﬂ'b

<V

V(‘r(t:n) (x(tm—1)7tm—1)

[ omar

tm—1

9)

t1

(1) dr.

to

V(z(ty), ty) < V(z(to), to) +
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Hence, using the hypothesis (i), we haV&x(¢;), t;) < The proofs of Theorems 2 and 3 are similar to that of
wV(z(t;7),t;) for i =1,...,m, and obtain Theorem 1, and are thus omitted.

£ Setting ¢(t) = 0 in Theorems 1, 2 and 3 leads to the
V(z(f),t) < pN DV (x(to), to) +/ pN Do) dr following results:

to

< pND sup V(z, to) Corollary 1. The system (7) is GP-stable with respect
TEQ to (24,Q0,%0,T), Q1 C o, if there exist a real-valued
T NeD) Lyapunov-like functior/ (z,t) satisfying local Lipschitz
+/ p Y e(r) dr. (10)  conditions in€2, x I and a positive scalay. such that
to

In view of the hypothesis (iii), from (10) we obtain M) V(z(t),t) <0aetel ze,

V(x(f),f) < inf V(D) (11) (i) V(gi(a:,t),t) < pV(x,t), Vi, Vt € I, Vo € Qo,
€NS
@iy pNto sup V(x,tg) < mf Vi, t), Vtel
which implies thatz(¢) € QS is not true, which is a r€h
contradiction to the original assumption. Therefore, there
does not exist & € [ty,to + T) as asserted above, and Corollary 2. The system (7) is uniformly GP-stable with
thus z(t) € Q, holds for everyt € I. This completesthe  respect to (21,2, T), 1 C o, if there exist a real-
proof. ] valued Lyapunov-like functior/(x,t) satisfying local

Lipschitz conditions iQ; — 4] x I and a positive scalar

The following two results address the uniform GP- 11 such that

stability and the GP-instability of the system (7):
() V(z(t),t) <0aetel, ze[Q— 0,

Theorem 2. The system (7) is uniformly GP-stable with

respect to(Qy, ., T), Q1 C Qo, if there exist a real- (i) V(gi(z,),t) < pV(x,1), Vi, Vt € I, B

valued Lyapunov-like functiorV/ (z,¢) satisfying local Vr € [Q2 — ],

Lipschitz conditions i, — 1] x I, a positive scalaru N(t1,ts

and a functiong(t) Wr{hich is L]ebesgue integrable oh (i) p (120 sup V(z,t)

e
such that < lellf V(iL’ t2) th,tQ e, ty > t.
(i) V(z(t),t) <o(t) aetel, xel—0Q,
(i) V(gi(x,1),t) < uV(x,t) Vi, Vt €, Corollary 3. The system (7)_is GP-uns_tabIe with respect
Vo € [Q — Q4] to (24,Q0,%0,T), Q1 C g, if there exist a real-valued
Lyapunov-like functior/ (z,t) satisfying local Lipschitz
(i) / (r t2 7y dr conditions inQ), x I, a positive scalar, a ¢ € (tg,tg +
T), an zo € 4, asolutionz(t) through the initial point
< inf V(x,t2) — pVtt2) gup V(z,t1), (to, o), such that
z€0Q3 €N .
Vit el ty>t,. O V(z)t)>0aetel zey,

. _ < ,
Theorem 3. The system (7) is GP-unstable with respect (W) V(gi(x.),1) 2 uV (@, 1), Vi, Yt € [to, 1), Vo € Dz,

to (Q1,Q09,t,T), 1 C o, if there exist a real-valued (i) N DV (20, t0) > sup V(z,1).

Lyapunov-like functiort/ (x, t) satisfying local Lipschitz 2€Qy

conditions inQy x I, a t € (tg,to + T), an zg € Qy,

a solutionz(t) through the initial point(to, z¢), @ posi-  Remark 4. The real-valued Lyapunov-liké’ functions

tive scalar . and a functiong(t) which is Lebesgue in-  tilized in the above results are not Lyapunov functions

tegrable on/, such that in the usual sense since we do not require any particu-

0 V(Qﬁ(t)ﬂf) > ¢(t) aetel, z ey, lar .defini.ten_ess conditions concerning these fu.nctions or

their derivatives. We use the term “Lyapunov-like func-

(i) V(gi(w,t),t) > pV(z,t), Vi, Vt € [to, ), Vo € Qa, tion” since, in much the same way as in the classical Lya-
z punov theory, these functions serve as auxiliary functions

(iii) / pNTD () dr in a Direct Method.

We give two examples to demonstrate the above re-

> sup V(z, ) — pNODV (2, t0). sults

J:EQQ
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Example 1. Consider the discontinuous dynamical sys-
tem described by

i(t) = Ai(t)a(b),
2(t) = Bi(t)(t),

t; <t <tigq,
(12)

t=1tiy1,

where A;(t), B;(t) € R**™. Clearly, (12) is a special
case of (7). Let| - || denote the Euclidean norm. Suppose
that we deal with the sets

le{xER":xTPx<a2},

13)

QQ:{xER":xTPJJ<ﬂ2},
where«, 8 are two positive scalars satisfying < 3, and
P is a positive definite matrix.

1. First, we letV(z,t) = In(2TPz), Ci(t) =
1P~z AT(t)Pz + P3 A,(t)P~%) and we letA;(t) de-
note the maximum eigenvalue 6f;(¢). Then, on any time
interval [t;,t;41),

V(z,t) = (VV(x) &

J DT on (1)

(14)

holds for anyz # 0. Hence, according to Theorem 1, the
system (12) is GP-stable with respect ({Q,, 2, to, 1)
if |B:(#®)|| <1 (u=1)forall ¢, and

/tA(T) dr < In(B/a), Vt € [to,to+T), (15)

where A(t) = A;(t) whent € [t;,t;4+1). According to
Theorem 2, the system (12) is uniformly GP-stable with
respect to(Qq,Q, T) if || B;(t)|| < 1 forall 4, and

12
/ A(T) dr < 111(5/0&)7 th,tg S [to,to+T), to > 1.

t1
(16)

2. Secondly, we lefV (z,t) = Va7 Pz. Then, on
any time intervalt;, t;11),

Viz,t) = (VV(2) & < A (6)V (2, 1)
If ||B;(t)]] <1 holds for all i, we obtain

17

Vi@, 1) < V((tn)s tm) exp (/t: A (7) d7->

< V(x(tm71)7tmfl) €xp (/tm Amfl(T) dT)

t'm,—l
¢
X exp (/ A (7) d7'>
tm

-+ < V(z(to), to) exp (/t: A(T) dT) . (18)

IA

@ c

From this inequality, we also know that the system (12)
is GP-stable with respect td2,, Qs, to, ) if (15) is sat-
isfied, and that system (12) is uniformly GP-stable with
respect to(Qq,Qo, T') if (16) is fulfilled.

If ||B:(t)]] < p, p > 1 holds for all 4, in a similar
manner we obtain

V(x(t),t)

<V alto to) 0 exp tA<T>dT). (19)

to
Therefore, the system (12) is GP-stable with respect to
(QlaQQathT) if

t
N(to,t)In(p)+ [ A(7)dr < In(8/«), Vt € [to, to+T),
’ (20)

and the system (12) is uniformly GP-stable with respect to
(Q1,Q,7T) if

Nty 1) In() + /t CA(r)dr < n(B/a) (21)

1

for any t1,toa € [to,to + T), ta > t;. As
was also pointed out in (Zhai and Michel, 2002), we
note here that the inequalities (20) and (21) are in
fact the conditions on the average dwell time between
discontinuities, and that the average dwell time ap-
proach was extensively discussed in the sense of the
Lyapunov stability for switched systems in (Hespanha
and Morse, 1999; Zhakt al, 2000; 2001; 2002).
¢

Example 2. Consider the discontinuous dynamical sys-
tem described by

{ B(t) = Aa(t) + Mia(ty),

t; <t <tiq1,
(22)
x(t) = Bix(t™), t =141,
where 4;, M;, B; € R"*", We deal with the same sets
Q; and Q, as in Example 1, and assume that
IP=2A;P=3|| < A, ||[P7EM;P73| <,
(23)
1Bill <p<1.

Let V(z,t) = VaTPx. Foranyt € [to,to +T),
we assume that the discontinuous time instants$tery)
arety,...,t,. Hence

V(x(t),t) = (VV(x,)) i

<AV (@, t) + 9V (2(tm), z(tm)), (24)
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and thus where u;(z,t) is defined as in (1) and the notation is
+ the same as in (7). It is assumed tha{x,t) is mea-
V(z(t),t)] < [e)‘(t_t’”)—i—'y/ e t=T) d7-:|V($(tm)’tm) surable in a domainG of R” x I, and for any closed
tm bounded domain oD C G itis assumed that there exists
1\ A=t a summable functionV;(¢) such that almost everywhere
< (L4927 )e V{(a(tm):tm)- @5 307D \we havejus (2. £) | < Ni(t). u;(0,4) — 0.

Since V(x(tm), tm) < puV(z(t,,),t,,), repeating the

above computation, we obtain Theorem 4. System (29) is totally GP-stable with respect
to (Q1,Q02,¢,t0,T, ] - ||), Q1 C Qq, if there exist a real-

V(z(t),t) < (u(1 +7)\‘1))N(t°’t) ATV (2(tg),t0).  valued functionV (z,t) € C', a positive scalary and

(26) two integrable functions(t), n(t) on I such that

Therefore, the system (22) is GP-stable with respect to j) V(:c(t) )|uzo < 0(t) @t €I, z € Qs
(QlaQQathT) if

(i) [|[VV (z(t),t)|| <n(t) aetel, z €y,
N(to,t)In (u(1 + A1) + A(t — to) < In(B/a) (27)

(i) V( gl(ac t) )<,uV(:E t), Vi, Vt € I, Vx € Qo,

forany t € [to,to + T), and the system (22) is uniformly
GP-stable with respect té),, Q,, T) if (iv) / ) +en(r)) dr
Nt g
N(tlatZ) In (/14(]- +’Y)\_1)) + )\(tz _ tl) < ln(ﬁ/a) < aclenff V(JJ t) (to,t) ;élg;l V(x,to), Vit e l.

(28)
for any t1,ts € [to,to + T), ta > t;. Obviously, the
conditions (27) and (28) yield also an average dwell time
between discontinuities in (22). ¢

Proof. The proof is by contradiction. Let(t) be a solu-
tion of (29), with z(tp) € ;. Assume that there exists
ate [to,to + T), the first time such that:(t) € Q.
Let ¢4,...,t,, be the discontinuous time instants before

Remark 5. To show various kinds of the GP-stability ofa  {- Then, similarly as in the proof of Theorem 1, we obtain
discontinuous dynamical system, the key point is to find a i
Lyapunov-like functionV (z, ¢). However, even for a sin- V(x(g)’f) < V(x(tm,)ytm) +/ L(7)dr,
gle nonlinear system with continuous right-hand side, the tm
Lyapunov-like function candidate can take various forms, .
and itis not easy to establish a systemic way of calculating V(m(tr_n)7tr_r7,) < V(x(tmfl)jmil) +/ I'(7)dr,
suchV(z,t). Examples 1 and 2 showed that the form of : tim—1
V2T Pz or In(z? Px) with some positive-definite ma- ' " (30)
trix P may be effective in many cases. For amore gen- v (y(4) 1) < V(x(to), to) +/ I(r)dr,
eral form of the Lyapunov-like function candidate in the to
present case, we suggest the method proposed in (Laksh- )
mikanthamet al, 1991), together with an average dwell Where I'(7) = ¢(7) + en(7), along with the hypothe-
time scheme which deals with the discontinuities. For ex- Ses (i) and (i) used to estimaté(z, t). Hence, using the
ample, in the case of Theorem 1, we may first use the hypothes,ls ('”) we have/ (z(t;), t;) < pV(z(t;),t;)
methods in (Lakshmikanthaet al, 1991) to determine  for ¢ =1,...,m, and we obtain
some Lyapunov function candidates satisfying the condi- z
tions (i) and (ii). Then we consider some average dwell V( (®), {) < plN (o, ﬂv( (t ),to) +/ ﬂN(T,f)p(T) dr
time scheme, such as (21) or (28), to choose an appro- to
priate one which satisfies furthermore the condition (iii). 2
Examples 1 and 2 were analysed using this procedure. < MN(to»ﬂ sup V(z, tO)Jr/ ,LLN(T’ﬂF(T) dr
rE€Q to

: (31)

4. Analysis for Perturbed Systems

. . . . ) . Finally, in view of the hypothesis (iv), we can write
In this section, we consider the discontinuous dynamical

system under perturbing forces (resp., external inputs), de- V(x(ﬂ,f) < inf V(z,1), (32)
scribed by z€Q3

(29) contradiction to the original assumption. Therefore, there

#(t) = fi(w(t),t) +ui(x(t), 1), i <t<tiy. which implies thatz(f) € Qf is not true, which is a
z(t) = gi(z(t7),t), t=ti41, does not exist & € [ty,to + 1T') as asserted above, and
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thus z(t) € Q2 holds for everyt € I. This completes the
proof. [ |

Theorem 5. The system (29) is totally uniformly GP-
stable with respect tqQ, Qq, 6,7, - ||), Q1 C Qo, if
there exist a real-valued functiolf (z,t) € C', a posi-
tive scalar . and two integrable functions(¢),7(¢) on

I such that

() V(x(t),t)|u=o0 < B(t) ae.t €I, x € [ — ),
(i) |[VV(2(t),t)|| <n(t) ae.tel, z e[ — M),

(i) V(gi(x,t),1) < puV (1),
Vi, Vit € I, Va € [QQ — Ql]

ta
(V) [ VTR (G(r) +en(r)) dr
< inf V(z,ty) — pNt) sup V(z,ty),
z€Qg zeQ
th,tg el, ty >t.

The proof of Theorem 5 is similar to that of Theo-
rem 4, and is thus omitted.

Setting ¢(¢) = 0 in Theorems 4 and 5 leads to the
following results:

Corollary 4. The system (29) is totally GP-stable with
respect to(Q1, Qa, €,t0, T, - ||), Q1 C o, if there exist
a real-valued functionV (z,t) € C*, a positive scalaru
and an integrable functiom(¢) on I such that

() V(x(t),t)|u=o <0 ae.t €I, v € D,
(i) |[VV (2(t),t)| <n(t) ae.tel, x ey,
@iy V(gi(z,t),t) < puV(z,t), Vi, Vt € I, Yz € Qy,

t
(iv) e [ pNTOnr)dr + NN sup V(,to)
to TEN

< inf V(x,t), Vt € I.
T€ENS

Corollary 5. The system (29) is totally uniformly GP-
stable with respect tqQy, Qq, ¢, T, - ||), Q1 C Qo, if
there exist a real-valued functioVi (z, t) € C*, a positive
scalar ¢ and an integrable functiom(¢) on I such that
() V(x(t),t)|u=0 <0 ae.t €1, z € [Q — ),

(i) |[VV (2(t),t)| <n(t) ae.tel, z €[ — N,

(i) V(gi(x£),1) < pV (1),
Vi, Vt S I, VI’ c [Qg — Qﬂ,

e
< inf V(l’,tQ), th,tg €l, ty > t;.
€S

2
(iv) € / pNCEn(rydr + pNEt) sup V(x, 1)
ty

&

Example 3. Consider the discontinuous dynamical sys-
tem described by

{ i(t) = Ai(O)z(t) + ui (x(t),t), t; <t < tig,

x(t) = Bi(t)a(t™),

(33)
t="tiy1,

where the notation is the same as in (12) except that
u;(z(t),t) describes the perturbing forces. Lgt || de-
note the Euclidean norm.

As in Example 1, we deal with the sef%; and 2,
described in (13). Then, on any time interva), ¢; 1)

andz € [Q2 — 4],
B 2:TCix + 227 Pu;
B T Px

x #0,

where ¢ is the largest eigenvalue dPz. Then, accord-
ing to Theorem 5, the system (33) is uniformly totally
GP-stable with respect t0Q;, Qs,¢, T, || - ||), if for any
t1,tg € I, to > tq,

to
/ V()
t1

which degenerates to

V(z,t) = (VV(x) &

< 20;(t) + 2¢¢ /v, (34)

(A(T) + ega_l) dr

<In(B) — pNt2) In(a), (35)

/  (A(r) + o) dr

t1

< ln(ﬁ/a), ti,to € 1, to > tq, (36)

in the case ofu = 1. ¢

Finally, we review Example 1 by dealing with two
different sets for the system state trajectory. We do it here
instead of immediately analysing it after Example 1 since
the result turns out to be quite similar to the case where
persistent perturbations exist.

Example 4. (Review of Example 1) Consider the sys-
tem (12) with the following sets:

0 = {zeR": (z-0)TP(x-0) <a?}, @a7)
QW={zecR": (z-0)"Plx—-0)<p?},

where © € R" is a specified vector, and < o < 3.
We let V(z,t) = In((x — ©)T P(z — ©)). Then, on
any time interval[t;, t; 1),

V(z,t) = (VV(x) &
~ (z—0)TPAx + 2T AT (t)P(z — ©)
(x —©)TP(x—0O)
< 2M(t) 4+ 294(t) /o, x # O,

(38)
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where ¢;(t) = ||PzA;(t)0]. Then, according to The- Hespanha J.P. and Morse A.S. (199%}ability of switched sys-
orem 1, the system (12) is GP-stable with respect to tems with average dwell-time— Proc. 38th IEEE Conf.
(Qhﬂz,to,T) if |Bi(t)]] <1 (= 1)forall 4, and Decision and Control, Phoenix, pp. 2655-2660.
Michel A.N. (1999): Recent trends in the stability analysis of
hybrid dynamical systems— IEEE Trans. Circ. Syst.-I:

/t (A(T) + ¢(T)ofl) ar Fund. Theory Applic., Vol. 45, No. 1, pp. 120-134.
to Michel A.N. (1970): Quantitative analysis of simple and inter-
<In(B/a), VtE€ [to,to+T), (39) connected systems: Stability, boundedness and trajectory
behavior — IEEE Trans. Circ. Theory, Vol. 17, No. 3,
where () = 9;(t) whent € [t;,t;11). According to pp. 292-301.
Theorem 2, the system (12) is uniformly GP-stable with pjiche| A.N. and Porter D.W. (1971)Analysis of discontinuous
respect to(€2y, €2, T) if || B;(¢)[| <1 forall 4, and large-scale systems: Stability, transient behaviour and tra-
t jectory bounds— Int. J. Syst. Sci., Vol. 2, No. 1, pp. 77—
/ (A(r) + 7,/1(7')071) dr < In(8/«) (40) 95.
t1 Michel A.N., Wang K. and Hu B. (2000)Qualitative Theory
of Dynamical Systems, 2nd Ed— New York: Marcel
holds for anyty, ts € [to,to +T), ta > 1. ¢ Dekker.

Lakshmikantham V., Leela S. and Martynyuk A.A. (1991):
5. Conclusion Practical Stability of Nonlinear Systems— Singapore:
' World Scientific.

In the present paper we proposed a new concegénér-  Weiss L. and Infante E.F. (196 Ainite time stability under per-

alized practical stabilityand established sufficient condi- turbing forces and on product spaces- IEEE Trans. Au-
tions of variousGP-stabilitiesfor a wide class of discon- tomat. Contr., Vol. AC-12, No. 1, pp. 54-59.

tinuous dynamical systems. We allowed for the case of zhai G. and Michel AN. (2002):On practical stability of
systems subjected to persistent perturbing forces (resp., switched systems— Proc. 41st IEEE ConfDecision and
external inputs). Our results provide estimates of sys- Control, Las Vegas, pp. 3488-3493.

tem trajectory areas. As in the classical Lyapunov theory, zhai 6., Hu B., Yasuda K. and Michel A.N. (2000piece-
these results constitute a Direct Method, involving auxil- wise Lyapunov functions for switched systems with average
iary scalar-valued Lyapunov-like functions. These func- dwell time — Asian J. Contr., Vol. 2, No. 3, pp. 192-197.
tions, however, have properties that differ significantly i . Hu B.. Yasuda K. and Michel A.N. (20015 tability
from the usual Lyapunov functions. Some of our results analysis of switched systems with stable and unstable sub-
turn out to be closely related to the existing results on systems: An average dwell time approaeh Int. J. Syst.
switched systems which make use of the average dwell Sci., Vol. 32, No. 8, pp. 1055-1061.

time approach. We demonstrated the applicability qf the 7p4i G., Hu B., Yasuda K. and Michel A.N. (20025tability
method advanced herein by means of several specific ex-  and 2, gain analysis of discrete-time switched systers

amples. Trans. Inst. Syst. Contr. Inf. Eng., Vol. 15, No. 3, pp. 117—
125.

Acknowledgements Received: 3 June 2003

. - Revised: 24 September 2003
This research was partly supported by the Japan Ministry P

of Education, Sciences and Culture under Grants-in-Aid
for Scientific Research (B) 15760320.

References

DeCarlo R., Branicky M., Pettersson S. and Lennartson B.
(2000): Perspectives and results on the stability and stabi-
lizability of hybrid systems— Proc. IEEE, Vol. 88, No. 7,
pp. 1069-1082.



