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1. Introduction

Starting with Rosenbrock’s seminal paper (Rosenbrock,
1974), the algebraic structure of generalized state space
(GSS) or singular systems and the associated problems
dealing with the realization theory of non-proper real ra-
tional matrices has been the subject of numerous and im-
portantinvestigations during the past 35 years (Bosgra and
Van Der Weiden, 1981; Verghese, 1978; Verghese et al.,
1981; Cobb, 1984; Lewis, 1986; Lewis et al., 1989; Conte
and Perdon, 1982; Misra and Patel, 1989; Christodoulou
and Mertzios, 1986; Vafiadis and Karcanias, 1995). In
this paper, motivated by the classical realization theory of
proper rational transfer function matrices of linear time
invariant multivariable systems by ordinary state space
system models, we examine some ideas related to the re-
alization theory of polynomial transfer function matrices
that correspond to linear, time invariant, “pure” general-

ized state space systems along with the associated con-
cepts of “decoupling zeros at infinity” and minimality and
irreducibility of such systems.

Although the concepts of reducibility or irreducibil-
ity “at infinity” and “decoupling zeros at infinity” of gen-
eralized state space realizations of polynomial matrices
are implicit in many papers, they have not been clearly de-
fined. In most cases (see, e.g., (Bosgra and Van Der Wei-
den, 1981; Varga, 1989; Misra and Patel, 1989; Vafiadis
and Karcanias, 1995)), the authors focus on the compu-
tational aspects of the reduction techniques introduced,
without going into details regarding the action of these
methods on the underlying algebraic structure of the ma-
trices involved. Similarly, the mechanism of the “cancel-
lations” of “decoupling zeros at infinity” during the for-
mation of the polynomial transfer function matrix from a
reducible-at-infinity generalized state space realization of
such a polynomial matrix has not been clearly explained
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in all of the above studies and is closely examined, we
believe for the first time, here.

Our approach focuses on the investigation of
the algebraic structure of the matrices describing
“pure”generalized state space systems. The difference
between the concepts of irreducibility at infinity and min-
imality of “pure” generalized state space realizations of
polynomial (transfer function) matrices is pointed out and
the relations of these concepts with the associated con-
cepts of dynamic and non-dynamic variables appearing
in such generalized state space realizations are also re-
viewed.

The paper is organized as follows: In Section 2] we
give a brief review of known results from the theory of
polynomial matrices which will be useful in the sequel. In
Section Bl we investigate the concept of irreducibility at
infinity, while in Section ] we present the difference be-
tween the concepts of irreducibility “at infinity” and min-
imality which depends on the presence of non-dynamic
variables. Finally, in Section[3] we summarize our results
and give some conclusions.

2. Mathematical background

In what follows, the time variable ¢ is considered to be
continuous, i.e., taking values in R. Correspondingly,
the variable s can be considered as denoting the Laplace
variable in the Laplace transform £ {z(t)} = X (s) :=
JoS @ (t) e~*dt of a continuous time function z(t) : R —
R. By R (s)P*™ Ry, (s)"*™and R[s]P*™ we denote re-
spectively the sets of p x m rational, proper rational and
polynomial matrices with real coefficients and indetermi-
nate s € C. A polynomial matrix

A(s) = Ags? + Ay 15T+ + Ay, (D)

where A, € RP*™ k = 0,1,...,q > 1,4, # 0, is
called regular iff p = m and det A(s) # 0 for almost ev-
ery s € C. In any other case, ie.,if p # morp = m
and det A(s) = 0, it is called singular. If ¢ = 1, then
A(s) = A1s + Ao € R[s]P*™ is called a matrix pencil
(Gantmacher, 1959). The (finite) zeros of A(s) are defined
as the roots of the equation det A(s) = 0. Equivalently,
A; € Cis a (finite) zero of A(s) iff rankc A(N\;) < 7.
dar [-] denotes the McMillan degree of a rational matrix,
i.e., the total number of its poles in CU {oo}. Every ratio-
nal matrix A(s) € R (s)”*™ with rankg(5A(s) = r <
min (p, m) is biproperly equivalent (Vardulakis, 1991) to
its Smith-McMillan form at s = oo,

v

—
Sjo(s) = diag(s‘“, R L

)

sQv+1’ " gGr

wherer > v >k >0andq > ¢ > -+ > qr >
0= dk+1 = = qq);ar > Z]\r*l > 2 Z]\erl >0
are respectively the orders of the poles and the zeros of
A(s) at s = oco. Finally, if A(s) is as in () with the
Smith-McMillan form at s = oo as in (2)), then it turns out
(Vardulakis e al., 1982) that

q=q. 3)

We also give a review of some known facts and ba-
sic results regarding the “realization theory” of polyno-
mial matrices. What follows can be seen as an extension
of the results regarding the realization theory of proper
rational matrices to the case of polynomial matrices .

Definition 1. Let A(s) € R[s]"*"  rankg(s) A (s)
r < min(p,m). A quadruple of matrices Cy

RP*HAs € RFXH By € RFX™ Dy, € RPX™, 4
77 is called a generalized state space (GSS) realization
of A(s) iff the GSS system, denoted by X, is defined by

AsoToo(t) = Too (t) — Boou(t), 4)

Y(t) = CooToo(t) + Dooult), (%)

and the transfer function matrix between Y (s) = £ {y(t)}

and U(s) = L {u(t)} is the polynomial matrix A(s), i.e.,
if

m m |

A(s) = Coo (I, — $A00) " Boo + Do, (6)

The vector T () : R — R in (@) is called the (fast)
generalized state vector of Y4 and the positive integer p
is called the dimension of ¥,.

Remark 1. A GSS realization of A(s) € R[s]"*"™ can
always be obtained from a state space realization of the
strictly proper rational matrix (Verghese, 1978),

- (2)a(2) e

because if Cyo € RP*H, A, € RF*F B, € RF*™ jsa
state space realization of A(s), i.e., if

(1) A (l) = Coo (5T, — Aw) "B, (D)

S S

then (), by the substitution 1/s — s, gives (@) with
Do = 0p -

Let A(s) = Ag + A1s+ -+ + Ay 51 € R[s]7™,
A e R4 =0,1,2,...,¢1 > 1, Ay, # 0 and let
Co € RP¥H A € RF¥F B, € RF™ D, € RPX™,
wu € Z* be a GSS realization of A (s). Let also Joo =
QALQ™ 1 ,Q € R 1 |Q| # 0, be the Jordan normal
form of A, and Coe = C@Q !, Boo := QBso. From
(@) it follows that (I, — sAs)” " € R[s]"*", so that
I, — sAs or, equivalently, I, — s Jo, are R [s]-unimodular
matrices and J, has, in general, the form

Joo = block diag [Joo1, Joo2, - - - s Joon, 07,7 € RIFH

®)
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where
0 1 0

Jeim | O ] ey (g
R |
0O ... 0 O

and kK1 > Ky > -+ > Ky, K € ZT,0 = 1,2,...,1.
From (8) and @) it follows that J., (equivalently A..)
is a nilpotent matrix with the index of nilpotency equal
to the size k1 + 1 of its largest Jordan block J.1, i.e.,
JEY £ Oy, JETT =04, 4 = 1,2,..., and it can be
easily verified that
(I —sJs0)” s" R e R [s).
(10)

Y=t sttt
From the fact that
A(s) =Coo (I — 8Jo0) ' Boo + Dao  (11)

and (T0) it follows that x; > ¢; and

CoolJl B = Ay,
CooJ: Boo =0,

i:0;172;'~»(]17 (12)
i=q+ 1,1 +2,....

We give now a number of definitions and results re-
garding the structure of the GSS realization of a polyno-
mial matrix A (s).

Definition 2. The GSS system poles at s = oo of the
GSS realization ¥, = [Coo, Aco, Boo, Do) of A(s) are
the zeros at s = oo of I, — sA. The generalized order
fq of ¥4 is the total number of the system poles at s = co
of 3, or, equivalently, the total number of zeros at s = 0o
of I, — sA. (The multiplicities and orders of the zeros
at s = oo of I, — sA., are accounted for.)

From (8) and (@) it can be easily seen that the orders of the
zeros at s = 00 of I, — sJ are the integers x; > 1,1 =
1,2,...,n, ie., that the Smith-McMillan form S7°

at s = oo of the matrix pencil 1, — sAx (Vardulakls and
Karcanias, 1983; Vardulakis, 1991) is given by

Si’is‘]w = block diag sIfg,IﬂL,,,, 1 } i

gkm ? gkl

(13)

Now, since I,, — sA. is a unimodular polynomial
matrix (in fact, a regular matrix pencil), it has no finite
zeros, i.e., the number of the finite zeros of I, — sA
is n := deg|l, — sAx| = 0 and has no finite poles.
Now, from the known fact that in every square and non-
singular polynomial matrix A (s) the total number of ze-
ros of A(s) in CU{oo} is equal to the total number of
poles of A (s) in CU{oo} (Vardulakis, 1991), it simply
follows that the generalized order f, of ¥, is given also
by the total number of poles at s = oo of I, —s A, which,

by definition, is its McMillan degree das [1, — SAxo
Summarizing, we have that

fq = total number of zeros at s = oo of [I, — sA]
n
@ Z ki = rankpJoo = rankgr Ao
i=1
= total # of poles at s = oo of [I,, — sA.]
=:0n [, — sAx], (14)

where the symbol ‘#” means the “total number” with mul-
tiplicities accounted for.

3. Irreducibility at infinity

We examine now the concept of irreducibility at s = oo
of a GSS realization of a polynomial matrix. This concept
is analogous to that of irreducibility in C of a state space
realization of a proper rational matrix. To this end, we
introduce a number of auxiliary results.

Let A(s) € R[s]P*™ , and let C, € RPXH J, €
RA*E B, € RF™ D € RP*™ 1 € 71 be a GSS
realization of A (s) with JoQ in Jordan normal form as in
() and (@), so that pu:= " | (k; + 1) + 7. Let

Coo = [Coo1 Coo2 - Coopy Coopy1] € RPXF (15)

Cooi = [Cil Ci2 ... Cig, Cmi+1] S Rpx(erl), (16)

where ¢;; € RP*1 i =1,2, ..
also

.7 =12 ..k + 1 Let

o]
8
Il

€ RHXm, (17

Booi = € Rlmit)xm, (18)

bT

zm

L buc “+1

withb, € RV*™ i = 1,2, pandj =1,2,..., ki+1.
Consider the singular matrix pencils

Tejr = sdoci | _ | dnirr | _ | Joi
Cooi B Cooi 0 ’

[ Lci-i-l — 8Jooi  Booi }
:I:Lﬂ+1 Bml]_S[Jool 0}7

where: =1,2,...,7n.

aamcs



amcsu

A.-1.G. Vardulakis et al.

Proposition 1.

(i) The singular matrix pencil

Ierl - SJooi
[ . } (19)

has no zeros at s = < iff ¢;1 # 0 or, equivalently,

rankg [ éooi‘ ] =r; + 1. (20)

(ii) The singular matrix pencil

[ Ierl - SJooi Booi } (21)

has no zeros at s = oo iﬁ‘b;';iﬂ = 0 or, equivalently,

rankg [Jooi, Booi] = ki + 1. (22)

Proof. We prove the first assertion. The second assertion
can be proved in a similar way. The singular matrix pencil
in (I9) can be written as

(1 -1 0 0
1
0o - -1 0
s
[ Tpiv1 — 8Joci } _
Cooi 0 0 . . -1
1
o o0 o0 ... -
cn 2O Gl 23)
L s s s
10 !
1
0 —_
s
X . .
1
0 0 -
s
=:N; (s) D; (s)_l
and, since
Ni(oco) | _
rankg [ D; (50) } =K; + 1,

@23) is a coprime-at-s = oo proper rational matrix frac-
tional representation of (I9), see (Vardulakis, 1991). In
(Vardulakis, 1991) it is proved that the zeros at s = oo

of (T9) considered as an element of R ()" F1+P)x(ritD)
are given by the zeros at s = oo of the numerator

N; (s) € Ry, (s) " P> 40 @3) which has no
zeros at s = oo iff

rankg N; (00) = K; + 1,

which is clearly equivalent to (20). [ |

Using arguments similar to those in the proof of Proposi-
tion[Il we can easily show the following result.

Corollary 1. Let

X i+1
Cooi = [Ciy -+, Cin Ciry 1) € RPX(RiF1)

such that

Cio; 70, 1<0; <Ky +1

(24)

Cil = . = Cio_i71 = O’
Then

[ Lii41 — 8T :| € R(Fi+14p)x (ki+1)
Cooi

has one zero at s = oo of order o; — 1. By analogy, a sim-
ilar result holds for the pencil [ L, 41— SJooi Booi ]

Due to the Jordan block structure of ioo € RHXH ag
in (8) and the block structures of C» and B as in (I3)—
(D), the above corollary implies also the following result.

Corollary 2. Let A(s) € R[s]"*™ and Cy €
RPXE T, € R By € R D € RPXM, ¢
Z™ be a GSS realization of A (s) with Jo in the Jordan
normal form as in (8) and (9). Then

IH - SJooi
Cw

has no zeros at s = < iff

(i) The matrix

rankg { %Oo } = L.

(ii) [ 1, — sJui B ]has no zeros at s = oo iff
rankR[ Joo  Boo } = U.

A direct consequence of the above results is also the
following result.

Corollary 3. CwiJooi =0 it =Cio =+ = Ciy, =

Cor 1 .
0“2’ the matrix

Ierl - SJooi
Cooi

has one zero at s = 0o of order k;.

In order now to proceed with the concept of irre-
ducibility at infinity of a GSS realization of a polynomial
matrix, consider the following motivating example.

Example 1. Let Co, € RP¥H J € RFH B €
RA*™ Do € RPX™ be a GSS realization of a polyno-
mial matrix A (s) € R [s]?”™. For simplicity of notation,
setn =3,
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where Co; € RPX(Fit1) j =123 Oy € RPXT,
Joo = block diag [Jooh Joo2s Joo3, 0-,—7-,—] S R“Xp’,

Bool
— B 2
Boo = > ’
BooB
Boo4

Booi € RHDXm i = 1,23 Byy € R7¥™ s0 that
the generalized order of ¥y = [Cso, Joo, Boo, Doo| is

fy = rankgJy, = 3% | ;. Notice that A (s) can be
written as
A(s) =Cuo (I, — 8Jo0)” Boo + Do
- Cool [InlJrl - 3J001]71 Bool
-1

+ Coo2 [y 41 — 8J002]~ Booz
+ Coos [Ty 1 — 8Jo03] ' Boos
+ Coc4Boot + Do
Assume now for notational simplicity that for some
i € {1,2,3} we have that
Cooi = Cooi [In;+1 — 8Jo0i] - (25)

Then by Corollary[3lthis assumption implies that the poly-

nomial matrix
Tiv1 — 8Joci
Cooi

has a zero of order k; at s = oo which is the zero at s = oo
of I;, 11— 8Joi- For example, assume that 23)) holds true
for ¢ = 2. Then we will have

Liyv1—s5J I,
[P = oo
(26)

and from 23)

Coo2 [Luz+1 — 8J02) ' Booz = Coc2Boca,  (27)
so that
A(s)=] Cx1 Cus |

InlJrl - SJool 0 !
0 IK3+1 — 8Jo03 B3

+ CooZBOOQ + Coo4Boo4 + Doo

X

~

= G (1~ 87x) " Boo+ D,
where
i=[ Coo1 Cso3 | € RPXFE, (28)
o := block diag [Joo1, Joos] € RF¥E,

SN
' g

~ B 1 N
By i= o € R#>m,
-
Do i= Co2Booz + CoosBoos + Doo,  (29)

~

fo=(k1+1)+ (k3 +1).

From the above example it follows that if, for some

i=1,2,...,n, the matrix pencil
Tii11 — 8J0i
Cooi
has zeros of order k; at s = oo, then when

Coo (I, — sJo0) " is formed the system poles at s = oo
of the GSS realization £, = [Co, Joo, Boo, Doo] that
correspond to the zero at s = oo of

Ierl - SJooi
Cooi

of order x; “cancel out” and they do not appear as
poles at s = oo of the polynomial matrix A(s) =
Coo (I, — $Js0) ' Boo (see ([23)). Thus a GSS realiza-
tion N L

S, = [CWJOO,BOO,DOO]

of A (s) is obtained which has generalized order fg =
k1 + k3 < fg. Similar remarks apply if for some ¢ €
{1, 2, 3} the matrix pencil [I,;; +1 — $Jo0i, Booi] has zeros
at s = oo.

The analysis in the above example gives rise to the
concept of decoupling zeros at s = oo of a GSS realization
Yy = [Coo, Ao, Boo, Doo] of a polynomial matrix A (s) .

Definition 3. The input decoupling zeros (i.d.z.) (output
decoupling zeros (0.d.z.)) at s = oo of a GSS realiza-
tion ¥y = [Coo, Ao, Boo, Doo] of a polynomial matrix
A (s) are the zeros at s = oo of the singular matrix pencil
I, — sAx, Bso] ([[C]CI“C;SA” }) . The input-output de-
coupling zeros (i.0.d.z.) at s = oo of ¥, are the common
zeros at s = oo of the singular matrix pencils

I, — sA
(I, — sAs, Boo) s [ HC }

oo

The decoupling zeros (d.z.) at s = oo of X, are the ele-
ments of the set

{i.d.z. ats = coofX,}
+{o.d.z.ats = c0ofX,}

— {i.o.d.zerosats = coofX,}.

Candidates for (i.d.z.) and (0.d.z) at s = oo of a GSS
realization of ¥; = [Coo, Aoo, Boo, Doo| of a polynomial
matrix A (s) are the zeros at s = 0o of I, — sA, i.e., the
system poles of ¥4 at s = oo0.

Definition 4. A GSS realization
i\:g = [Coo; Aoo; Boo; Doo]

of a polynomial matrix A(s) which has no input and no
output decoupling zeros at s = oo is called an irreducible
at s = 0o GSS realization of A(s).

aamcs
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From Corollary 2] we obtain the following result.
Proposition 2. A GSS realization

Yg = [Coo € RP*H J o € REXH B, € RFX™
Do, € RP*™]

of a polynomial matrix A(s) has no input and no output
decoupling zeros at s = 00, i._e., it is irreducible at s = 0o
or, equivalently, [Iu — sJso, Boo] and

I, — sJs
Co

have no zeros at s = oo iff

rankg [JOO,EOO} =pu and rankp { %00 ] = L.
o0

The next Proposition says that if the Smith-McMillan
form S, at s = oo of A(s) is given by @) and
Cooy Aoy Booy Dsw = 0 is a GSS realization of A(s)
which is obtained as in Remark [ i.e., as a minimal
state space realization of the strictly proper rational ma-
trix A (s):= 1A (1) € Ry, (s)"*™, then this realization
is an irreducible at s = oo GSS realization of A(s) and
the number 7 of the Jordan blocks J; in the Jordan form
Joo in (8) satisfies

n =k,

while the indices x; of the sizes k; + 1,7 =1,2,...,nof
the Jordan blocks J.; of J, in (@) are given by

Ri = Qi,

where ¢; > 0,7 = 1,2,...,k are the non-zero orders of
the poles at s = oo appearing in the Smith-McMillan form
S5 ats = oo of A (s) . This proposition also gives us
necessary tools for the investigation of what constitutes a
minimal GSS realization of a polynomial matrix A(s).

Proposition 3. Let A(s) € R [s]”*" with
rankg () A(s) =1

and the Smith-McMillan form at s = oo

v

—N—
Sff(s) = diag <sq1, RO LN IR 0
1 1 0
Sau+1 yreey 8?7 p—r,m—r |

where 0 < k <v<r,andq >q > - >qr>0=
Qet1 = = Qv Gr = Gr—1 > =+ > Qo1 > 0, are
respectively the orders of the poles and zeros at s = o0
of A(s). Let also C, € RP*F A € RF¥H B, €

RAX™ be a minimal state space realization of A (s) €
R, (s)P*™, ie.,

A(s) = %A <1> = Coo (sI, — Aso) " B, (31)

S

and let Joo := QAcQ ™1, |Q| # 0 be the Jordan normal
form of Aso. Then

(i) the McMillan degree 6,r (A(s)) of the strictly proper
rational matrix A (s) is given by

k
on (A(9)) =D ai+v; (32)
i=1

(ii) we have

Joo
= block diag [Joo1, - -« Jook, Ou—k,u—k] € RF*H
(33)
where
0 1 0
Jooi = c R(Qi+1)X(Qi+1),
00 ... 1
00 ... 0
(34)
i=1,2,...,k;

(iii) (Coo, Aoo, Boo) or;, equivalently, (Coo, Joo, Boo)
constitute an irreducible at s = oo GSS realization

of A(s).

Proof. Consider the strictly proper rational matrix

e

1 1 <m
:A0;+A18—2+---+A ER,, (s)P*™.

(35)

9 gq1+1

Since A(s) is a polynomial, all poles of A(s) are located
at s = oo and thus all poles of A (s) are at s = 0. Further-
more, if S%(S) € R (s)"*™ is the (local) McMillan form

of A(s)ats = 0, then

1 1
0 _ 0
S (8) = Z540) (;)

k
—_—

. 1 1 1
= dlag(w,uwwa ;Ivfkv

v

Gop1—1 Gr—1
shvHr=2 sl ,Opr,mr>. (36)
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Thus, if

C - Jels) e (s)

SZ(S)(S) = diag n ) o) Op—r,m—r

is the McMillan form (in C) of A(s), then from (36)
€i(s) =1,i=1,2,...,0,¢(s) = si7e(s), e(s) €
R[s], e(0) # 0,i = v+ 1,...,7 and ; (s) = s4iTH
1=1,2,... k¢ (s)=s,i=k+1,...,0,9;(s) =1,
i = v+ 1,...,7. Now (i) follows from the fact that
= 0u (Als)) = X, degpi (s) = Xy (i +1) +
v—k = Zle ¢i + v. Furthermore, if Coy € RPXH
Ay € RFXH B € REX™ is a minimal state space real-
ization of A(s), then the Smith form (in C) of [s],, — A]
is given by

St —an) = diag [Luv, o () - 1 (s)]

. o+1 1
= diag [IM_U, shy_p, sttt o s0 ]

= St )
(37)

and (ii) follows from the definition of the Jordan normal
form Jo, of Ao via the non-trivial invariant polynomials
i (w),i=1,2,...,v0f sI;, — A in (F7). (iii) The fact
that Co, Aco, Boo constitutes a GSS realization of A(s)
follows from (@I which, by the substitution 1/s — s,
yields (@) with Do, = 0.

Now since C's,, Ao, Boo is @ minimal state space re-
alization of A(s), it follows that

ranke [sI, — Aso, Boo]

:rank(c |: SIM_AOO :| = W, Vs GSP (Aoo)a
Cos

where 1 = ) (A(s)) . Using the fact that Ao has all

its eigenvalues at s = 0, it is easily seen that the above

condition reduces to

rankg [Ao, Boo] = rankg [ é,oo } = . (38)

_ The fact that Cu, Ao, Boo o1, equivalently,
Csoy Joo, Boo are irreducible at s = oo GSS realizations
of A (s) follows from (38) and Proposition2l [

Given a GSS realization ¥, = [Con € RP*# A €
RHXH By, € REX™ D € RPX*™|, € ZT of a poly-
nomial matrix A(s) € R[s]”*™, the above deliberations
give rise to the next corollary which provides a relation
between (i) the set of zeros at s = oo of the matrix pencil
I, — sA., (ii) the set of poles at s = oo of A(s), and (iii)
the set of decoupling zeros at s = oo of ¥.

Corollary 4. There holds

{set of zeros at s = o0 of [I,, — sAx]}
= {set of poles at s = oo of A(s)} (39)
U {set of decoupling zeros at s = 0o of X4 } .

aamcs

fq:={#ofzerosat s = co of [I, — sAx]}  (40)
= {# of poles at s = oo of A(s)}
+ {# decoupling zeros at s = oo of £, }.

The above set relation gives rise to the equation

Remark 2. Using (I4), Q) can be written as

fg="0m I, — sAx] (41)
= 0 (A(s)) + {# decoupling zeros at s = co of X4 }.

Equation Q) gives rise to the inequality

fq :={# of zeros at s = co of [I, — sAx]}
> {# of poles at s = 0o of A(s)} (42)
=: 0 (A(9)) .

If a GSS realization £, = [Cao, Aso, , Boo, » Doo] Of
a polynomial matrix A (s) is irreducible at s = oo, i.e.,
if ig has no i.d. and no o.d. zeros at s = oo, then from
Definition 3 we get

[#decoupling zeros at s = oo of ¥4] = 0,

and from (@2) the generalized order of flg takes its least
the value of

o~

Jg =0m[I, — sAx] = rankr Ao (43)
k
=rankpJy = Z qi =: onm (A(s)),
i=1

which, by definition, is the McMillan degree &, (A (s))
of A(s). In such a case the irreducible at s = oo GSS
realization f)g = [Coos Aoy s Boos , Doo] of A (s) has the
least generalized order fg among the generalized orders
of all GSS realizations which give rise to A (s). As in-
dicated by (#3), the least generalized order fg of flg can
then be determined directly from the McMillan degree of
the polynomial matrix A (s).

Definition [ together with the above discussion and
(@2), gives rise to the following result.

Theorem 1. A GSS realization
i\;g = [Coo; Aoo; Boo; Doo]

of a polynomial matrix A(s) with the Smith-McMillan
form at s = oo as in (30) is irreducible at s = oo iff

f; = {#of zerosats = o of [I, — sAx|} (44)
= 0n Iy — sAs] = rankp Ao

k
= >0 = b (4(9)).
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The next theorem is an analogue of Theorem 2.56 in
(Vardulakis, 1991) for the case of irreducible at s = oo
GSS realizations of a polynomial matrix A (s).

Theorem 2. Let A(s) € R [s]"*™ with rankg s A(s) =
r and the Smith-McMillan form at s = oo as in 0.

Let ¥y = [Cx € RP¥H A, € RFXH By €
RHX™ Do, € RPX™] € Z%, be an irreducible at
s = 00 GSS realization of A(s). Then the zero structure
at s = 00 of I, — s A is isomorphic to the pole structure
at s = oo of A(s), i.e., if Ss) is given by (30), then the
Smith-McMillan form at s = oo of I,, — sA is given by

. 1 1
Sff;fsAw]:dlag sIfg,Iq,_k,E,... —1, 43

’ sq1

where J/”; = rankp Ao = rankrJo = Zle Qi = b — 0.

Proof. Let ¥, = [Cso, Ao, Boo) be an irreducible at s =
oo GSS realization of A (s) obtained as in Proposition 3]
and let J,, = QA Q! be the Jordan normal form of
Ao Then the pole-zero structure at s = oo of I, — s A
coincides with that of I, — s.J. From Proposition[3] the
form of J, in (33) and (34), (37) and since all finite zeros
of wl, — J are at w = 0, we have

C s +1 +1
S[wl,‘,—Joo] = diag [IH_U, wly_p, w T w? }

= St

and therefore from Remark after Exercise 4.44 in Chap-
ter 4 in (Vardulakis, 1991) we have

o0 o0 1
S —sAn) = ST—s5e] = St -] <g> (46)

. 1 1
= diag SIu—va—lmE,'-- 75} .

4. Minimal GSS realizations of a polynomial
matrix

Now we discuss the concept of a minimal GSS realization
of a polynomial matrix. Although the concepts of irre-
ducibility (in C) and minimality of a state space realiza-
tion of a proper rational matrix coincide, i.e., irreducibil-
ity (in C) of a state space realization of a proper rational
matrix implies and is implied by minimality of the dimen-
sion of the state space realization, this is not in general
true for the analogous concepts of irreducibility at s = oo
and minimality of a GSS realization of a polynomial ma-
trix. In the following, we first define what constitutes a
minimal GSS realization of a polynomial matrix and then
illustrate the above points by showing that minimality of
a GSS realization of a polynomial matrix implies its irre-
ducibility at s = oo (Theorem [3) but that in general the

reverse is not true. Through these results we give neces-
sary tools for obtaining (i) a minimal GSS realization of
a polynomial matrix A(s) € R[s]P*™ and (ii) the least
value of the dimension 7 of the generalized state vector
Too(t) € RF appearing in a minimal GSS realization of
A(s).

Definition 5. A GSS realization ¥, = [C, € RP*F,
Joo € REXE B, € REX™ D € Rpxmofapolynomlal
matrix A(s) € R[s]"*™ is called minimal if it has the
least number of generalized states or, equivalently, if its
dimension pi is minimal, i.e., 1t < pu for each dimension p
of all other GSS realizations

Yy =[Cox € RF** A € RFH By € R,
D, € RP*™]

of A(s). The dimension & of a minimal GSS realization
of a polynomial matrix A(s) is called the least dimension

of A(s).
The next theorem gives a necessary and sufficient

condition for a GSS realization of a polynomial matrix
to be minimal.

Theorem 3. (Karampetakis, 1993) Let A(s) € R
with rankg(s)A(s) = r and the Smith-McMillan form at
s = oo asin Q). Let also

7

= [Coo € RP*F . € RA¥E B € RFX™,
Do € RPX™

be a GSS realization of A(s) with Jo in the Jordan nor-
malform and let A( )= 1A(1) € Ry, (s)"*™. Then

¥, = [C’oo, Joo, Beo, D o] is a minimal GSS realization

of A(s) iff

fi=ou [As)] ~ (0 k)

k
=> (a+1) —k+2ql 47)
i=1 i=1

Proof. We present the proof of (Karampetakis, 1993),
which is constructive. As in Proposition 38 let C', €
RPXE J o € REXE B € RA*™ be a minimal state
space realization of the strictly proper rational matrix
A(s):= 1A (L) € Ry (s)P*™ with J in the Jordan
normal form as in (33), (34), and partition the matrices
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B as

6007 JOO’

Jso = block diag [joo, Ov—k,v—k:| )
Joo = block diag[Joo1, Joo2s - - - » Jook] € RFXE,

Jooi € RGHDX(GHY) 45— 7 9 k.

B =: , goo € RAx™,

B
Bs

Boo € R—R)xm & . { Cuo 600 },

Coo ERPXE O € RP*(—F)

k
ﬁZZ(qz‘+1):N—(U—k)~

i=1

Using the above partitioning and Proposition Bliii),
we get

{ Ovjoz,ﬁ Ogicvjk } { 2: 8 }
-[2201-

vo=[en e [Tzf] w

u(t), (48)

oo
oo

is an irreducible at s = oo GSS realization of A(s). The
VECtor To (t) in [@Y) represents v — k “non-dynamic”
variables associated with the (v — k) x (v — k) zero block
in J and is related to the input u(t) via o (t) =
Boou(t). Thus (@8) and @3J) can be written as

Joojfloo(t) = Tl1o (t) — Boou(t), (50)

Y (t) = Cooroo (t) + Coorane (1) (51)
= Coo1no (t) + Doou(t),

where D = éooéw € RP*™_ Recall that from Theo-
rem [T] the condition rankg.J. Ef 1@ =0 (A(s))
implies_that the GSS realization Co € RP¥E J €
REXE B, € REX™ D € RPX™ of A(s )1n(]ﬂ]) (A1)
is also an 1rredu01ble at s = oo GSS realization of A(s).
We will now show that it is also minimal.

Suppose now that there exists another irreducible
at an s = oo GSS realization C, € RP¥H J = €
RA*E B, € RF>™ D € RP*™ of A(s) with no non-
dynamic variables with

SE’;’}T_SJ&] = diag |slg, I;_7, —

where g; > 0,7 = 1,2,...,k are the orders of the zeros
at s = oo of [I sJ o) and such that 7 < [, or equiva-
lently, such that

k

k
E=) @+ <) (@+)=4 (52

i=1 1=1

Combining @2) and (32)), we obtain

k k k k
D@+ =D TG+E<) (a+1) <> q+Fk
i=1 i=1 i=1 i=1

(53)
which implies B
k< k. (54

But since the GSS realizations [5’00 € Rpxﬁ, .700 c
REXFE B, € RE*™ D e RP*™] and [C. €
RP*FJ € REXE B € RFX™ D € RP*™] of
A(s) are both irreducible at s = oo, according to The-
orem 2] the pole structure at s = oo of A(s) is isomor-

phic to the zero structure at s = oo of [Iﬁ — sjoo} and
Iz — sJ ] @2), and thus

k =t of zeros at s = oo of [[; — sJ (55)

oo

= fj of poles at s = co of A(s) =k,

where the symbol ‘g’ denotes the total number of zeros
at s = oo without counting orders. From (33) we can
see that (34) is not true, which contradicts our assumption
that there exists a GSS realization C' € R? B J ~ €
RFAXE B € REX™ D € RP*™ of A(s) satisfying
< . [ ]
Remark 3. Two important conclusions that result from
Theorem[3] are the following:

(i) A necessary condition for a GSS realization
= [Coo € RP*F J, € RF¥F B, € RFX™,
Do € RPX™)

of a polynomial matrix A(s) to be minimal is that the
realization must be irreducible at s = oo and that the
realization has no non-dynamic variables.

(ii) The least dimension that a GSS realization of A(s)
may have is 1 = Zf:l (g; +1), where ¢; > 0,7 =
1,2,..., k are the nonzero orders of the poles at s =
oo of A(s).

Notice thatif v = k, i.e., if in (@8) there are not “non-
dynamic variables” (equivalently if there is no I,,_j, block
in 30)), then z = p and a minimal state space realiza-
tion Cyo € RPXH J o € RFH By, € RFX™ of A(s)
€ Ry, (s)P*™ co1nc1des with a minimal GSS realization
Cso € RP¥E_J € RAXE B, € REXm D ¢ RPXm
of A(s) € R[s]P"™.

aamcs
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Corollary 5. A GSS realization of a polynomial matrix
A(s) is a minimal GSS realization if it is an irreducible
at s = oo GSS realization and has no non-dynamic vari-
ables.

For conventional state space realizations of a proper
rational matrix A (s), the least possible dimension of
a state space realization is known as the least order
v (A(s)) of A(s) (Rosenbrock, 1970). The next remark
gives an algorithm for the computation of the least dimen-
sion zi of a minimal GSS realization of a polynomial ma-
trix.

Remark 4. (Karampetakis, 1993) The least dimension
i = Y% (qi+1) of a minimal GSS realization of a
polynomial matrix A(s) € RP*™[s] can be calculated
without computing the orders of the poles at s = oo in

the Smith-McMillan form at s = oo of A(s). Let

A(n 0 Ce 0
Xp = Aq1 - 0 3
Ap+1 ’ . . . N
Ap Ap+1 e Aq1

p = 0,1,...,q;. From Exercise 3.89 in (Vardulakis,
1991), we have

dnm (A(s)) = rank; (56)
=M (A18 + A282 4+ -4 Aqlsfh) .
Applying the same result to X5, we get

rankpr Xy = 9 <A25 +A332 + .- _|_Aq15¢h*1)
=0um (A1 + Ags + - -- _|_Aq18(h—1)
A18 —|—A252 + .o+ Aqlslh
=dm

s
1
=du (-4 :
()
Since A(s) has only poles at s = oo, it can be easily seen
that

k
sur (2409) = 30— 1) = (Ae) e 57

i=1

From (7)) the number k of strictly positive orders ¢; > 0
of poles at s = oo of A(s) is given by

S
which, due to (38), gives

k = rankX; — rankg Xy
and, therefore,

1 = 2rankX; — rankg Xs. (59)

If A(s) is a p x m column (row) proper polyno-
mial matrix with p > m (p < m), then an irreducible
at s = oo GSS realization of A(s) as well as the Smith-
McMillan form at s = oo of A(s) can be obtained by
inspection. This is stated in the following result.

Proposition 4. Let A(s) € R[s]"*™ | p > m, be column
proper and let v; = dega,; (s), where a; (s) = ajo +
aj1s + -+ ajy; 8" € R[s]pX1 ,j = 1,2,....m are
the m columns of A(s). Then an irreducible at s = oo
GSS realization C, Joo, Boo 0f A(s) can be obtained by
inspection and is given by

) amO] S RpXu7

(60)
s Joom] € REZH(61)

Cx = [alma"' , @10 | "'|amvm7"'

']OO = blOCk dlag [Joo17 JOOQ; e

01 ... 0

Jej= 1 " T e READx@it1) © (62)
0 0 ... 1
00 ... 0

By = block diag [by, ba, . . ., by,] € RPX™ (63)
b = [0,0,...,0, 1]T G[R(vﬁrl)xl7 (64)

where j =1,2,... . mand p = Z;’;l (v; +1).
Proof. Write A(s) = [A(s)]? diag (s, ...5"m) +
A1S(s), where [A(s)]? denotes the highest column de-

gree coefficient matrix of the matrix inside the brackets
and

svt -1 Sum—l
S(s) = block diag e :
S S
1 1

(65)
A; € RP*#_ Then

w o \w
hoq. 1 1 1 =/1
=[A(s)]. diag <wv1+1 yeees wvm+1> + EAlS (E)

=[A (S)]? + %Alg (%) diag (w1, .. wom )

x [diag (w !, ... w1 !
= N(w)D(w)~ ", (66)
where N (w) € R [w]”*™ can also be written as

N(w) = Coo S (w) (67)

}. (68)

with

S(w) = block diag{ . ey

U1 wvm
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Now, since for w = 0,
rank[ D(0) } :rank{ [om,mh } o

and for 0 # w € C,

ranke [ ﬁ&"ug ] =m,

we have that the expression in (&6)) is a right coprime MFD
of LA(L) € Ry, (s)"™ with D(w) column proper.
Thus, Cw, Joo, B 1s @ minimal state space realization
of TA(L). [ |
Remark 5. A dual result can be obtained for every
p X m (p < m) row proper polynomial matrix A(s) by
transposing A(s) and applying Remark 3. Comparing the
dimensions of the Jordan blocks J.; in (34) of Proposi-
tion 3 and those of the Jordan blocks in (62)) of Proposi-
tion 4, we can easily conclude that if A(s) is column (row)

proper, then its column (row) degrees v;, j = 1,2,...,m
(riyi = 1,2,...,p) are equal to the orders of its poles
at s = oo, e, thatv; = ¢q5,7 = 1,2,....m (r; = ¢,

1 =1,2,...,p) and that A(s) has no zeros at s = oco.

5. Conclusions

In this paper we have discussed the concepts of irre-
ducibility and minimality of “pure” generalized state space
realizations of polynomial transfer function matrices. Our
main focus was to point out the difference between these
two concepts. Irreducibility of “pure” generalized state
space systems was shown to be associated with the ab-
sence of decoupling zeros at infinity, and the cancella-
tion mechanism of zeros at infinity was clearly explained.
On the other hand, it turned out that a generalized state
space realization had minimal state dimension if it was ir-
reducible (at infinity) and had no non-dynamic variables.
Furthermore, we proposed both a method for the determi-
nation of the minimal state dimension and the construction
of a minimal “pure” generalized state space realization.
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