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A linear quadratic optimal control problem for a class of discrete distributed systems is analyzed. To solve this problem, we
introduce an adequate topology and establish that optimal control can be determined though an inversion of the appropriate
isomorphism. An example and a numerical approach are given.
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1. Introduction Thus, setting (t;) = x;, we get

Most of the systems encountered in practice are continu- Tit1 = x(tiy1)

ous in time (Athans and Falb, 1966; Curtain and Pritchard, — S(ti1)x

1978; Curtain and Zwart, 1995; Kalman, 1960; Lasiecka R0

and Triggiani, 2000). However, the analysis and control + tMS(t. ) Bu(r) dr
of a continuous system with a computer requires sam- 0 o

pling and thus a discretization of the system considered. = S(6)S(t:)zo

The importance of discrete systems lies in the fact that .

they are present in a large number of fields, such as en- +/ S(6)S(t; — r)Bu(r) dr
gineering, economics, biomathematics, etc. The recourse 0

to discrete models is often preferred by engineers since, tiv1

on the one hand, some mathematical complexities such as + S(ti+1 —r)Bu(r)dr

t;

= 5(6)[S(t:)z0 + /0 'S(t; — r)Bu(r) dr

the choice of a function space and regularity of the solu-
tion are avoided and, on the other the hand, they are better
adapted to computer processing.

Let us start with a continuous distributed system: tia
. + S(tix1 — r)Bu(r)dr,
x(t) = S(t)xo—i—/ S(t—r)Bu(r)dr, te€]0,T], (1) b
0 and then
tit1
where zq, z(t) € X, (S(t)):>0 is a strongly continuous zis1 = S(8)z; + ' S(tiy1 — r)Bu(r)dr.  (3)
semigroup on X', B € L(U,X), and X, U are Hilbert ti
spaces. (X and ¢/ can be of finite dimensions, and then Using the hypothesis (2), we deduce that
the system is lumped.) tiin
One of the discretization procedures which is most zir1 = S(8)zi + [ S(tis1 —7)B dr] wi
often used (Lee et al., 1972; Ogata, 1995; Rabah and Mal- t;
abre, 1999) consists in partitioning the time horizon time s
[0, 7] using the instants tg = 0, t; = 8, to = 26,..., = S(0)z; + (/ S(r)B dT)uz',
t, = nd, where § = T/N and N € N*, § being the 0
sampling period. Then we assume that the control « is where 7 = t;1 — . Then
constant over each interval [¢;, t;11], i.e., zip1 = Px; + Bug, (4)

w(t) =ui, Yt E [t tisa]. 2 with® =S(5)and B = [’S()Bdr.
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The discrete version (4) has been the subject of
numerous works (Chraibi et al., 2000; Dorato, 1993;
Faradzhev et al., 1986; Halkin, 1964; Klamka, 1995;
2002; Lee et al., 1972; Lun’kov, 1980; Weiss, 1972).
Our contribution in this context consists in studying the
quadratic control problem for a linear discrete system. It
is true that we are not the first to have examined this prob-
lem. Lee et al. (1972) demonstrated that optimal con-
trol and optimal cost can be obtained using a discrete
Riccati equation. Zabczyk (1974) proved that the opti-
mum can be computed using Lagrange multipliers. In
(Karrakchou and Rachik, 1995; Karrakchou et al., 1998),
the Hilbert uniqueness method (HUM), set forth by Li-
ons (1988a; 1988b), was used to prove that the optimum
comes from solving an algebraic linear equation.

The originality of our work consists in adopting the
discretization scheme described previously, but in the ab-
sence of the hypothesis (2), i.e., we assume that the con-
trol «(-) is not necessarily constant in the time interval
[tistis1].

In fact, when the difference between two consecu-
tive sampling instants is quite important (for example, if
the system (1) is a compartmental model (Daley and Gani,
2001; Jolivet, 1983) describing the evolution of a long ill-
ness or a chronic illness, it is natural that the difference
between two measurements, ¢;,1 — t;, can be as long as
several months), it does not make sense to suppose that
u(t) is constant between the instants ¢;1 and ¢;.

In order to overcome this obstacle, we reconsider the
discretization of the system (1), but without the hypothe-
sis (2), which yields the difference equation

tit1
ti

with @ = S(9) and B;(0) = S(t;+1 — 0)B. To be more
precise and classify our problem in a more general mathe-
matical framework, in this paper we consider the discrete-
time system

tit1
Bi(0)u(f)do, >0,
[ B ©

Tiy1 = Py +

rg € X,

where x; € X is the state variable and u(0) € U.

Using a technique which is similar to the HUM (Li-
ons, 1988a; 1988b; El Jai and Bel Fekih, 1990; EIl Jai
and Berrahmoune, 1991), we introduce a suitable topol-
ogy to prove that optimal control and optimal cost stem
from the inversion of a coercive isomorphism and thus
from an algebraic equation easy to solve by classical nu-
merical methods.

To motivate the problem discussed in this paper, con-
sider temperature distribution in an industrial oven whose

simplified mathematical model is

or 9*T L
—(l’,t) = a%(xat) + Zginiui(t)v vt > Oa

ot i=1
(7)

where T'(-, ¢) is the temperature profile at the time ¢. We
suppose that the system is controlled by a variable control
u(t) = (u1(t),...,uy(t))T, where u,(t) acts on the zone
w; CJ0, 1] according to a spatial distribution g; € L?(w;).

The associated initial condition is supposed to be ho-
mogeneous, i.e.,

T(z,0) = To(z), Vze][0,1],

and the boundary condition is also homogeneous, i.e.,

T(0,t)=T(1,t) =0, Vt>0.
Equation (7) can be written as
oT
E(m, t) = AT (z,t) + Bu(t), ¥Vt >0, (8)

where A is the operator 92 /9% whose domain D(A) and
spectrum o (A) are respectively given by

D) = {fe120,1)/ /" € I*(0,1)
and f(0) = /(1) = 0},

and
o(A) = {\, = —n’n? /n e N*},

while the associated eigenfunctions are

on(z) = V2sin (nmz), n=1,2,...,

(¢n)n>1 being an orthonormal basis of L2(0,1). The
bounded operator B is such that

RP — L2(07 1);

Uy

P
I E i X, U
i=1
Up

It is known that the mild solution of Eqgn. (8) is
t
x(t) = S(t)zo —|—/ S(t —r)Bu(r)dr, te]0,T],
0

where z(t) € X = L?(0,1), and (S(t)):>o is the strongly
continuous semigroup generated by the operator A. Then
the discretization of our system without the hypothesis (2)
leads to the difference equation

tit1
ti
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The corresponding output is supposed to be a sequence
of measurements taken at the instants t¢ = 0, t; =
0,...,in=No="T,li.e,

The control strategy consists in determining minimum-
norm control allowing us to minimize the differences
ly(tn) — yall and (|ly(t:) — 7illJo<i<n—1, Where yq is
a desired state and (r;)1<i<n—1 IS a given desired trajec-
tory. Mathematically, solving this problem amounts to the
minimization of the quadratic criterion

J(u) = (yn — ya, Glyn — ya))

N—-1
+ )y =, My — 1))
i=1

+ /0 (u(0), Ru(0)) d6.

M, R and G are selected to weigh the relative importance
of the performance measures caused by the vectors (y;);,
the control variable « and the final output y x, respectively.

2. Some Useful Properties

In this section, we shall develop an optimality system to
characterize some optimal control «*. For this purpose,
observe that the state (x)1<r<n can be written as fol-
lows:

zp = Py + f: /tj OFIB;_1(0)u(0) db,
=1t
k=1,...,N. (10)
If we introduce the bounded operator 7 defined by
y { L2(0,T;U) — 12(1,2,...,N;X),

L Hu:((H“>i)1gi§N’

then from (10) we establish that

xp = ®Fxg + (Hu)p, Vk=1,2,...,N.

The adjoint operator H* is such that

(Hu, ((El, ey :CN)>l2(1,...,N;X)
N
= ((Hu), xx)
k=1
N k t; ‘
=S [ B a0
k=1 i=1"ti—1
N N t; ]
5SS / (u(0), B, ()" zy,) do
i=1k=i 7/ ti-1
N t; N )
-3 / (w(®), S B, (0)0Fzy) do
i=17ti—1 k=i
Setting
N .
F0) = By 1(0)® " ay, VO € [tioa,til,
k=1
i=1,2,...,N,
we have

(Huty (21, o)) 1) = /O (u(6), £(6)) d.

Then H*(z1,22,...,2x) € L*(0,T;U) is given by

N

on)(0) = B (0)2" ay,
k=i

0 € lti—1,t;] for i=1,2,....N. (12)

H*(Jﬁl,.ﬁg,...

Consider the operator L defined by
L2(0,T;U) — X,

u— (Hu)n
N oot

k
-y / ONEB,_ (B)u(f) do,
k=1"tk—1

so that
TN = <I>Nx0 + Lu.

The adjoint operator L* : X — L?(0, T’;1{) is such that

N th
(Lu,z) = <Z/ NEBL 1 (0)u(h) d@,x>
k=17 tr—1
N th
=3[ OB @ s
k=17 tk-1

T
- / (u(6), 9(0)) Ao,
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and therefore
(L*2)(0) = Bj_,(0)@™ " Fa,

V9€[tk,1,tk[, k=1,...,N.

3. Optimality System
Knowing that the functional to minimize in L2(0, T;U) is

J(u) = (zn — 24, G(aNn — 24a))
+ Z -1y, M - 7“1)>

+ /0 (u(0), Ru(0)) dé, (13)

we use the technical results established in the previous
section to deduce that
<37N — Xd, G(J?N — xd)>

= (®Nzy — xg+ Lu, G(®Nzo — 24) + GLu)
= (®Nzy — 24,G(®N 20 — 24)) + (u, L*GLu)

+ 2(Lu, G(@Nxo —Z4)),

and,fori =1,..., N — 1, we have

(x; —ri, M(2; —14))
= (®iag — 75 + (Hu)s, M(D'zg — 13) + M (Hu);)
= (®'wo — ry, M(®'zo — 17)) + ((Hu);, M (Hu);)

+ 2((Hu)s, M(®'zo — 14)).
We easily deduce that the functional J can be written
as
J(u) = const + J*(u),
where
const = <<I>Nx0 —24,G(®Nxg — Zd))
N-1 ‘
+ —1i, M(®'zg — 77)),
=1
and
() = 2((Lu, G@a — 24))
N—-1
+ Z (Hu)iy M (D' — n)>)
=1
N—-1
(u, L*GLu) + (Hu);y M (Hu);)
=1
+ (u, Ru)

Consider the sequence (ar)1<k<n and the operators
D and R described by

k=1,2,...,N—1,

{ ap = M(‘I‘kxo —Tk),

an G(@NQJO — :L'd),

F=I1?(1,2,...,N,X) — F=I1*(1,2,...,N, X),
D (r1,22,...,2n) — (Mx1, Mz, ...,
Mxyn_1,GzN)
and
=. { L2(0,T;U) — L2(0,T;U),
u — Ru,
where (Ru)(0) = Ru(f). Itis easy to see that
D*=D and D >0,
(R)*=R, (R)y"'=R-1 (14)
and (Ru,u) > a||u||L2(OTM)

Moreover, since Lu = (Hu) v, the cost functional J* can
be written as

J*(u) = 2(Hu, (a1, az2,...,an))
+ (Hu, DHu) + (u, Ru)
= 2(u, H*(a1, az,...,an))+{(u, (H*DH+R)u)
= 2l(u) + B(u, u),
where [ is the linear form
.. { L%(0,T;U) — R,
u — (u,H*(a1,...,an))
and B(-, ) is the symmetric bilinear form
L2(0,T;U) x L*(0,T;U) — R,
B(-): (u,v) —
B(u,v) = (u, (H*DH + R)v).
We have B(u,u) = (Hu, DHu) + (u, Ru) so B(u,u) >

(u, Ru( because D > 0. From (14) we deduce that
B(u,u) > allul]®

Thus J* is the sum of a continuous linear form [/ and a
bilinear, continuous, symmetric and coercive form B(-, -).

From the Lax-Milgram theorem (Brezis, 1987; Cia-
rlet, 1988; Lions, 1968)), it follows that J* has a unique
solution w* in L2(0,T,U). Furthermore, u* is character-
ized by

B(u*,v) = —l(v), Yve L*0,T;U),
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ie.,
(H*DH + R)u*,v) = —(H*(a1,...,an),v).
Thus
H*DHu* + Ru* = —H*(aq,...,an).
The optimal control w* is characterized by
T —(}_%)71 [H*DHu* +H* (a1, aq,..., aN)}.
Accordingly,
u* = _(E)le*
x [(M(Hu*)l, o M(Hu*)y 1, G(Hu") N
+ (M(@xo —T1)y. . ,M(@N*Ixo —TN-1),
GOV — 2a)) |,
which gives
u* = —R-IH* [(fo,ng, MY G
— (Mry,Mro,...,Mry_q, Ga:d)}.
Hencefor6 € [t;—1,t:[,i =1,2,..., N—1, we have

N-1
w(0) = ~RBL(0) (Yoot My )
k=i
+<I>*N7iG(x}(,* - xd))
and
u(6) = —R~'By_, (0)G(aw — 7a)
if ¢ [thlatNL

Consider the signal (p;)1<i<n defined by

N—-1
pi= Y @ My — ) + @ N Glay —2a),
<
’ i=1,2,...,N—1

py = G(xn — zaq).

We have
N—1 ] .
P piy1 = Z M (2 — 1)+ 0N T Gy —2a)
k=i+1
=pi—M(x;—r;), 1=12...,N—2,

and thus the signal p; satisfies the following difference
equation:
{m=¢%H+Mm—m%i=L%~WFL

pn = G(ry — xq).

Finally, we deduce the following optimality system:

u*(@) = _Rilefl(e)p’ia‘ 9]-62[2‘:7;—1)2‘;;\][)
t=1,2,..., 1V,

pi = ®*piy + Mz — 1),
i=1,2,...,N—1,
. (15)
PN = G(xuN _xd)a

tit1
ri = da} —|—/t B;(0)u*(0)do,

" i=0,1,...,N—1.

4. Convenient Topology

In this section, we develop a technique similar to the
HUM. Indeed, let f = (z1,72,...,2N_1,2N) € F =

12(1,2,...,N; X) and the signal 2/ = (zf,...,2]) be
described by the difference equation
sz _ (I)*N—zG%xN + Z@*k_zM%xk,
(16)

k=1
i=1,2,...,N—1,

1
z}i, =Gixy.

We define the following functional on 7%(1,..., N; X):

N t;
AN = 1712+ / (BI_,(0)2), BB}, (0)2]) do.
k=1/ti-1 a7

Lemmal. ||| - ||| is a norm on F equivalent to the usual
one.

Proof. From the linearity of the map f — =/, itis easy to
deduce that ||| - ||| is @ norm on the space F. The equiva-
lence is then immediate. |

For f = (z1,22,..
U = (U] )o<icn by

L TN-1,2N) € F, we define

tit1
vy = 0¥l + [ BO)us(6) .
t;
i=0,1,...,N —1, (18)
vy

0,
where

up(0)=R'Bf (0)z], O€lti 1, t;], i=1,2,...,N.

Remark 1. We can easily see that

k t;
o = ok {/ Bj1(0)R™'B;_,(0)do| =],
j=1

tj—1

k=1,...,N.

@amcs
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Define the operator A by

F — F,
A 1 f 1o

f = f+M=29 M2\I/N L G2UY).
Lemma 2. The operator A is bounded and self-adjoint,
and we have

AL =N
Proof. Setting ¢ = (y1,v2,...,yn), We have
(Afog) = (U], MEOL | GEUL),g)

N—1
9+ D (MEY g H(GEUL ).
i=1

If we define P, = Mz foralli € {1,...,N
Py = G2, then

N

(Afyg)=(f,9)+ Z@ﬁ Piy;)
N
+>

— 1} and

x (/t,.tJBj—1<e>RlB;f-1<9> a0)=], Puys)

Nt
=(f,9)+ Z(Z/tfzﬂf Bj_1(0)R™

x B;’-Ll(@)fI)*i_jPiyi> da)

tj
x (/ B;_1()R'B;_,
t

j—1

9) da) @*i_jPiyi>

—1
D3 (L ([Biom
j=1

N—-1
X (Z‘I)*i_jM%yi + ‘I)*N_jG%yN>>
k=3

“1B_,(0) dH)

+<Z]{[7</EVN1(9)R137\,_1(9) d@)G%yN>

tN—1

=(f,9) +Z/t R™'B;_,(6)27)d6

=(f,Ag),

and

(AFo£) = If] +Z /

= lllFIr2.

R7'B;_,(0)z])do

Remark 2. As a consequence of Lemma 2, we easily de-
duce that A is an isomorphism.

Finally, we state our fundamental result of this sec-
tion.

Theorem 1. The optimal control «* minimizing the func-
tional (13) in L2(0,T;U) is

uw(0)=R B ,(0)z], 0€lti i, b, i=1,2,...,N,

where z/ is the solution of the difference equation o
N-1
o - (I)*N—iG%fN + Z@*k*iM%fk7
i 219 N—1, (@0
2 =G,
and f = (f1,..., fn—1, fn) is the unique solution of the

algebraic equation
Af = —(M2 (Do —r1),..., M2(®N oy —ry_y),
GE(®Nzg —24)). (21)
Moreover, the optimal cost is
() = [/ (22)
Proof. Since the operator A € L£(F) constitutes an iso-
morphism, Eqn. (21) possesses a unique solution f =

(f1,---, fn-1, fn). Using the optimality system and the
definition

= Nuighpy 4 Nz_:lq)*kfiM%fk,
i1 N1,
2 =G,
it is sufficient to establish that
—M%(xf —-r), i=1,...,N—1,

{ fi =
fn =—G3 (@Y — za),
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where

tj

k
Tl = oy + Z@H/ Bj_1(0)u()do.

=1 b
But
Af = —(M2(Dag—11),..., M

[N

(@Y twg —rn_1),
G (®N - z4)),
which implies
fr = —M%(\Ili-l-@kxo—?“k), k=1,...
{ fn = —G%(\I/{v + &Nz — 24).

aN_]-a

If we replace W/ by its value given by (18), we get

k
fo = —M*(@Fag + Y 0k

tj =t f
x t7_1Bj_1(e)R—1B;,1(9)zj g — rk),
u*(0)
k=1,...,N—1,

N
fy = —G3 (CIDNxO + 3 N
j=1

t.'l
x / B, (0)R B, (0)=] d6 - xd).
: —_————

tj—1

u* (0)
That gives

{ fro=—Mz(z}" — ),
fv = -G (¥ — q).

So u* is the optimum of .J. Moreover,

k=1,...,N—1,

*

J(u) = (=% — za),Glak —za))
N—-1
+ > (@ =), M(z) =)
k=1

+ HU*H%Z(O,T;L{)

1 *
= IG2 (@} — za)ll”

N-—1
+ 3 UM E @ = )2 + [t
k=1
N-1 T
= Il + Sl + / (u* (t), Ru* (¢)) dt
k=1

N t;
1+ Y / (RBL_,(0)2] Br(0)f) dt
i=17ti-1

= [I£11%. u

Remark 3. (i) In order to obtain the minimizing control
u*, one has to solve the infinite dimensional algebraic
equation (21). However, in general, we do not know an
explicit form of the operator A —!. Since the bilinear con-
tinuous form

FxF — R,

(z,y) — (z,Ay)r
is coercive, the Galerkin method can be applied to approx-

imate the solution f of (21) and, consequently, the optimal
control u*.

(if) If in the functional J we have M = 0, then setting
F = X suffices to consider T" instead of A, where I' €
L(X) is the operator defined by

If=f+GU)

with

N t]
vl = D N [/ B;_1(0)R™'B;_,(0) de} 2],

j=1 tj—1

A= NIGEf =12, N

Then, for M = 0, from Theorem 1 it follows that the
minimizing control u* is

u*(0) = R™'B;_,(0)=]
ford € [ti—1,t;[ and i=1,2,..., N, where
d=oNTigrf i=1,2,... N,

and f constitutes the unique solution of the algebraic
equation
Ff = —G% (@NQ:O - :L'd).

Moreover, using the Galerkin method, an approximate
control sequence is given by

wi(0) = RT\BE,(0)2]", 0 € [timy, bl
i=1,2,...,N,
2= e Nigaf, i=1,2,...,N,

n
fn = an,i%oh
=1
where (¢, is an orthonormal basis of X', and the vector

fn,l
fn,2

fnn

aamcs
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is the unique solution of the matrix equation

fn,l <_G
fn,2 <_G

(‘I’Nxo - xd)7901>
(‘I’Nxo - xd)7902>

[N

T,
fn,n <—G% (@Nxo - xd)v Qpn>
with T, = ((Ti, ©5))1<i,j<n-

Example 1. Consider the system (7) defined in Section 1,
and the cost functional

T
J(u) = ||zn — 242 +/ lu(9)|* de,
0

where Y = R, X = L?*0,1), R = 1, M = 0,
G =120 =024 = 7o and Bju = u - X,,, With
w; = [a;,b;] C [0,1]. This means that we suppose that
the activity of the control « on the parabolic system (7)
is restricted to the zone [a;, b;] (the action support of the
control » changes at each moment 7), where

©n(0) = V2sinnmf

is an orthonormal basis of X.
Since

S =" e, 0u) xipn,
n=1

the operator @ is such that

and
B;(0) = S((z’ +1)0 — 0)Bi.

Here we have

Bz(H)u = S(tH_l — 9)Bzu

Z e_n2ﬂ_2(t,‘,+1—9) <_Bzu7 (pn>30n

n=1

o0
=u- Z e‘"zﬂz(t“l_e)(/ on() dx) Pn-
n=1 w

i

Consequently, setting

a;(n) = /w
bi

2
= — | cosnmx| ,
nm a;

bi
on(z)de = \/5/ sin nrz dz
(€23

i

we have

Bi(0)u=mu- [i ai(n)e*”%%t"“*e)son} .
n=1

Therefore
BiOyu.z) = (u- [ S agm)e w0, ]
U, T <u [nz::la n)e 0 } x>
= - {iai(n)e_n2w2(ti+1—0)<x, s0n>:|7
n=1
and hence

o0
Bi(0)r =Y ai(n)e ™™ G =g ),
n=1

According to Theorem 1, the solution to the optimal
control problem is as follows:

u*(0) = B, (0)2]
=Y aia(m)e T E0G] p)
n=1
for6 € [t;—1,t;[and i =1,2,..., N, where
f_ &N—ip _ (N=) » .
zl =N f = [S(6)] f=8S((N—-10)é)f
= S(n-i)f = Ze_kzﬁth_i<f, Ph) Pk
k=1
Then

Cnlrin_,
<Zifa30n>:e N <fa$0n>a

and hence
w(0) =3 i (n)e T T (29)
n=1

for 0 € [ti—1,t;[and ¢ = 1,2,..., N, where f is the
unique solution of the algebraic equation

Ff = Zdq,

which is equivalent to the infinite linear system
Al f2 [ =] 0 [, (24)

A being an infinite matrix,

A= (<F%7<Pj>)1§i,jgoo,
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with
(Tps, ) =
N 2i2 72, 2i2 7%ty
_ 9272 . e — €
I+e e Z 0‘271(1) < 2272 )
k=1

if i=j,
—i?m?T —j27r2TN ; ;
e e Zak_l(z)ozk_l(j)
k=1

T _ () m e
X CENLE if @ # 7.

As was mentioned in Remark 3, f = Y%, fip; is
such that

f=lim f",

where f™ = 3" | fip;, with
T
S
fr
being the unique solution of the algebraic equation

n

1 v
n O

P I
In 0

A, is the symmetric and positive definite matrix given by

A= ((Tgi, vj))1<i,j<n-

Concluding, in accordance with (23), the optimal
control «* can be approximated by the sequence (u}:),>1
defined as follows:

wi(0) = cisi(k)e T (25)
k=1

for@e[ti_l,ti[andizl,Q,...,N. ¢

Remark 4. Consider the above example with Bu =
u - Xy, where w = [a,b] C [0,1]. (Here, in contrast
to Example 1, we suppose that the action support of the
control w is independent of ¢.) Then we have

o0
Bi(0)u=mu- Z oz(n)e_"z’rz(t"*l_e)gon
n=1

with
b
a(n) :/ on(z)de = \/5/ sinnra dz.

On the other hand,

Bi(0)z =Y a(n)e ™ L= ) e 0,T).

n=1

Hence
u*(@zia(n)e-”2”2<”><f,son>, 00, 7], (26)
n=1

where f is the unique solution of the algebraic equation

I'f =wa,

1— 672i27r2T ) ' ‘
1 -+ OZ,L2 <W lf =7,

1 — e~ (+5%)7°T
i (e— if i

@+

with

(Ti, @) =

As in the previous example, using the Galerkin method,
the optimal control »* can be approximated by the se-
quence (u} )n>1 given by

wy(0) =Y a(k)e T g9 e 0,1,
k=1

5. Conclusion

The passage from the continuous version of a linear sys-
tem
z(t) = Azx(t) + Bu(t) (27)

to its discrete counterpart
is, generally, based on the assumption that

u(s) = u(ti), Vs € [ti,tita], (29)

where t; and t;, are two consecutive sampling instants.
The approximation of the continuous system (27) by the
difference equation (28) is often justified by the choice of
a rather small sampling period.

In this paper, we have studied the quadratic linear
control problem associated with a linear system having a
discrete state variable and a continuous control variable.
Such a system can be regarded as a sampled version of
the continuous system (27) in the absence of the assump-
tion (29) (when the time interval [¢;, ¢;41 is rather large or

oo
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when variations in the control variable u(-) are very fast, it
makes no sense to adopt the hypothesis (29)). To solve the
problem, we introduced an adequate Hilbertian structure
and proved that the optimum and optimal cost stem from
an algebraic linear infinite dimensional equation which is
easily solvable by the classical Galerkin method. As a
natural continuation of this work, while being inspired by
(Rachik et al., 2003), we are going to investigate the linear
quadratic control problem considered for an infinite time
horizon.
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