Int. J. Appl. Math. Comput. Sci., 2006, Vol. 16, No. 4, 441-462

ROBUST STABILIZATION OF DISCRETE LINEAR REPETITIVE PROCESSES
WITH SWITCHED DYNAMICS

JACEK BOCHNIAK*, KRzYszTOF GALKOWSKI*
ErRIC ROGERS**, ANTON KUMMERT ***

* Faculty of Electrical Engineering, Computer Science and Telecommunications
University of Zielona Gora
Podgdrna 50, 65-246 Zielona Géra, Poland

e-mail: j .bochniak@weit.uz.zgora.pl, k.galkowski@issi.uz.zgora.pl

** School of Electronics and Computer Science
University of Southampton
Southampton SO 17 1BJ, United Kingdom

e-mail: etare@eecs.soton.ac.uk

*** Faculty of Electrical, Information and Media Engineering
University of Wuppertal
Rainer-Gruenter-Strasse 21, D-42119 Wuppertal, Germany
e-mail: kummert@uni-wuppertal .de

Repetitive processes constitute a distinct class of 2D systems, i.e., systems characterized by information propagation in
two independent directions, which are interesting in both theory and applications. They cannot be controlled by a direct
extension of the existing techniques from either standard (termed 1D here) or 2D systems theories. Here we give new results
on the design of physically based control laws. These results are for a sub-class of discrete linear repetitive processes with
switched dynamics in both independent directions of information propagation.
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1. Introduction

The essential unique characteristic of a repetitive process
(also termed a multipass process in the early literature) can
be illustrated by considering machining operations where
the material or workpiece involved is processed by a series
of sweeps, or passes, of the processing tool. Assuming
the pass length o < +o0 to be constant, the output vec-
tor, or pass profile, yi(p), p=0,1,...,(a — 1) (p being
the independent spatial or temporal variable), generated
on the pass & acts as a forcing function on, and hence con-
tributes to, the dynamics of the new pass profile 11 (p),
p=0,1,....(a—1),k=0,1,....

Industrial examples of repetitive processes include
long-wall coal cutting operations and metal rolling oper-
ations (see the original papers cited in, e.g., (Rogers and
Owens, 1992)). Also, a number of the so-called algorith-
mic examples exist where adopting a repetitive process
setting for analysis has clear advantages over alternative
approaches to systems related analysis. These include
iterative learning control schemes (Amann et al., 1998;
Longman, 2003) and iterative solution algorithms for dy-

namic nonlinear optimal control problems based on the
maximum principle (Roberts, 2002). In the former case,
the sub-classes of the so-called differential and discrete
linear repetitive processes form the basis for a rigorous
analysis of a powerful class of such algorithms. In the lat-
ter, the repetitive process setting for analysis has led to the
development of numerically reliable and computationally
efficient solution algorithms.

Another possible area of application for repetitive
processes regards the so-called spatially interconnected
systems, which have already found numerous important
physical applications, see, e.g., (D’Andrea and Dullerud,
2003) and the references therein. This arises from the fact
that some of the state-space models in this area can be
rewritten in the form of those for certain classes of dis-
crete linear repetitive processes.

The unique control problem for these processes is
that the output sequence of pass profiles generated can
contain oscillations that increase in amplitude in the pass
to pass (i.e., k) direction. Such behaviour is easily gen-
erated in simulation studies and in experiments on scaled
models of industrial processes such as long-wall coal cut-
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ting. In this particular case, these oscillations are caused
by the machine’s weight as it comes to rest on the newly
cut floor profile ready for the start of the next pass of the
coal face.

The fact that the pass length is finite (and hence infor-
mation in this direction only occurs over a finite duration)
is a key difference with other classes of 2D discrete linear
systems. Another is the fact that the pass initial condi-
tions are reset before the start of each new pass and these
can include explicit contributions from the previous pass.
This feature has no 2D discrete linear systems counterpart,
and overall large parts of the established systems theory
for 2D discrete linear systems described by, in particular,
the Roesser and Fornasini Marchesini state-space models
either cannot be applied at all or only after appropriate
modifications have been made. Hence there is a need to
develop a systems theory for these processes for onward
translation (where appropriate) into numerically reliable
algorithms.

A rigorous stability theory for linear repetitive
processes has been developed. This theory (Rogers and
Owens, 1992) is based on an abstract model in a Ba-
nach space setting which includes a wide range of such
processes as special cases. Also, the results of applying
this theory to a broad range of cases have been reported.
This has resulted in stability tests for some sub-classes of
practical interest that can, if desired, be implemented by a
direct application of well known 1D linear systems tests.
This theory consists of two distinct concepts termed as-
ymptotic stability and stability along the pass, where the
former is a necessary condition for the latter.

Much of the work currently available on repetitive
processes has focused on the definitions and characteri-
zations of systems theoretic properties, but recently the
design of control schemes has become an active research
area. For example, it is physically meaningful to define
the current pass error as the difference, at each point along
the pass, between a specified reference trajectory for that
pass, which in most cases will be the same on each pass,
and the actual pass profile produced. Then it is possible to
define the so-called current pass error actuated controller
which uses the generated error vector to construct the cur-
rent pass control input vector. In this context, preliminary
work, see, e.g., (Benton, 2000), has shown that, except
in a few very restrictive special cases, the controller used
must be actuated by a combination of the current pass in-
formation and ‘feedforward’ information from the previ-
ous pass to guarantee even stability along the pass closed-
loop. (Note also that in the iterative learning control appli-
cation area the previous pass (or trial) output is an obvious
signal to use as feedforward action in the overall control
law.) Design algorithms for such control laws applied to
discrete linear repetitive processes can be found in, e.g.,
(Gatkowski et al., 2002).

Consider again the metal rolling operation. Here a
number of passes may be completed under one regime
and then the dynamics change to allow further process-
ing to take place. One way of modelling such a case is by
switching the dynamics from one state-space model to an
alternative (or alternatives). More generally, there are (at
least) two distinct possibilities for switching dynamics to
occur in repetitive processes; either the switching occurs
from pass to pass or along a pass. This paper continues the
development of tools for the analysis of these two cases.
Both of these are practically motivated, e.g., switching
from pass to pass can occur when handling multiple op-
eration robot arms or multiple metal rolling systems, and
along the pass switching can arise in the analysis of iter-
ative learning control applied to processes with periodic
dynamics.

The previous work (Bochniak et al., 2006) devel-
oped significant results in the areas of applicable stability
tests and the design of control laws activated by informa-
tion measured on the current and previous passes. This
assumes that there is no uncertainty associated with the
models used to model the dynamics but there will clearly
be cases when this is not true, even for initial control re-
lated analysis. Hence, in this paper, the analysis of repet-
itive processes with switched dynamics in the presence of
uncertainty in the models used is begun. As in other ar-
eas, the basic route is to assume that the uncertainty can be
described by polytopic or norm bounded structures. The
resulting design algorithms can be computed using Linear
Matrix Inequalities (LMIs), and two examples are given
to highlight such computations and, in particular, to show
that they can be numerically reliable.

Throughout this paper, the null matrix and the iden-
tity matrix with the required dimensions are denoted by 0
and I, respectively. Moreover, M > 0 (< 0) denotes a
real symmetric positive (negative) definite matrix.

2. Background

The basic form of the state-space model for discrete linear
repetitive processes is given by

rrr1(p+ 1) = Avgy1(p) + Bugs1(p) + Boyk(p),
Yk+1(p) = Cxpy1(p)+Dugt1(p)+Doyk(p), (1)

p=0,1,....(a«—=1), k=0,1,...

Here, on the pass &, x(p) is the n x 1 state vector, yi(p)
is the m x 1 pass profile vector, and uy(p) is the r x 1
control input vector. To complete the process descrip-
tion, it is necessary to specify the boundary conditions,
i.e., the initial state vector on each pass and the initial pass
profile. Here no loss of generality arises from assuming
Tk 41(0) = dy1, K > 0, and yo(p) = f(p), where the
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n x 1 vector dx1 has known constant entries and f(p) is
an m x 1 vector whose entries are known functions of p.

The abstract model based stability theory (Rogers
and Owens, 1992) for linear repetitive processes consists
of two distinct concepts termed asymptotic stability and
stability along the pass. Noting again the unique con-
trol problem for these processes, this theory demands that
bounded sequences of inputs produce bounded sequences
of pass profiles, where ‘bounded’ is defined in terms of the
norm on the underlying function space. The essential dif-
ference between them is that asymptotic stability demands
this property over the finite pass length whereas stability
along the pass is stronger in that it demands this property
uniformly, i.e., independent of the pass length.

In the case of processes described by (1), it can be
shown (Rogers and Owens, 1992) that asymptotic stabil-
ity holds if, and only if, r (Do) < 1, where r(-) de-
notes the spectral radius of its matrix argument. Also,
if the example under consideration is asymptotically sta-
ble and the control input sequence applied {u}x>1 con-
verges strongly to u, as k — oo, then the resulting out-
put pass profile sequence {yx }»>1 converges strongly to
Yoo—the so-called limit profile—defined (with D = 0 for
ease of presentation) over p = 0,1,...,(a — 1), by

Too(p+1) = (A+ Bo(I — Do) ' O)zoo(p)
+ Buoo(p),

Yoo (p) = (I — Do) ' Coe (p).

In effect, this result states that if a process is as-
ymptotically stable then its repetitive dynamics can, af-
ter a ‘sufficiently large” number of passes, be replaced
by those of a 1D discrete linear system. Note, how-
ever, that this property does not guarantee that the limit
profile is stable in the 1D linear systems sense, i.e.,
r (A+ Bo(Im — Dy)~'C) < 1—a point which is eas-
ily illustrated by, e.g., the case when A = —0.5, B = 0,
By =0.5+by, C =1,D = Dy = 0, and the real scalar
bo is chosen such that |by| > 1.

Stability along the pass prevents cases such as the
simple example above from arising (by demanding that
the bound is independent of the pass length), and the
following characterization is known (Rogers and Owens,
1992).

Theorem 1. Adiscretelinear repetitive process described
by (1) is stable along the pass if and only if the so-called
2D characteristic polynomial

I— ZlA
—ZQC

—z1 By

Lo==2
0inU,
I—ZQD() 7£

)

C(z1,22) = det

where T = {(z1, 22) « 21| < 1, |20] < 1}

In theory, a repetitive process evolves over a semi-
infinite strip in the positive quadrant of the 2D domain,
ie,overp =0,1,...,(a — 1), k > 0. Stability along
the pass, however, treats the process as evolving over the
complete positive quadrant, i.e., both p and % are of un-
bounded duration. For this reason, stability along the pass
can be too strong in some cases of practical interest—see,
e.g., (Smyth, 1992) for a further discussion of this point
and illustrative examples.

Previous works, see, e.g. (Gatkowski et al., 2002),
have used an LMI setting to design control laws of the
following form forp = 0,1,...,(a — 1), k = 0,1,...
for processes described by (1):

ur+1(p) = Kixry1(p) + Koye(p)

[0 =)[550] @

where K7 and K are appropriately dimensioned matri-
ces to be designed. In effect, this control law uses the
feedback of the current state vector (which is assumed to
be available for use) and the ‘feedforward’ of the previ-
ous pass profile vector. Note that in repetitive processes
the term ‘feedforward’ is used to describe the case where
state or pass profile information from the previous pass (or
passes) is used as (part of) the input to a control law used
on the current pass, i.e., to information which is propa-
gated in the pass to pass (k) direction.

Next we give some well known results which will be
extensively used in the analysis of this paper.

Lemma 1 (Schur’s complement). (Gatkowski et al.,
2002; Boyd et al., 1994) Let W, I and V be given ma-
trices of appropriate dimensions with W = W7, v > 0.
Then the matrix inequality

W+ LTVL <0 %)
holdsif, and only if,
w LT
<0. 5
L -v-! ©)

Lemma 2. (Bachelier et al., 1999) Let W, L and V be
given matrices of appropriate dimensionswith W = W7,
V > 0. Then the matrix inequality (4) holds if, and only
if,

W LG

G'L V-G-GT <0, ©)

where G is an arbitrary matrix of the same dimensions
asV.

G
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Lemma3. (DuandXie, 1999) Let ¥ and £’ be known and
unknown real matrices of appropriate dimensions, respec-
tively, where F satisfies || F|| < 1,i.e, F"F < I. Then,
for any scalar € > 0, the matrix inequality

el 0
e

0 F

ET
FT 0

»< T

] (1)
holds.

3. Processes with Dynamics Switched from
Passto Pass

All of the work which has been reported on the analysis
and control of discrete repetitive processes either assumes
that, once the state-space model is obtained, it remains
fixed for the complete duration of passes, or (more re-
cently) that it is subject to well defined uncertainty struc-
tures. In some cases, however, a more realistic scenario
is that there are a number of regimes of operation, each of
which has a state-space model description, and the process
switches between them according to some given schedule.
For example, in metal rolling it may be required to pass the
workpiece through a series of passes which are described
by different state-space models, i.e., complete a number
of passes with one model in place and then switch to com-
plete another number of passes described by a different
model, and so on.

The dynamics in the scenario described above switch
in the pass to pass direction and we now summarize some
previously obtained (Bochniak et al., 2006) relevant re-
sults on this case, where it is assumed that the process dy-

namics are described as follows forp = 0,1,..., (a—1):
Arzpa (p) + Biuwa (p)+ Bowyi(p),
( 0 for 1=0,2,..., ie, [ =2k,
Ta(p+1) =
Az (p)+ Bouwy () + Bo2uyi (p),
for 1=1,3,..., ie, [ =2k+1,
8)
Crapa (p)+ Drua (p)+ Doryi(p),
) for 1=0,2,..., ie, [ =2k,
Yi+1\P) =
Coxyy1 (p) 4+ Daura (p) +Do2yi (p),
for 1=1,3,..., ie, [=2k+1,

where x;(p) is the n x 1 state vector, y;(p) is the m x 1
pass profile vector, and w; (p) is the r x 1 control input vec-
tor. The boundary conditions are defined as for processes
described by (1).

This model assumes that the dynamics switch on the
completion of each pass profile. This is clearly not the
most general case but, given the absence of any previous
results in this area, it will act as a starting point with the
possibility that the experience gained will lead to straight-
forward generalizations to other cases.

One obvious approach to the analysis of the process
model given above is to attempt to transform it into an
equivalent model of the form (1) and then directly apply
the existing results. Introduce, therefore, the following
new state, pass profile and input vectors:

() = [ uai+1(p) ] ,

_ Tok+1(p)
Kia(p) = l uzg+2(p)

T2k+2 (P)

Yi(p) = y2r(p), Yii1(p) = yar+2(p).

Then the equivalent model of the form (1) for processes
described by (8) is

Xipa(p+1) = 2Xl+1(p)+§Ul+1(p)+§oYl(p),

R R R 9)
Yii1(p) = CXiy1(p)+ DU (p)+DoYi(p),
where
~ [ a4 o [ B 0
BpCp Ay |’ ByD: By |’
~ BOI ~
By — , O = [ DpeC1 C: ]
) BosDo 02C1 O

l/j = |: D02D1 DQ :| 5 ﬁo = D02D01-

Now it is possible to give the conditions for sta-
bility along the pass of processes described by (8). Of
the numerous sets of conditions which have been devel-
oped, the most relevant here is the following one (see also
(Gatkowski et al., 2002)) based on the use of LMIs. This
condition is a sufficient one but, unlike necessary and suf-
ficient alternatives, it leads easily to control law design
algorithms (as shown below). As a preliminary step, it
is convenient to introduce the following matrices relating
to (9):

b= q—| 2

(10)

Y

A By
C Dy

The matrices ® and II are termed the augmented process
matrix and the augmented input matrix, respectively.

The following sufficient condition for stability along
the pass of processes described by (9) can now be stated.

Theorem 2. (Rogers and Owens, 1992; Gatkowski et al.,
2002) A discrete linear repetitive process whose state-
space model can be written in the form (9) is stable along
the passif there exist matrices W; > 0 and W5 > 0 such
that R R

dTWe -W <0 (11)

holds, where W = W, & W5, with & denoting the direct
sum, i.e, W = diag (W5, Wa).
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Note also that (11) is (one formulation of) the
so-called 2D Lyapunov equation for these processes
(Gatkowski et al., 2002).

To apply a control action to these processes of the
above form, consider a switched control law of the form

Kizi1(p) + Kaui(p),

for 1=0,2,..., ie., [ =2k,
uy1(p) =
Kizi11(p) + K3ui(p),
for (=1,3,..., ie, [ =2k+1,
(12)
or
U1 (p) = K1 X141 (p) + K2Yi(p), (13)
where
P Kl 0
! K2(Cy + D1KY) K2 |
5(C1+ D1KY) 1
1
Ry=| ,
K5(Do1 + D1K3)

On applying this control law to (9), the resulting con-
trolled process state-space model can be written as

Xl+1(p + 1) = A\nele—i-l(p) + EOIIEWYl(p))

14
Yi1(p) = CoowX141(P) + Donew Yi(p), oo
where
A\new = g—i— Ef?l
_ A +B K} 0
(Boa+B2K3)(C1+D1K})  As+BoK? |’

EOnew = 3SO + EKQ

Bo1+B1K}
(Boa+B2K2)(Do1+D1K3) |’

new — 6+DK1

)

= | (Do2+D2K3)(C1+D1 K1) CQ+D2K12]7

ﬁOnew = ﬁO + ﬁI?Q

= (Doz2 + D2K3)(Doy + D1 Ks).

@amcs

The augmented process matrix for this last state-space
model can be written in the following form:

$new _ é\new §0new
new DOnew
A BB R &
~ | C Dy D b
= & +IIK, (15)
and we can now rewrite (15) as
EI\)new - q)l + (I)%q)%; (16)
where
A1+BlK11 0 BOl+BlK21
o, = 0 A2+BQK12 0
0 C2+D2K12 0
= Ay + B K,
0 0 0
@ = | Byo+ByK2 0 Byy+ByK?2
Dos+DsK3 0 Dyo+DoK3
:A%"’B%RQ)
Ci+ DK} 0 0
P2 = 0 0 0
0 0 Do1+D1K3
:A§+B§R1;
and
A1 0 By 'Bi 0 B
Alz 0 AQ 0 5 Blz 0 BQ 0 )
0 Cy 0 0 D, 0
0 0 0 [0 0 0]
Ay=|Bopzs 0 Bpa|., By=|Bx 0 By,
| Doz 0 Do2 | D2 0 Do |
¢, 0 0 [Dy 0 0]
A2=10 0 0|, Bi=|0 0 0|,
| 0 0 Do | 0 0 D
(Kl 0 0 (K2 0 0
Ki=|0 K} 01|, Ke=|0 K2 0
0 0 K} 0 0 K?
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Now we are in a position to give the following re-
sult, which is a less conservative form of that in (Bochniak
et al., 2006).

Theorem 3. Supposethat a a control law of the form (13)
is applied to a discrete linear repetitive process whose
state-space model can be written in the form (9). Then
the resulting closed-loop process is stable along the pass
if there exist a matrix X > 0, non-singular matrices V/,
Z, and rectangular matrices L, N such that

-X AYZ +BIN AV + BL
ZTAMT L NTBAT  —7- 7T A2V + B2L
VIAT + LTBT VTA"+L"B3" X -V —-VT
<0, (17)
where
r Vi 0 0
X, 0 _ '
X: 5 V: 0 ‘/2 O )
0 X
L | 0 0 V3
[z 0 0 Li 0 0
Z=|10 Z 0|, L=|0 Ly 0 |,
|0 0 Z | 0 0 Ls
N 0 0
N=|0 N 0 |. (18)
0 0 N
If this condition holds, the control law matrices are given
by
Kl 0 0
Ky=Lv'=| 0 K2 o |,
0 0 Ki
(19)
K 0 0
Ky=NZ"'=| 0 K} 0
0 0 K3

Proof. A sufficient condition for the stability along the
pass of the controlled process is, cf. Theorem 2, the exis-
tence of positive definite matrices X; > 0, X5 > 0 such
that R R
Do X P

new

- X <0,
where @0, given by (16). Also

Do XL, — X = (01+0102) X (0, +0h02)" — X

—{I @1} CX40,X0T L7+ P X2

- 21 2Tl +d2x 0T @d3X®3T 727
I

X @%T <0,

where Z is a compatibly dimensioned nonsymmetric and
nonsingular matrix. Hence
—X + & X7 DLZ + O X 3T

_ 7 <o,
ZTolT 4+ 92X 0T ®IXPT — 7 — Z7

ie.,

-X L7
2T 77T

D

+
3

X{cplT <1>§T}<0.

Applying Lemma 2 to this last expression, we obtain

s L7 &V
ZTOT _Z_ 2T &2 <o,
VTeT  VTeI XV VT

where V' is a compatibly dimensioned nonsymmetric and
nonsingular matrix.
Finally, the use of

®V = A,V + BJK\V = A,V + BiL.
®LZ = ANZ + BARZ — AYZ + BIN,  (20)
BV = A2V + BIK,V = A2V + BIL

leads to (17) with the control law matrices given by (19),
and the proof is complete. [ |

3.1. Robustness Analysis. In what follows, we extend
the analysis of the control law design given above to cases
where the uncertainty associated with the process state-
space model is of the polytopic or norm-bounded type.

Consider first the polytopic form. Here we assume
that the matrices which define the sub-processes in the
state-space model of (9) belong to a polytope of matrices
(the convex hull of a finite set of matrices), i.e.,

A1 B1 Bn
Ay By Bp
Ci1 D1 Dy
Co Dy Do

Ay Bi Bjy
Ay By Bp

€ Co p . ; ,i=1,...,P
Ci Dy Dy
ci D,
A1 B1 B
P P
Ay By B
=y 4| TR >0, ) =1, (21)
=1 C1 D1 Doy =1

C2 Dy D2
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The matrices A%, B}, B, for j =1,2andi =1,..., P
are assumed known and are termed the vertices of the
polytope, the non-negative numbers ¢; fori = 1,..., P
are termed the polytopic coordinates, where P denotes the
number of the polytope vertices. Note that here the uncer-

tainties for odd %, i.e., in the matrices [ 2! 5! 2% | and

even k, i.e., in the matrices [ 22 72 72 ] are embedded

into the joint polytope.
Now, we have the following result.

Theorem 4. An uncertain discrete linear repetitive
process described by (9) in the presence of uncertainty
which can be modelled by (21) is stable along the pass if
there exist a matrix X > 0, nonsingular matrices 1 and

Z such that for all i = 1,..., P (i.e, for each vertex of
the polytope),
X ALYz AV
ZTAYT 7 - 77 A3V <0, (22
VITAT  VTAFT X -V -V
where

and
AL 0 By 0 0 0
Ai=| 0 A, o |, A¥=| Bl 0 B, |,
0 Ci 0 Dy, 0 Dj,
ci 0 0
A= 0 0 0 |. (23)
0 0 D

Proof. Interpreting Theorem 2 in this case gives stability
along the pass if there exist X; > 0, X5 > 0 such that

dXdT - X <0,

with X = diag(X;,Xs) and ® € Co{d’,i = 1
..., P}. This last matrix inequality is equivalent to

)

PXPT X <0, i=1,2,..., P
Using steps analogous to Theorem 3, we prove stability
along the pass of each vertex of the polytope and the proof

is complete. [ |

Suppose now that a control law of the form (12) is
applied. Then the uncertainty in the model matrices C,

Dg; and D4 requires us to use the form of (13) with
K e Co{f{{, z':l,...,P},

K] 0

I?i == . . 9
' | K3(Ci+ DiEY) K7

(24)

Ky Co{f(;', ¢=1,...,P},

K,

R K
K3(Dj, + DiK})

The resulting controlled process state-space model can be
written in the form

XlJrl(p + 1) = A\neleJrl(p) + §Oneval(p)a
N N (25)
Yl—i—l (p) = CnewXH-l(p) + DOnewYE (p)a

where

new
Al + BiK! 0
(Bb+ B3K3)(Ci+DiKy) Ay+BiKY

?

%

i _ i i 770
BOnew - O+B K2

B{, + BiK}
(Bip + ByK3)(Diy + DiK3) |
Cl., =C'+ DK}
— | (Dju+DLK3)(C+DiKY)  Ci+D4KT |,
ﬁénew = f)(l) + ﬁzl?é

= (Db + D3K3)(Dy + D1 K3).

aamcs
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Also, the augmented process matrix in this case can be
written as

B =

new

~; =i
Anew BOnew
)
DOnew

Al Bi i S
= 5 2+ A || BB
Ct D} D' Lo
=3 +II'K", (26)
Cpey = P} + 0, PF’ (27)

fori=1,2,..., P, where

[ Al + BiK} 0 B, + BiK}
Pl = 0 Al + ByK? 0

| 0 Cs + DyK? 0

[ 0 0 0
&) = | Bi,+ BiK3 0 Bi,+ BiK3

| Di,+ DiK? 0 Dj,+ DiK3

= A} + By Ko,

[ Cci+DiK! 0o 0

P2 = 0 0 0
0 0 Dj, + DiK}

where A%, AL, A% are as in (23), and

Bi 0 Bi 000
Bi=1| 0 B, 0 |, By'=| By 0 B} |,
0 Di 0 Di 0 Di
Di 0 0
B¥=10 0 0 [,
0 0 Di
K 0 0 K2 0 0
Ki=|0 K 0|, Ko=|0 K2 0
0 0 Kij 0 0 K2

Now we have the following result, which enables the
control law considered here to be designed for stability
along the pass.

Theorem 5. Supposethat a a control law of the form (12)
is applied to a discrete linear repetitive process whose

state-space model can be written in the form (9) in the
presence of uncertainty modelled by (21). Then the re-
sulting controlled process is stable along the pass if there
exist amatrix X > 0, nonsingular matrices VV and Z, and
rectangular matrices L, N suchthatforall i = 1,..., P
(i.e., for each vertex of the polytope),

'S AYZ4+BYN  AV+BIL
ZTAVT A NTBYT  _Z-7T A3V 4+B¥L
VTAziT_*_ETBi'T VTA%iT-I-I/TBSiT X — V_VT

<0, (28)

wherethematrices X, V, Z, L and N aregivenin (18). If
these conditions hold, the control law matrices are given
by (19).

Proof. Interpreting Theorem 2 in terms of the controlled
process (25) shows that it is stable along the pass if there
exist matrices X; > 0 and X, > 0 such that

Do XOT  — X <0,
where X = diag (X1, X2) and @, € Co{®i.,, i =
1,..., P}. This last matrix inequality is equivalent to
o XOT _X<0, i=1,...,P

new new

Following the same steps as in the proof of Theorem 3
shows that all vertices of the polytope, and hence all con-
vex combinations of them, are stable along the pass and
the proof is complete. [ |

3.1.1. Norm-Bounded Uncertainty. In what follows,
we consider an uncertain discrete linear repetitive process
with dynamics switched from pass to pass described by
the following state-space modeloverp = 0,1, ..., (a—1)
andl =0,1,...:

Xpa(p+1) = (A+AA) X1 (p)+ (B+AB)Ups (p)

+ (Bo + ABo)Yi(p),
PR L (29)
Yi(p) = (C+AC) Xpa (p)+(D+AD)Uka (p)

+ (Do + ADo)Yi(p),

where
- - A1 +AA; 0
A+AA = )
| (Bo2+ABg2)(C1+AC:) Az+AA
-~ B1 + AB, 0
B+AB =
| (Bo2+ADBo2)(D1+AD;) Ba+ABs
Bo1 + AB
Bt ABy — 01 01 7
| (Bo2+ADBo2)(Do1+ADo1)

Y
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~ o~

C+AC = | (Dop+ADp)(C1+ACH) Co+ACs|
D+AD= [(D02+AD02)(D1+AD1) D2+AD2} ,
Do + ADy = (Dyz + ADgs)(Do1 + ADqy ).

The perturbations in each sub-process state-space
model, which may vary with ¢, are assumed to satisfy the
norm bounded structure

AA; ABy | AB;
AAy ABOQ AB>
AC7 ADgy | ADq
ACy ADgs AD,
H,y
H,
1 F[En Elz‘Ez]a (30)
H,

where I is some unknown real matrix which satisfies
|F|| <1, ie, FTF<I, (31)

and H,y, Ho, Hs, Hy and Fy1, E12, Fo are known real
constant matrices of compatible dimensions.

The augmented process matrix (<T> + A@)) for the un-
controlled process here is

A+ AA B+ AB

d+AD = | LT 2 2
C+AC Dy+AD,

(Al —+ AAl)
+ (A} + AAL) (A2 + AA2), (32

where
[ AA; 0  ABy
AAl == 0 AAQ 0 :H-lpEll,
| 0 AG 0
[0 o0 o0
AA% = ABOQ 0 ABOQ == 73FE12, (33)
ADOQ 0 ADOQ
AC; 0 0
AAZ = 0 0 0 = H,FEY],
0 0 ADg

with
(H, 0 H (Hy 0 0
H=|0 Hy, 0|, H 0o 0 0],
|0 Hy 0 | 0 0 Hj
[0 0 o0 [F 0 o
Hy=|Hy 0 Hy|, F=1|0 01,
| H; 0 Hj 0 0 F
[Ey1 0 0 (B 0 0
El=10 By 0], Eif=|0 Ejo 0
_O 0 E12 _O 0 E12

Now, we can state the following sufficient condi-
tion for stability along the pass of uncertain processes de-
scribed by (29).

Theorem 6. An uncertain discrete linear repetitive
process whose state-space model (29), with the uncer-
tainty structure modelled by (30), is stable along the pass
if there exist a matrix X > 0, non-singular matrices V'
and Z and scalarse; > 0, g5 > 0 such that

-X AYZ e Hs 0 AV eHy 0

gAY 7z —Z7 0 ZTEIT  AZV  eHs 0

el HY 0 —eal 0 0 0 0

0 EiZ 0 —el 0 0 0
VTAT vTAZT 0 0 X-v-v' o VTE

e2HT  eHY 0 0 0 —eof 0
| 0 0 0 0 EIV 0 —eal

<0, (34)

where X = diag (Xl, XQ)

Proof. Theorem 2 applied to this case gives stability along
the pass if there exist matrices X; > 0 and X5 > 0 such
that

(@ + AD)X (D + AD)T — X <0,

with the matrix (& + A®) given by (32).
Using Theorem 3, we have

—X + (A1 + AADX (A + AA)T
ZT(AL + AADT + (A2 + AA2)X (A + AA))T
(AY+ AADZ + (A1 + AA)) X (AZ + AADHT
(A3 + AAHX (A2 +AAT —Z - 27

<0,
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where Z is given by (18) and Z is a nonsingular, possibly
nonsymmetric, matrix of compatible dimensions. Also,
this last condition can be rewritten as

—X + (A + AADX (A + AADT
ZTAY + (A2 + AAZ)X (A1 + AA)T

AYZ + (A) + AA)X (A2 + AA2)T
(A2 + AAZ)X (A2 + AA2 ) —Z-27

0 (AANYZ
_ _ <0,
T zraay o
or
X + (A + AANX (A + AA)T
ZTAN + (A% + AA%)X (A AANT
ALZ + (A1 + AA)X (A2 + AA?)T
(A3 + AA)X (A3 + AADT —Z - Z7
N Hy 0 o F||[HY o
0 ZTE2T || FT 0 0 E?Z

Applying Lemma 3 to this last expression and then
Lemma 1 to the result gives

X Az Hy% 0 A +AA,
ZTAT —Z-7T 0 ZTEN| | A3+AA
A o0 -1 o || o
0 E2Z 0 —e11 0

XX[(A1+AA1)T (A2 + AA2)T 0 0}<0

or, using Lemma 2,

-X AYZ Hj 0 AV
zrtAfr —z-7" o ZTEIT A3V
HJ 0 —' T 0 0
0 E2Z 0 —e11 0
| vTAT VAT 0 0 X-V-vT
) 0 0 0 ALV ]
0 0 0 0 AAV
+ 0 0 00 0 <0,
0 0 00 0
| VTAAT VTAAST 0 0 0

where V' is a nonsymmetric and nonsingular matrix of
compatible dimensions.
This last inequality can be rewritten in the form

-X ALz Hs 0 AV
ZTAT 72T 0 ZTET AZV
HT 0 —'T 0 0
0 E2Z 0 —e11 0
| VTAT VAT 0 0 X-V-vT
s 0
H, 0
+1 0 0
0 0
| 0 VTET
0 F HF HI 0 0 0
FT 0 0 0 0 0 ElV <0

The application of Lemma 3 and then Lemma 1 to the
result now yields

-X AlZ  Hs 0 AV H, 0
ZT AT —Zz-z" o ZTE}" AV Hy 0
a7 0 —e'T 0 0 0 0
0 E2Z 0 —el 0 0 0
VTAT yTAZT 0 0 X-v-vT o VTET

HT AT 0 0 0 R

| O 0 0 0 EiV 0  —eaf

<0

Finally, premultiplying and postmultiplying this last in-
equality by diag (I,1,e11,1,1,e21,1) yields (34), and
the proof is complete. [ |

Consider now the application of a control law of the
form (12) but, because of the uncertainty in the process
state-space model, modified (via (13)) to the form

Ui+1(p)
= (K1 + AK1) X141 (p) + (K2 + AK2)Yi(p), (35)
where
. ~ K} 0
Ki+AK, =
K2(Ci+AC,+(D1+ADy)K]) K3
(36)

. . [ K.
Ko+ AKy = ) 2 L .
| K5(Do1+ADo1+(D1+AD1)K;)
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On the application of this control law, the resulting
controlled process state-space model is

Xl+1(P + ]-) = (A\new + AA\new)XlJrl(p)
+ (§0new + AEOIIEW)Yl(p)7
R R @37)
Yl+1(}7) = (Cnew + ACneW)XlJrl(p)
+ (ﬁOHew + AﬁOneW)YE(p)a

where

A\new + AA\HEW
A1+AA +(Bi+AB) K}

(Boz+ABo2+ (B +AB3)K3)
X (C1+AC1+(D1 + ADl)Kll)

0
As+AAs+ (BQ+ABQ)K12

gOnew + AB\Onew
Bo1+AB()1+(B1+ABl)K21
(Boz+ABy2+ (B2 +AB3)K3) |
x (Do1+ADg+(D1+AD1)K3)
a1’1eVV + Aanew

(D02+AD02+ (D2+AD2)K22)
x (C1+AC +(D1+ADy)KY)

C2+AC2+(D2+AD2)K12} :

Donew + ADonew = (Do2+ADgs+(Da+AD5)K3)
X (D01+AD01+(D1+AD1)K21).

The augmented process matrix corresponding to this
last model is given by

-~ =~ A\new+AA\new g0new"‘A§0new
(I)new + A‘:I)new = ~ ~ ~ ~
C(new + AC(new DOnew + Al)OneW

(38)
or

&)new + AEI\)new

=01 + Ay + (O} + ADY) (93 + AD3), (39)

where
AAl—FABlKll 0 ABol+AB1K21
Ad| = 0 AA2+ABQK12 0
0 AC’g—l—ADgK% 0
= AA+AB Ky,

0 0 0
A®) = | 0 ABgp +ABK3 0

0 0 ADgs + AD2K22

= AL+ ABLE,

0 0 0
ACT + ADlKll 0 ADg; + AD1K21
ACl + ADlKll 0 ADol + ADlel

ADZ =

= AXZ 4+ ABRE,

where AA;, AAL, AA2 are as in (33), and

[ AB;, 0 AB
AB; = 0 ABy, 0 = H,FEs,
| 0 AD, 0
[0 o o0 ]
ABY=| AB, 0 AB, | = H3FE,,  (40)
| AD; 0 AD |
[AD, 0 0 ]
ABS = 0 0 0 = 72F 72;
| 0 0 AD; |
with
Eya 0 0
Er=1| 0 Ey 0
0 0 By

Now we have the following result.

Theorem 7. Supposethat a a control law of the form (12)
isappliedto a discrete linear repetitive process described
by (29) with an uncertainty structure satisfying (30). Then
the resulting controlled process is stable along the pass if
there exist a matrix X > 0, nonsingular matrices V" and
Z, rectangular matrices L and N, and scalars e; > 0,

@amcs
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g9 > 0 such that

i -X AYZ4+BIN e Hj3
ZT AT+ NTBAT —Z-77 0
e HY 0 —e1
0 E}Z+E>N 0
VIAT+L"BT VTA3T+L"B3T 0
e HY eo HY 0
| 0 0 0
0 A\V+BL eoH,y 0 ]
ZTEFT+NTET A3V4B3L eyH, 0
0 0 0 0
—e11 0 0 0
0 X-v-vT o VTET+LTET
0 0 —&ol 0
0 EIV+EL 0 —eol |
<0, (41)

where the matrices X, V, Z, L and N are given in (18).
If this condition holds, the control law matrices are given
by (19).

Proof. Theorem 2 applied to this case gives that stability
along the pass holds if there exist matrices X; > 0 and
X5 > 0such that

(EI\)new + Aa\)new))(($new + Aa\)new)T - X < O

with the matrix (&\)new + A@new) given by (39).
We can rewrite the above inequality (see Theorem 3)
as

— X+ (P1+AD) X (D1 +AD)T
ZT( @I+ AP+ (D2 + AP X (D1 +ADy)T

(PI+APHZ+(P1+AD1) X (P3+ADS)T
(P3+ AP X (P3+ AT —Z 27

<0,

where Z is given by (18) and Z is a nonsingular, possibly
nonsymmetric, matrix of compatible dimensions. Equiva-
lently, we have that

—X + (P + A1) X (P + ADy)T
ZTIT 4+ (83 + AP X (D) + ADy)T

QL7 + (P71 + AD) X (93 + ADHT
(B3 + AP X (P2 + ADHT —Z - Z7

0 (AD)Z
ZT(AGLT 0

or
—X + (P + A1) X (P + ADy)T
ZTIT + (93 + AP X (D1 + ADy)T

QL7 + (1 + AD) X (D3 + ADSHT
(B3 + AP X (P2 + ADHT — 72 - Z7

H; 0
FT

0 F
0 ZT(E} + KIET) 0

lH?T 0
X < 0.

0 (B2 + EaKo)Z

Applying Lemma 3 to this last expression and then
Lemma 1 to the result yields

-X Y7 H; 0
zreir  -z-Z7 0 ZT(E"+KJEY)

HT 0 —eT 0

0 (E%+E2R2)Z 0 —61[

D 1HAD,

DLHADE

2+0 X [(@1+ A" (23+493)7 0 0] <0,
0

Using Lemma 2, we now have that

[ X L7 Hy
zreit -z -7 0
HT 0 —ep '
0 (E'% + EQKQ)Z 0
vieT Ve 0
0 o,V
ZT(E3T + KTET) DIV
0 0
—61[ 0
0 X-v-vT
0 0 0 0 A®V
0 0 0 0 APV
+ 0 0 00 0 <0,
0 0 00 0
VIAST VTA®T 0 0 0

where V' is given by (18) and V7, V5 and V3 are nonsin-
gular, possibly nonsymmetric, matrices of compatible di-
mensions.
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Now, rewrite the last inequality as

-X NS4 Hs 0 o,V
ZTol 7727 0 ZT(EF"+KTET) @3V
HT 0 —e7 I 0 0
0 (E%+E2R2)Z 0 —61[ 0
vTeT yTaesr 0 0 X —v-vT
& . -

H, 0 _
0 0 0 F
+ _
FT 0
0 0
0 VI(EIT + KTED)
HY HI 0 0 0
X _ . _ | <o
0 0 0 0 (BEf+EK)V

The application of Lemma 3 to this last expression and
Lemma 1 to the result yields

[ X di7 Hj 0
zZrtolt 777 0 ZT(E¥+KIET)
HT 0 —er 0
0 (EHEK))Z 0 —e1d
vriel  vVTe3T 0 0
HT HT 0 0
L 0 0 0 0
o,V H,y 0 i
IV H, 0
0 0 0
0 0 0 < 0.
X-v-vT o VT(E"+KTET)
0 —e; T 0
(El+E, K1)V 0 —eal

Next, premultiplying and postmultiplying this inequality
by diag (I,1,e11,1,1,e21,1) gives

-X L7 1 Hs 0
ZToLT -7-77 0 ZT(E?+KTET)
e HY 0 —eq1 0
0 (B34+EyK))Z 0 —e11
VTl VTeiT 0 0
e HY eoHY 0 0
0 0 0 0

o,V eoHy 0
o2V eoHo 0
0 0 0
0 0 0 <0.

VT (BIT+KT EY)
0 —EQI 0
(Bi+E,K )V 0

—62[

Finally, using

leads to (41) with the control law matrices given by (19),
and the proof is complete. [ |

The following example provides an application of
Theorem 7.

Example 1. Consider the following discrete linear repet-
itive process state-space model where all but the matrices
Bo1, Boa2, Do1 and Dgs have been obtained from a 1D dif-
ferential linear system of one axis of a gantry robot used
in iterative learning control experiments (Ratcliffe et al.,
2005) with a sample time 7’5 = 0.01 sec:

[ —0.5707- 107! 1 0
—0.2446  —0.5707-10~' —0.6013
0 0 0.1384
Ay = 0 0 —0.7884
0 0 0
0 0 0
I 0 0 0
0 0 0 0 ]
0.1625 0.3896 0.3688 0.7939
1 0 0 0
0.1384 0.3850 0.3645 0.7845 |,
0 0.6236 1 0
0  —0.3977 0.6236 0.6758
0 0 0 1




(07 0.10 T 3.1505]
0 —0.30 —0.2620
0 —0.20 —3.0157
Bi=|0|, Bu=| 010|, Ci=| 08150| ,
0 —0.10 1.9542
0 0.40 1.8499
| 4 ] 0.30 L 3.9819)
Dy =0, Doy = 1.20,
0.2653 1 0
—0.1375  0.2653 0.3123
0 0 0.6635 - 102
Ay = 0 0 —0.1396 - 101
0 0 0
0 0 0
L0 0 0
0 0 0 0
—0.8535  1.4479 1.0859 1.2343
1 0 0 0
0.6635- 1072 0.8637 0.6478 0.7363 |,
0 1 1.0321 1.1731
0 0 1 0.8798
0 0 0 1]
[0 [ —0.40
0 0.30
0 —0.10
By =102 0 , Bopa = 0.20 |,
0 0.30
0 —0.20
| 0.3906 | 0.10 |
© 016237
—0.5927
0.1260
Co=10"2[-0.3443| , Dy=0, Dys = 0.60,
0.5840
0.4380
L 0.4979

J. Bochniak et al.

and the uncertainty structure modelled by

} (2n+2m)x1’

E:{EII‘EH‘EQ}

=[[oor ],

Using the MATLAB LMI Control Toolbox, we can
check that the stabilization condition of Theorem 7 holds
with (43) and

0.01 ‘ 0.01 } .

L1=[52.9058 —25.0560 —19.4657 54.6730
39.8828  28.1598 —101.7701}7

Ly = [—936.9583 —893.6913 —513.6079 —633.7263
—559.0882 911.8489 —824.8886},

Ls = —8.1018,
Z = 57.6722, N = —745.3623,
g1 = 17.7970, g9 = 19.6019,
and
eig (X) = { 0.7158, 1.1292,  37.5499,
44.3078,  72.0117,  79.3489,
150.2692, 170.3241, 314.2136,
327.6514, 351.9829, 558.9057,
667.8880, 928.4967, 1255.5043 },

where eig (-) denotes the eigenvalues of its matrix argu-
ment, which confirms that matrix X is positive definite.
The only remaining potential numerical difficulty is
associated with forming the inverses of the square matri-
ces V and Z of (18) to compute the control law gain ma-
trices. The condition numbers of these matrices are given

by
cond (V) = 1184.3982, cond (Z) = 1.0000

and hence no difficulties of this type arise. Finally, the
control law matrices are given by

K}:[o.0050 —0.1983 0.0612 0.1804

—0.0438 —0.2085 —0.3628],

Kfz[—0.0547 1.8972 0.2814 —0.0144
—17.8868 —120.3157 —357.2174 },

K; = —0.1826,  Kj = —12.9241,

which produces the final controlled switched process sta-
ble along the pass. The respective simulation results are
shown in Fig. 1.
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X1

265.0370
3.2621
124.5642
19.9530
—17.9962
22.9728
—127.6870
—17.4785
—0.5425
—12.7266
—2.7633
—1.2564
1.7970
—0.7897

—17.4785
4636
.3648
7514
9310
4696
7716
3738
9630
.3364
.6992
5814

34
73
—42
40
—68
95
986
54
336
(6]
38

12.
—1.

X, = 44.3078,

Vi

Va

261.7018
3.0288
120.4596
14.7726
—6.3846
16.7381
—125.1051

690.1699
—7.7851
292.8675
13.1630

—66.6670
36.5857

| —6.2784

Vs = 44.3791,

3.2621
242.0984
—11.9722
144.3611
—17.1366
23.5575
—29.0969
34.4636
—20.9129
11.8933
—15.5503
—21.8787
12.8103
—3.5208

0750
8076

4.7001
253.2669
1.8425
126.4219
—12.3672
7.3868
—8.8567

33.7436
444.6480
41.3942
208.9687
230.9958
—101.7159
27.5752

124.5642
—11.9722
368.4182
—51.3197
177.8854
—116.7439
158.2551
73.3648
—20.4005
33.0491
—13.1771
—28.1982
14.7954
—3.5859

19.9530
144.3611
—51.3197
246.5962
8.7653
97.9338
—146.7649
—42.7514
27.4117
—13.0525
19.5248
29.1214
—17.5577
4.9810

—7.9962
—17.1366
177.8854
8.7653
475.9322
—110.0790
—37.4967
40.9310
6.3315
26.5892
7.2460
0.2742
—3.1597
1.6899

22.9728
23.5575
—116.7439
97.9338
—110.0790
341.3245
—233.4411
—68.4696
31.5829
—26.5117
21.5341
36.2554
—20.4317
5.3847

—127.6870
—29.0969
158.2551
—146.7649
—37.4967
—233.4411
378.8219
95.7716
—40.5744
39.1009
—26.9603
—47.8465
27.0030
—7.1344

—0.5425
—20.9129
—20.4005

274117
6.3315
31.5829
—40.5744
54.9630
465.3885
57.1786
217.5740
225.1623
—92.2416
25.0249

—12.7266
11.8933
33.0491

—13.0525
26.5892

—26.5117
39.1009

336.3364
57.1786
501.0665
128.1086
80.4877

—32.9451

11.8289

—2.7633
—15.5503
—13.1771

19.5248
7.2460
21.5341
—26.9603
75.6992
217.5740
128.1086
269.6901
202.8584
—80.1919
20.8023

—1.2564
—21.8787
—28.1982

29.1214
0.2742
36.2554
—47.8465
38.5814
225.1623
80.4877
202.8584
281.1896
—109.5404
26.1347

1.7970
12.8103
14.7954

—17.5577
—3.1597
—20.4317
27.0030
12.0750
—92.2416
—32.9451
—80.1919
—109.5404
84.0842
—26.1693

—0.7897 7
—3.5208
—3.5859
4.9810
1.6899
5.3847
—7.1344
—1.8076
25.0249
11.8289
20.8023
26.1347
—26.1693

9.9700

110.5979
16.6811
306.3218
19.3522
96.4814
1.2933
94.9489

107.5294
6.5624
382.8377
39.8069
—41.5460
12.8268
—0.4838

2.2956
94.2706
—73.5666
251.0069
—18.0123
91.3309

—140.1001

37.1964
155.6922
99.8370
258.0101
160.2523
—65.2533
16.6175

—27.8408
—21.7773
122.7114
65.0976
399.1164
—27.0557
—77.9619

60.2176
203.7368

91.3793
198.3998
269.9527

—102.3273

23.6500

17.3028

—9.8883
—108.3803

74.3826

—83.6090
297.9124
—214.4360

5.2953

—83.4781

—35.8418

—77.1550
—101.4096

80.5270

—25.0667

—119.8872 ]
20.4174
141.7747
—106.1499
—69.5487
—157.4820

337.7773

—2.5731 ]
23.3039
11.5799
19.9475
23.6145
—25.2972
9.7797

)

(432)

(43b)

(43c)

(43d)

(43e)
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Fig. 1. Pass profile sequence of the model of Example 1
before (left plot) and after (right plot) stabiliza-
tion. The boundary conditions are yo(p) = 0,
and each entry in z;+1(0) is equal to unity.

4. Processes with Dynamics Switched Along
the Pass
The analysis of the previous section can be adopted for

application to discrete linear repetitive processes with
switching in the along the pass direction as described by

A1xg41(8)+Brugyi(s)+Boryx(s),
fors=0,2,..., i.e., s=2p,

Aoz (8)+ Bougy1(s)+ Boayi(s),
fors=1,3,..., i.e, s=2p+1,

(44)

Cr@p41(8)+Drup41(s)+Doryw(s),
for s=0,2,..., i.e, s=2p,

Coxi41(8)+Daur1(s)+ Doy (s),
fors=1,3,..., i.e,s=2p+1,

Tpp (s+1) =

Yk+1(s) =

where s = 0,1,..., (a— 1) denotes points along the pass,
p=0,1,...,(a—2)/2, and all other symbols have the

meaning assigned to them in the previous section. Alter-
natively, we can use the state-space model

Xipa (54+1) = AXppa (s)+ BUgp (s)+ BoYi(s), 45
Y1 (s) = CXpi1(8)+ DUpa (s) + DoYi(s), “

where

Xik+1(8) = 2k+1(2p),  Xig1(s+1) = 241 (2p+2),

Yr+1(2p)
Yr+1(2p+1)

ug+1(2p)

U 1(8) =
k() L%H(QP‘H)

y Yipa(s) = l

and

A=A,A,, B= [AgBl Bg} , Bo= {AzBm Boz} ;

Ch
CyAq

Dy 0
C2B1 Do

= = s 0=

)

Do1 O
C2Bo1 Doz |

For stability along the pass we have the following re-
sult, which follows immediately if we interpret Theorem 2
in terms of this last state-space model.

Theorem 8. (Gatkowski et al., 2002; Rogers and Owens,
1992) A discrete linear repetitive process which can be
written in the form (44) is stable along the pass if there
exist matrices Wy > 0 and Ws > 0 such that

PTWE - W <0, (46)

where the augmented process matrix & is given by

(=}

(47)

Q‘ :‘><
S B

(i):

(=)

and W = diag (W, Wa).

Consider also the use of a switched control law of the
form

Kiwpyi(s) + Kayn(s),

(s) for s =0,2,..., i.e, s=2p, 48)
Uk+1(S) =
: KR (s) + K3un(s),

for s=1,3,..., ie, s=2p+1,
or
Upt1(s) = K1 Xp11(5) + KaVi(s), (49)
where
Ki
K} (Ay + B1KY)

K, =

1%? =
2 K2(By + B1K}) K2

K1l o]
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The resulting controlled process state-space model and

can be written as

Xk+1(5 + 1) = Aneka-i-l(S) + BOneka(s)7
} } (50)
Yk—i—l(s) = Cneka—i-l(s) + DOneWYk(S)a

where

Auew = At BEy = [ (42 + BaK7)(A1 + BiKY) |

BOnew = BO + BK2

= [(Ao+ BoK?)(Bor+B1KY)  Boo+ Bak3 |

Ci + DlKll
(C2 + Do K?) (A1 + B1KY) |

Chow = C + DK, =

DOnew = DO + DKQ

D01-|-D1K'21 0
(Co+DyK3)(Bo1+B1K3) Doa+DoK3

Also, introduce

Anew BOnew
C

new DOnew

q)new =

A By

C' Dy

B

D

[ K K } (51)

Then we can rewrite (51) in the following form:

énew = (I>1 + q)%(b%a (52)
where
0 0 Bos + BQKQQ
(I)l == Cl + DlKll DOl + D1K21 0
0 0 Doo + D2K22
= g1 + §1k1,
Ay + BQKI2 0 0
o) = 0 0 0
0 0 Cy+ DgKl2
= A} + By Ko,
Al—i—BlKll Bo1+B1K21 0

P2 = 0 0 0
A1+BlK11 BOl+BlK21 0

- Av% +§§E1)

[0 0 B [0 0 B,
A= Cl D01 0 5 B = D1 D1 0 5
_0 0 D02 _0 0 D2
(45 Ay 0O [By By 0
Al=10 0 o0, By=10 0 0],
[C2 Cy 0 1Dy Dy 0
(4, 0 o0 (B, 0 0
A3=10 By O0f, Bi=|0 B 0],
0 0 0 (0 0 0
(KL 0 0 K 0 0
Klz 0 K21 02 5 K2: 0 K12 0
L0 0 K |0 0 Kj

Now we are in a position to establish the following
result:

Theorem 9. Suppose that a control law of the form (49)
isapplied to a discrete linear repetitive process which can
be written in the form (45). Then the resulting controlled
process is stable along the pass if there exist a matrix
X > 0, nonsingular matrices V' and Z, and rectangular
matrices L. and N such that

' ALZ+BAN AV +BL
ZTATLNTBY  _Z-77 V4B
VT AT L ITBT ng§T+ZT§§T X -—vV-vT

<0, (53)
where

- Vi 0 0

X, 0 . !
X = o x| V=0 V 0 |,

: ? L0 0 W

Ly 0 0 [N 0 0
L=|0 L, 0|, N=|0 N 0 |,

| 0 0 Ls | 0 0 N

[ Z 0 o0
Z=|0 Z 0 |. (54)

0 0 Z
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If this condition holds, the control law matrices are given

by
Kl1 0 0
I?l = 5‘771 = 0 K21 0 5
0 0 K22
(55)
Kf 0 0
Ko=NZ"'=| 0 K2 0
0 0 Kl2

Proof. The proof proceeds using steps identical to those
of Theorem 3, with

®,V = AV + BK,V = AV + BL,
Y7 = ASZ + BAKoZ = ASZ 4+ BN,  (56)
O3V = 2V + B2,V = A2V + B,

and hence the details are omitted here. [ |

Theorem 9 is a modification of a result in (Bochniak
et al., 2006), where the degree of conservativeness is re-
duced to a chance of numerical difficulties.

4.1. Robustness Analysis. Here we expand the robust-
ness analysis developed so far in this paper to the case of
dynamics switching along the pass. In the case of poly-
topic uncertainty, we first have the following result.

Theorem 10. Consider a discrete linear repetitive
process described by (45), with the uncertainty structure
modelled by (21). Then the stability along the pass holds
if there exist amatrix X > 0 and nonsingular matrices V'
and Z suchthat for all i = 1,..., P, i.e, for each vertex
of the polytope, we have

-X Az Ay
ZTANT _—z7 77 A2y <0, (57)
VIAT  yTAAT  x YT
where
X
x=| Y
0 X
and
[0 0 B, Ay AL 0
Al =1|cCi Di, 0 |, A=l0 0 0],
L0 0 Di, i Cio0
[A7 0 0
A= 0 B 0]. (58)
L0 0 0

Proof. Up to routine changes, the proof proceeds in the
same way as that of Theorem 4, and hence the details are
omitted here. |

In what follows, we consider the application of a con-
trol law of the form (49) but, because of the the uncertainty
in the process state-space model, modified (via (49)) to the
form

K; € Co{K{,i=1,...,P},

g K}
| KAl + BIKY)

?

. (59)
K; € Co{K}, i=1,...,P},

[ K1l 0
| Ki(B§y + BiK3) K3 |

The resulting controlled discrete linear repetitive process
is given by (50) with

Anew € Co {A‘

2 >y
new’ t=

1,....P},

Bopew € Co{Bjy, i =1,..., P},

Chew € Co{Cl,,i=1,...,P},

Donew € Co { D

7 -
Onew> ¢ =

1,....P},
Ai

new

Phoew = B+ 'R}

A+ B'K] = (4 + B3K7)(A) + BiK)),

= [(Ab+BK?) (Bl + BiKY)  Bip+BiK3|,

Ci.., =C' +DKi
Ci+ DiK}
(C§ + D5K?) (A} + BiKY)

Diyen = D} + D'}

(C3+D3K) (B +BiK3)  Dyg+ D3 K3

Dj, + DiK3 0 ]

The associated augmented process matrix is given by

j)’rilew _ f:lilew ‘?énew
C'new DOnew
_ A B | K K|
i Di Di

— & L TEY, (60)
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which can be written in the form

Doy = O] + D31 PF’ (61)
fori =1,2,..., P, where
0 0 Bi,+ BiK?
®| = |Ci+D{K{ Dj +DiK} 0
0 0 Di,+D3K2
= Al + BIK,,
[ AL+ BLK? AL+ BLiK? 0
(b%i: 0 O O )
| C4+ DK} Cy+DyK? 0
= A + BYK,,
[ AL+ BiK! 0 0
P2 = 0 Bi, +BiK3 0
| 0 0 0
where A¢, ALi, A2 are given by (58), and
0 0 B} By By 0
Bi=|Di Di 0 |, BY¥=|0 0 0],
0 0 Dj| Dy Dy 0
[ Bi 0 0
B¥=1 0 B 0],
0 0 0
K 0 0 K 0 0
Ki=|0 Ky 0|, Ke=| 0 K} 0
0 0 K2 0 0 K?

Now we have the following result.

Theorem 11. Supposethat a control law of the form (48)
is applied to a discrete linear repetitive process written
in the form (45), with the uncertainty structure modelled
by (21). Then the resulting uncertain controlled process
is stable along the pass if there exist a matrix X > 0,
nonsingular matrices V' and Z, and rectangular matrices
L, N suchthatforalli =1,...,P (i.e, for each vertex
of the polytope) we have

'S AVZ4+BIN  AiV+BIL
ZTAVTNTRYT  —Z-Z7  AV+BIL
‘7T lelT + ZTgi‘T ‘7T gng + ETE%iT X — ‘7 _ ‘7T

<0, (62)

where the matrices X, V, Z, L and N are given in (54).
If this condition holds, the control law matrices are again
given by (55).

Proof. The proof follows the steps of that for Theorem 5,
and hence is omitted here. [ |

For the norm-bounded uncertainty case, we start
with the state-space model over £ = 0,1,..
0,1,...,(a—1):

Xiesr(s+1) = (A+AA) X1 (5) + (B+AB) Vs (s)
—+ (Bo —+ ABO)Yk(S),

., 8 =

Yit1 (8) = (O+AC)Xk+1 (S)+ (D+AD)Uk+1 (S)

+ (Do + ADy)Yz(s), (63)
where

A+AA = (Ay + AAy)(A; + AAY),

B+AB = |(As+AAs)(By+AB) (Ba+ ABy) |,

Bo+ABy = |(Ay+AAy)(Boy +ABoy) (302+ABO2)},
crac=| Grac)
(Ca + ACH)(Ar + AAy)
DeAD (D1 + AD) 0 |
_(CQ+ACQ)(B1+A31) (D2+ADs)
Do+ ADy = (Do1 + ADo1) 0
| (C2+AC2)(Bor+ABo1) (Doz+ADoz2)

and (30) and (31) also apply. Hence the augmented
process matrix (® + A®) in this case can be written as

benpo | ATAA Borod
C+AC D+ AD,
= (A1 + AAy) + (A} + AAY) (A3 + AA3),
(64)
where
[0 0  ABgy
AAl = ACl ADOl 0 = HIFElla
0 0  ADgs
[ AAy AA; 0O
AAL = 0 0 0 | =HsFE?, (65)
| ACe ACy 0
A4, 0 0
AA2=1| 0 ABy 0 | =HyFE],
0 0 0

@amcs
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with
[0 0 H H, 0 0
H1: H3 H3 0 5 H2: 0 H1 0 5
0 0 Hy 0 0 0
[ Hy, H, 0 [F 0 o
Hy=|0 0 0], F=|0 F 0],
| Hy Hy 0 |0 0 F
(B 0 0 Eyp 0 0
El=|0 Eo 0|, Ef=|0 E; 0
L 0 0 E12 L 0 0 Ell

Now we have the following result.

Theorem 12. A discrete linear repetitive process de-
scribed by (63) with the uncertainty structure modelled
by (30) is stable along the pass if there exist a matrix
X > 0, nonsingular matrices V' and Z, and scalars
€1 > 0andes > 0 such that

[ —X E%Z 51ﬁ3 0 21‘7 52ﬁ1 0

ZTANT —Z-77 o ZTEY™ AV  eH, O

e HY 0 —el 0O 0 0 0

0 E}Z 0 —al 0 0 0
VTAT VTAZT 0 0 X-V-vT o VTET

eoHT  eHY 0 0 0 —el 0
0 0 0 0 EV 0 el |
<0, (66)

where X = diag (Xl, XQ)

Proof. The proof proceeds as that of Theorem 6, and
hence the details are omitted here. [ |

Consider now the control law

Upt1(s) = (K1 + AK1) Xg11(5)

+ (K3 + AK5)Yi(s), (67)
where
K, + AK,
_ Ki
| K2(A1 +AA, + (B +AB)K}D) |7
) N (68)
Ky + AKy

N K} 0
K%(B(H-I-AB()l-l-(Bl-i-ABl)KQl) K22 '

The resulting controlled process state-space model can be
written as

XkJrl(S + ]-) - (Anew + AAnew)XkJrl(S)
+ (BOnew + ABOnew)Yk (5)7
§ § (69)
YkJrl(S) - (Cnew + Acnew)XkJrl(S)
+ (DOnew + A-DOnew)Y’k (8)7
where

Anew + AAnew = (AQ + AAQ + (BQ + ABQ)K%)

X (A1 + AAl + (Bl + ABl)Kll),

BOnew + ABOnew

(A2 + AAy + (BQ + ABQ)K%)
X (B()l + ABg1 + (Bl + ABl)K%)

Boa + ABgs 4 (B + ABy) K3 |,

Chew + AChew
C1+ ACy + (Dy + ADy) K]
(C2 4+ ACy + (D2 + AD3)KE) | >
X (A1 4+ AA, + (B + ABy)KY)
Donew + ADgnew
Do1 + ADg1 + (D1 + AD)K3

= (Cy 4+ ACs + (D2 + AD3)K?)
X (BO1 + ABy1 + (B1 + ABl)Kgl)

0
Do2 + ADgs + (D2 + AD2)K?
and the associated augmented process matrix as
Dew + Ab ey

BOnew + ABOnew
DOnew + ADODBW

Anew + AAHEW

- - , (70
Cnew + Acnew ( )

or

i)new + A(i)new

=& + AdDy + (D5 + ADY) (93 + ADF), (71)
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where
Ad,
0 0 ABy2+ABs Kg]
=|ACIHAD K} ADy+AD K} 0
\‘ 0 0 AD02+AD2K22J
= AA+ ABK;,
AD}
AAy + AByK? AAy +AByK?2 0
= 0 0 0
ACy +ADyK?  ACy +ADyK? 0
= AA} + ABJK,,
AD2
AA, + AB K} 0 0
= 0 ABg; + AB1K} 0
0 0 0

= AA? + AB2K,,

and AA;, AAL AA2 are given by (65), and

0 0 ABs
AB1 = | AD; AD; 0 = H\FE,,
|0 0 ADs
[ ABy;, ABy 0
AB) = 0 0 0 | =H3FE,, (72)
| AD; AD; 0
[ AB;, 0 0
AB? = 0 AB; 0 | =HyFE,,
| 0 0 0
with
Es 0 0
Fy=1| 0 Ey, 0
0 0 F,

Now we have the following result.

Theorem 13. Supposethat a control law of the form (48)
isapplied to a discrete linear repetitive process described
by (63), with the uncertainty structure modelled by (30).

Then the resulting closed-loop process is stable along the
pass if there exist a matrix X > 0, nonsingular matrices
V and Z, rectangular matrices L, N, and scalarse; > 0,
€9 > 0 such that

-X AYZ+BIN  e1Hs
ZT AT+ NTBiT -Z-77 0
elﬁg,T 0 —e1l
0 E2Z+EsN 0
VTAT+L"BT  VTAF+L"B3T 0
52ﬁ1T 52ﬁg 0
i 0 0 0
0 A\V+B, L e:H, 0 1
ZTEFT+NTET A3VAB3L eH, 0
0 0 0 0
—e1l 0 0 0
0 X-Vv-vT o VTEIT4+LTET
0 0 —eol 0
0 EYV+ESL 0 —eol
<0, (73)

where the matrices X, V, Z, L and N are given by (54).
If this condition holds, the control law matrices are again
given by (55).

Proof. The proof is similar to that of Theorem 7 and hence
the details are omitted here. [ |

5. Conclusions and Future Work

We have developed LMI based control law design algo-
rithms for uncertain discrete linear repetitive processes
with switching in the dynamics either from pass to pass
or along the pass. This general problem area is of sig-
nificant theoretical and practical importance and is much
more complicated than the corresponding problems in the
absence of switching. The main source of difficulty here is
the fact that even if the uncertainty present in the switched
dynamics can be represented by convex uncertainty re-
gions, these regions for the overall process are nonconvex.
The methods developed in this paper provide appropriate
approximations and allow a process within this general
class to be stabilized.

The results here have been obtained under the as-
sumption that a constant uncertainty independent Lya-
punov function (the basis of LMI stability conditions
which have not been covered explicitly in this paper) and
static control laws can be used, but at the cost of some

oo
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conservativeness. One possible means of reducing the ef-
fects of this is to use a parameter variable Lyapunov func-
tion and control law. This is the subject of ongoing work
and will be reported in due course. Also, there is a clear
need to extend the design for stability along the pass to this
fundamental property plus performance objectives, distur-
bance rejection or attenuation and tracking given refer-
ence signals. It is also possible to use the pass to pass
switching model to describe the dynamics of the so-called
bi-directional processes, where, instead of resetting before
the start of each new pass, the process produces the next
pass in the reverse direction, and so on. Such processes
occur in industrial examples, e.g., in distillation columns
(Edwards, 1974), and cannot be studied by uni-directional
models, which have been the focus of attention in the cur-
rently available literature.
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