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Two models of positive 2D discrete-time linear Lyapunov systems are introduced. For both the models necessary and
sufficient conditions for positivity, asymptotic stability, reachability and observability are established. The discussion is

illustrated with numerical examples.
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1. Introduction

In positive systems inputs, state variables and outputs
take only nonnegative values. Examples of positive sys-
tems are industrial processes involving chemical reactors,
heat exchangers and distillation columns, storage systems,
compartmental systems, water and atmospheric pollution
models. A variety of models having positive linear be-
havior can be found in engineering, management science,
economics, social sciences, biology and medicine, etc.

Positive linear systems are defined on cones and not
on linear spaces. Therefore, the theory of positive sys-
tems is more complicated and less advanced. The most
popular models of two-dimensional (2D) linear systems
are the models introduced by Roesser (1975), Fornasini-
Marchesini (1976; 1978) and Kurek (1985). The models
were extended for positive systems in (Kaczorek, 1996;
2001; 2005; Valcher, 1997). An overview of 2D linear
systems theory is given in (Bose, 1982; Bose et al., 2003;
Gatkowski, 2001; Kaczorek, 1985), and some recent re-
sults in positive systems were given in the monographs
(Farina and Rinaldi, 2000; Kaczorek, 2001).

Reachability and minimum energy control of posi-
tive 2D systems with one delay in states were considered
in (Kaczorek, 2005). Controllability of positive dynamical
systems was investigated by Klamka (1991; 2002; 2005).
Controllability and minimum energy control of linear
2D systems were considered in (Klamka, 1996a; 1996b;
1997a; 1997b; 1997d; 1999b) and of nonlinear 2D sys-
tems in (Klamka 1997c; 1999a; 1999c). Controllability
with constrained controls of linear and nonlinear 2D sys-
tems was investigated in (Klamka, 1998a; 1998b; 1998c).

The notion of an internally positive 2D system
(model) with delays in states and in inputs (systems of
order higher than one) was introduced, and necessary
and sufficient conditions for internal positivity, reachabil-
ity, controllability, observability and the minimum energy
control problem were established in (Kaczorek, 2006b).

The realization problem for 1D positive discrete-time
systems with delays was analyzed in (Kaczorek, 2003;
2006a) and for 2D positive systems in (Kaczorek, 2004).
Stability of positive linear discrete-time systems with de-
lays was considered in (Bustowicz, 2000).

Internal stability and asymptotic behavior of 2D pos-
itive systems were investigated by Valcher (1997), and
asymptotic stability of positive 2D linear systems was in-
vestigated in (Kaczorek, 2008a; 2008b). An LMI ap-
proach to checking stability of positive 2D systems was
proposed by Twardy (2007), with generalizations to posi-
tive 2D systems by delays in (Kaczorek, 2008c).

Controllability and observability of Lyapunov sys-
tems were investigated by Murty Apparao (2005). Posi-
tive discrete-time and continuous-time Lyapunov systems
were considered in (Kaczorek, 2007; Kaczorek and Przy-
borowski, 2007a; 2007e; 2008). Positive linear time-
varying Lyapunov systems were investigated in (Kaczorek
and Przyborowski, 2007b). Discrete-time and continuous-
time Lyapunov cone systems were considered in (Kac-
zorek and Przyborowski, 2007c; Przyborowski and Kac-
zorek, 2008). Positive discrete-time Lyapunov systems
with delays were investigated in (Kaczorek and Przy-
borowski, 2007d).

Positive fractional discrete-time Lyapunov systems
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were investigated in (Przyborowski, 2008a; Przyborowski
and Kaczorek, 2008) and fractional discrete-time cone-
systems in (Przyborowski, 2008b; Przyborowski and Kac-
zorek, 2008).

In this paper, the notion of positive 2D discrete-time
linear Lyapunov systems described by two different mod-
els will be introduced. For both the models necessary
and sufficient conditions for positivity, asymptotic stabil-
ity, reachability and observability will be established. The
discussion will be illustrated with numerical examples. To
the best of the authors’ knowledge, those problems have
not been considered yet.

2. Preliminaries

Let R™*™ be the set of real n x m matrices, R” = R"*1,
and let R’*™ be the set of real n x m matrices with non-
negative entries. The set of nonnegative integers will be
denoted by Z .

Definition 1. The Kronecker product A ® B of matrices
A = [ai;] € R™*™ and B € RP*? is the block matrix
(Kaczorek, 1998)

A® B = la;Blizi...m € R™PXM, (1)

Jj=1,...,n

Lemma 1. (Kaczorek, 1998) Consider the equation
AXB = C, (2)

where A € R™*"™ B € R™*P, C € R™*P, X € R"*q,
It is equivalent to the following one:

(A® BTz =, 3)

where

T

T
x = [z, 29,...,25]"

c= [617627"'7Cm] )

and x; and c; are the i-th rows of the matrices X and C,
respectively.

Lemma 2. (Kaczorek, 1998) If A1, Ao, ...\, are the
eigenvalues of the matrix A € R™™ ™ and p1, 12, . . . fin
are the eigenvalues of the matrix B € R"*", then \; + 1
fori,3 =1,2,.... n are the eigenvalues of the matrix

A=A®I,+ 1,2 BT.

3. 2D Lyapunov system

Definition 2. The system described by the equations

Xthrl,j _ AY AY, Xi}fj
ijj+1 Agl Agz sz,j
n Xi}fj A, Al
XP; || Ab Al
By
+ B, Uij, (4a)
Xh.
Yij:[cl 02}[ , |+ DV,
Xi;
i,j €Z4  (4b)

is called a 2D discrete-time linear Lyapunov system,
where X[, € R™*" and X, € R"™*" are respec-
tively the horizontal and vertical state-space matrices at
the point (¢, 5), U;; € R™*™ and Y;; € RP*™ are respec-
tively the input and the output matrices, A}, € R"™*™
fork,l=1,2andr = 0,1, By € RM*™ By € R"2*™
Cp e RPX™M Oy ¢ RPX"2 D € RPX™ 1 = ny + na.
The boundary conditions for (4a) have the form

Xl j€Zy and X}, i€ Zy. (5)

Lemma 3. The Lyapunov system (4) can be transformed
to the equivalent standard 2D discrete-time, nm-input and
pn-output, linear system described by the Roesser model
in the form (Kaczorek, 2001)

jngJrl,j _ 1‘:111 1‘:112 x?;
E;}JH Ay Ag fg]
By | _
+ BQ Uij, (6a)
_ _ zh . _
Yij = [ ;. Oy :| j;ZJ, +Dﬂij,
i,j
i,j €Ly, (6b)

where Efj e R and HENS R"27) qre respectively
the horizontal and vertical state-space vectors at the point
(i,7), 4i; € R™™ and g;; € RP™ are respectively the
input and output vectors, A;; € R )X (nn) forfe ] =
1,2, By € Rovm)x(mm) "By ¢ ROvna)xtn'm) Gy e
REm)x(vm) &, ¢ Ren)x(nn2) [ ¢ Rpn)x(mn)

Proof.  The transformation is based on Lemma 1. The
matrices

Xh.
Xm‘:[ ol Uigs Yig

v
X7
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are transformed into the vectors
Ty = (XY, XE o xp)
ai; = U}, UZ oum]t
gig = [V Y3 o vE)

where X[, UF;, Y}, denote the k-th rows of the matrices

X 5,Ui ;,Y; , respectively.

The matrices of (6) are

] ar,oan, "
A11:A(1’1®In+ln1®_A; Ai_ :
A12:A(1)2®In7

o AL AL ]

Agg = A5 ®@ I, + 1, ® _A%I A%Q_ )

Ay =AY ® I,

B =B1®1I, By=DBy®I,,
Ci=01®1I, Co=0Cy®I,,

D=DgI,. @)

Definition 3.  The transition matrix T; ; is defined by
(Kaczorek, 2001)

I, for 4,57 =0,
T Ty oTi1j+ ToaTij—1 for i,jeZy,
" 0 (zero matrix) for <0
and/or 5 <0,
¢))
where
Tio
Al Al
| AL+ Lo T Ap I,
- A21 A22
0 0
To1
_ . . -
— Al Al
AQ @I, ALY @Li+I,@| 11 12
L Az Az |

4. Positive 2D Lyapunov systems and their
asymptotic stability

4.1. Positive 2D Lyapunov systems

Definition 4. The system (4) is called (internally) pos-
itive if Xi’“jj € RV, X7, € RPP™™ and Yy, € REX™
for any nonnegative boundary conditions X gj, X, and all
input sequences U;; € RT'™", i,j € Z,.

aamcs

Definition 5. A matrix

M = [mw] i=1,...,n

Jj=1,...,n

is called a Metzler matrix if m;; € R fori = j and m;; >
0 fori # j.

Theorem 1. The system (4) is positive if and only if

14(2)2 — [a?j22] i=1,...,n9

A(l)l = [GOII} i=1,..,m1 5
=

j=1,..., ni j=1,..., no
1 111 1 122
A11 = [a’ij }r@:l.,.,,nl , A22 = [a’ij ]g:l,.,.,uz (9a)
j=1,..., ny j=1,..., no
are Metzler matrices satisfying
alt +aftt >0 for kii=1,...,n,
ag?f + alllu >0 for k=1,...,n2;0l=1,...,ng,
a%kl + al1122 >0 for k=1,....n1;01=1,...,ng,
alP? + a2 >0 for k,l=1,...,n, (9b)
and
w ERYZM fork,l=1,2,k#1; r=0,1,
B1 S errlxm, B2 S erfxm’
C1 € RY™, Oy e R,
D e Rﬁxm. (%9¢)

Proof. The 2D Lyapunov system (4) is positive if, and
only if, the equivalent 2D standard system (6) is posi-
tive. By the theorem of the positivity of the 2D stan-
dard discrete-time system described by the Roesser model
(Kaczorek, 2001),

Y

14:112
Ay Ap
have to be matrices with nonnegative entries. From (7) the
hypothesis of Theorem 1 follows. [ ]

4.2. Asymptotic stability of 2D positive Lyapunov sys-
tems. Consider the positive 2D autonomous Lyapunov
system described by
[ Xthrl,j ] _ A} AY,

X ijﬂ

0 0 v
Ay Ay X7

h
Xij ]

h
Xi

v
Xj

Al Ar
Ay Ag
ivj € ZJrv (10)

+

)

where X[fj IS RilX",X;fj € R}?*" and the matrices
Ay, € R > for k,l = 1,2 and r = 0, 1, satisfying
the conditions (9).
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Definition 6. The positive 2D Lyapunov system (10) is
called asymptotically stable if for any bounded boundary
conditions X; ; € RY*", i € Zy, X, € RY*", j €
Z4 we have

lim X;; =0. (11)

1,J—00

Theorem 2. Assume that A, Mo, ..
values of the matrix

., A, are the eigen-

0 0
All A12
0 0
A21 A22

and i1, 2, - . ., [y, are the eigenvalues of the matrix

1 1
All A12
1 1
A21 A22

The system (10) is stable if and only if

INi + 85| <1 for i, j=1,2,...,n. (12)

Proof. Any 2D Lyapunov system is asymptotically sta-
ble if, and only if, the equivalent 2D standard system is
asymptotically stable. From (Kaczorek, 2008a), we have
that the eigenvalues of the matrix

A Ap
Agr Ay

must have moduli less than one. Therefore, from
Lemma 3 and (7) the hypothesis of Theorem 2 follows.
| ]

5. Reachability and observability of 2D
positive systems

5.1. Reachability

Definition 7. The positive 2D Lyapunov system (4) is
called reachable at a point (h, k) € Z4 x Z. if for every
X; € R’ ™™ there exists an input sequence U;; € R"*"
for

(i,7) € Hpi :={(i,7) € Ly X Ly :
0<i<h 0<j<k,i+j#h+k}

that steers the state of the system from the zero boundary
conditions (5) to the final state Xf, ie., Xpnr € Xy,

Theorem 3.  The positive 2D Lyapunov system (4) is
reachable at a point (h, k) if and only if

(a) For

Ay Al

Ay =
Ay Al

satisfying the condition XA, = A1 X, ie, Ah =
aly, Ay = al,,,a € R, Al, = 0.and Ay, = 0, the
matrix

Rii = [Mpe Mp—1 5 Mpj—1 -+ My Moa] (13)

contains n linearly independent monomial columns (the
matrix built from these columns has only one positive el-
ement in each row and in each column and the remaining
elements are zero), where

By

Mij=Ti1; +Tij-1

0
B, 1 (14)

and T} ; is the transition matrix defined in (8) with

Tyo— AY + AL A
’ 0 0 |’
0 . (15)
T071 = .
AY A+ A

(b) For A1 # al,, and a € R, if and only if the matrix

By 0
0 B

contains n linearly independent monomial columns.

Proof. From Lemma 3 and (Kaczorek, 2001) it follows
that the positive 2D Lyapunov system (4) is reachable at
the point (h, k) if and only if the matrix

Rk = [Mpe Mp—1 Mpj—1 -+ Mio Moa] (16)

contains n? linearly independent monomial columns,
where

_ Bi®l,
My =Ty |

0

Y Bye L,

(17)
and Ti, ; s the transition matrix defined in (8).
In Case (a), taking into account the assumptions,
from (16), (17), (8) we obtain

Ti;j="T;;® I,

M;; = M;; ® I,
Rik = R i ® I.

Therefore, in this case, (16) contains n? linearly indepen-
dent monomial columns if and only if (13) contains n lin-
early independent monomial columns.

In Case (b), from (17) we have

) 0,1 —

Bi®lI,
0

0

M =
1,0 B2 ® In
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so if the matrix [%1 E?2 } contains n linearly independent

monomial columns, then R}, j, contains n? linearly inde-
pendent monomial columns and the system is reachable.
If the matrix [ %! ] contains r < n linearly indepen-
dent monomial columns, then from (17) it follows that
each of the matrices ]\7[1,1, e ,Mh,k contains no more
than rn linearly independent monomial columns which
are linearly dependent with monomial columns of the ma-
trix [My1,o Mo,], because the matrices T} ; and B ® I,,
have nonnegative entries. Therefore, the system is not
reachable. u

5.2. Observability

Definition 8.  The positive 2D Lyapunov system (4)
is called observable at a point (h,k) € Zi x Z4 if
Xoo € R™ can be uniquely determined from the knowl-
edge of the output Y; ;, caused by the nonzero boundary
conditions in the form Xy # 0 and ng =0,1<j5<k,
X =0,1<i<handU,;; =0, (i,j) € Hp.

Theorem 4.  The positive 2D Lyapunov system (4) is
observable at the point (h, k) if and only if
(a) For
g | A A
Ay Ay

satisfying the condition XA, = A1X, ie, Al} =
al,, Ay = al,,,a € Rand Al, = 0, A}, = 0, the

matrix

C
CTyo
CTo

Opi = : (18)
CT; ;

L CThi |

contains n linearly independent monomial rows, where

C = [C1 Cs) and T; ; is the transition matrix defined
in (8) with
A% + AL AY
Tl 0= )
’ 0 0
(19)
0 0
T =
o AS, A+ Ajy

(b) For Ay # al,, and a € R, if and only if the matrix C
contains n linearly independent monomial rows.

Proof. From Lemma 3 and (Kaczorek, 2001) it follows
that the positive 2D Lyapunov system (4) is observable at
a point (h, k) if and only if the matrix

C
CTho
CTOl
Oni = : (20)
CT;

L C_'Th7 ko
contains n? linearly independent monomial columns,
where 7_’7 4 s the transition matrix defined in (8).

In Case (a), taking into account the assumptions,
from (20), (8) and the fact that C' = C ® I,,, we obtain

T, =T @1y, Opkr=0nrQI,.
Therefore, in this case, (20) contains n? linearly indepen-
dent monomial columns if and only if (18) contains n lin-
early independent monomial columns.

In Case (b), if the matrix C' contains n linearly in-
dependent monomial columns, then Oh, & contains 12 lin-
early independent monomial columns and the system is
observable. If the matrix C' contains » < n linearly in-
dependent monomial columns, then it follows that each
of the matrices CTho, .. ., C'Th,k contains no more than
rn linearly independent monomial columns which are lin-
early dependent with monomial columns of the matrix C'
because the matrices 7; ; and C are the matrices with non-
negative entries. Therefore the system is not observable.
|

6. 2D general Lyapunov system

Definition 9. The system described by the equations

Xiv1j41 = AgXij+ XijAg+ AV Xiy
+ X1, AL+ ASX 1+ Xijr14s
+BoU; j + B1Uiy1,; + BaU; j11, (21a)
Yij = CXi;+ DUy,  i.j€Z.  (21b)

is called a general 2D discrete-time linear Lyapunov sys-
tem, where Xi’ ; € R™ ™ is the state-space matrix at the
point (¢, j), U;; € R™*™ and Y;; € RP*™ are respec-
tively the input and the output matrices, Ai € Rnxn
fork = 0,1,2,1 = 0,1, B, € R"™™ forr = 0,1, 2,
C e RP*" D € RPX™,

The boundary conditions for (21a) have the form

Xojs j€Z+ and X, i€ Zy. (22)

aamcs
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Lemmad. The Lyapunov system (21) can be transformed
to the equivalent standard 2D discrete-time, nm-input and
pn-output, linear system described by the general model
in the form (Kaczorek, 2001)

Tit1,j41 = AoZij + A1Tip1j + AoTij
+Boti,; + Bitity, (23a)
+Bati j1, (23b)

gij = C%j+ Du;  i,j€Zy, (23c)

where T, ; € R %" s the state-space vector at the point
(i,7), wi; € RU™™ and g;; € RP™ are respectively
the input and the output vectors, A, € R™ xn’ for k =
0,1,2, B, € R"*(mn) for p = 0,1,2, C € REm)xn*
D € R@n)x(mmn)

The proofis similar to that of Lemma 3. The matrices
of (23) are

A0:A8®In+In®A(1)T7
A=A, + 1,2 AT

Ay =AY 1, + 1, ® AT, (24)
By=By®1I,, Bi=DB®I,
By=B,®I, C=C®l, D=D®I,.

Definition 10. The transition matrix T; ; for (23) is de-
fined by (Kaczorek, 2001)

I, fori,j =0,
AoTi—1j1
Tij= R +AT; j 1+ ATy fori,jeZ, (25)
0 (zero matrix) fori < 0
and/or j < 0.

7. Positive general 2D Lyapunov systems
and their asymptotic stability

7.1. Positive general 2D Lyapunov systems

Definition 11. The system (21) is called (internally) pos-
itive if X; ; € R"™ and Y;; € RE*" for any nonnegative
boundary conditions X, € R}, X, € RY*™ and all
input sequences U;; € RT'™", i,j € Z.

Theorem 5. The system (21) is positive if and only if

A=l . ., k=0,1,2, 1=0,1 (26a)

(2
J Jj=1,...,n

are Metzler matrices satisfying the conditions

Y'>0 for pr=1,...,n and k=0,1,2,

xa];g + afr
(26b)

where

By e RY*™, By e RY*™, By e RY™,

CeRY™, DeRY™. (26¢)
Proof. The 2D Lyapunov system (21) is positive if, and
only if, the equivalent 2D standard system (23) is pos-
itive. By the theorem of the positivity of the 2D stan-
dard discrete-time system described by the general model
(Kaczorek, 2001), flo, fll, As, BO, Bl, Bs C and D have
to be matrices with nonnegative entries. The hypothesis
of Theorem 5 follows from (24). [ ]

7.2. Asymptotic stability of general 2D positive Lya-
punov systems. Consider the positive 2D autonomous
Lyapunov system described by

Xip1g+1 = Ao X + Xij Ag
+ AV X1y + Xig1 A
+ ASX; jo1 + Xijp1 Ay, 6§ € Ly,
27)
where X, ; € R", with the matrices Al € R™™ for
k=0,1,2and ! = 0, 1 satisfying the conditions (26).

Definition 12. The positive 2D Lyapunov system (27) is
called asymptotically stable if for any bounded boundary
conditions X, , € R}"™,i € Zy, X, ; € RY*", j € Zy,

hm Xi’j =0. (28)
i,j—00
Theorem 6. Assume that A1, Ao, ..., \,2 are the eigen-

values of the matrix

AY+ A Af
I 0

and 1, 2, - - . , p2 are the eigenvalues of the matrix

Al 4 AL Al
I, 0

The system (27) is stable if and only if
N+ Bl <1 for d,5=1,2,...,n% (29)

Proof. The 2D Lyapunov system is asymptotically sta-
ble if, and only if, the equivalent 2D standard system is
asymptotically stable. From (Kaczorek, 2008a) we have
that the eigenvalues of the matrix
A+ Ay A
1,2 0

must have moduli less than one. Therefore, from
Lemma 4 and (24), the hypothesis of Theorem 6 follows.
| |
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8. Reachability and observability of 2D
positive systems

8.1. Reachability

Definition 13. The positive 2D Lyapunov system (21) is
called reachable at a point (h, k) € Z x Z if for every
X; € RT” there exists an input sequence U;; € RTX”,
(1,7) € Hpy, that steers the state of the system from the
zero boundary conditions (22) to the final state X 2 ie.,
Xpp € Xy

Theorem 7. The positive 2D Lyapunov system (21) is
reachable at a point (h, k), h, k > 2 if, and only if,

(a) For A} satisfying the condition XA} = A} X, ie.
Al = ailp, ap € R, 1 = 0,1,2, if and only if the ma-
trix
Rpe = [Mo, M{,..., My, M{,... . MZ,
Mllv"'lek; M21;"'7th] (30)

contains n linearly independent monomial columns,
where

Mo = Th_1,x-1Do,
M} =Ty ip-1B1+ Thoim1-1Bo, i=1,....h
M} =Th_14—jBo+ Thik—j—1Bo, j=1,....k
M; ; =Th—i-1k-1-1Bo + Th—ik—j—1B1
A TheiorhyBay, i=1,....h j=1,....k

(€29)
and T ; is the transition matrix defined by
I, for i,5 =0,
Ao Ti 1,51
Tij = + A1 T jat A2 Tiony for 4,5 € Zy,
0 (zero matrix) for <0
and/or j <0,
(32

21) - Ag + Aql)a

v=0,1,2.

(b) For A; # ajl,, and a; € R; 1 = 0,1,2, if and only
if the matrix [ By Bs | for By # 0,By # 0 (By for
By = By = 0) contains n linearly independent monomial
columns.

Proof. From Lemma 4 and (Kaczorek, 2001) it follows
that the positive 2D Lyapunov system (21) is reachable at
the point (h, k) if and only if the matrix

Ry = [Mo, M{, ..., M}, M7, ... M,
My, ..., Mg, Moy, ..., Mp,| (33)

contains n? linearly independent monomial columns,
where
My = Ty—1,5-1Bo,
M} =Ty ix-1B1+ Thi—1—1Bo, i=1,...,h
MJQ =Th-1k—jBo+Th-ik—j-1Bo, j=1,...,k
Mi,j = Th—z’—l,k—l—lBo + Th—i,k—j—lgl
+Th7i71’k7j32, i=1,...,h, j=1,...,k
(34

and Tz 4 1s the transition matrix defined in (25).
In Case (a), taking into account the assumptions,
from (33), (34) and (25) we obtain

M j = Mi; @ In,
Ry = Rup® I,

Tij =T ;® I,
Mi = Mi ® In,

Therefore, in this case, (33) contains n? linearly indepen-
dent monomial columns if and only if (30) contains n lin-
early independent monomial columns.

In Case (b), from (34) we have

M} =By ®1I,, M} = Bo® I,,,
My 1 p-1=DBo®1I,+ As(B1 ® I,) + A1 (B2 ® I,)

so if the matrix [B; Bs] for By # 0, By # 0 (B for
By = By = 0) contains n linearly independent mono-
mial columns, then R}, ;. contains n? linearly independent
monomial columns and the system is reachable. If the
matrix [By Bs] for By # 0,By # 0 (Bg for By =
Bs = 0) contains < n linearly independent monomial
columns, then from (34) it follows that each of the matri-
ces My, ..., My for h,k > 2 contains no more than rn
linearly independent monomial columns, which are lin-
early dependent with monomial columns of the matrix
[Bl BQ] for B1 7é O,BQ 7& 0 (BO for Bl = B2 = O),
and therefore the system is not reachable. [ ]

Remark 1. The positive 2D Lyapunov system (21) is
reachable at a point (h, k), h,k = 2 if and only if By
contains n linearly independent monomial columns.

8.2. Observability

Definition 14. The positive 2D Lyapunov system (21) is
called observable at a point (h, k) € Zy x Z, if Xop €
R’ ™™ can be uniquely determined from the knowledge of
the output Y; ; caused by the nonzero boundary conditions
in the form Xoo # 0 and X,; =0, 1 < j <k, X, =0,
l<i<handU,;; =0, (i,j) € Hp.

Theorem 8. The positive 2D Lyapunov system (21) is
observable at a point (h, k) if, and only if,

aamcs
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(a) For A} satisfying the condition XA} = A} X, ie.,
Al =ail, and a; € R, 1 = 0,1, 2, the matrix
C 20
CTor Ao
CTop1 Ao | -
CTyo Ao

Onr =

| CTh-1,-1 Ao |
Ao= AJ + A}

contains n linearly independent monomial rows, where
T ;j is the transition matrix defined in (32).

(b) For A; Zé ail, and a; € R, 1 = 0,1,2, if and only if
the matrix C' Aq contains n? linearly independent mono-
mial rows.

Proof. From Lemma 4 and (Kaczorek, 2001) it follows
that the positive 2D Lyapunov system (21) is observable
at a point (h, k) if and only if the matrix

C Ay
CTo1 Ao
CTo k140 (35)
CTioAg

Ohk =

| CTh-15-140 |

contains n? linearly independent monomial columns,
where Ti’ ; 1s the transition matrix defined in (25).

In Case (a), taking into account the assumptions,
from (36), (8) and the fact that C' = C ® I,, we obtain

Ti,j = Ti;j ® I’ﬂv Oh,k = Oh,k ® L.

Therefore, in this case, (36) contains n? linearly in-
dependent monomial columns if and only if (35) contains
n linearly independent monomial columns.

In Case (b), if the matrix C'Ay contains n? linearly
independent monomial columns, then Oh}k contains n?
linearly independent monomial columns and the system
is observable. If the matrix C Ay contains » < n? lin-
early independent monomial columns, then it follows that
each of the matrices CTy1 A, . . ., CTh—1,5—1A¢ contains
no more than r linearly independent monomial columns
which are linearly dependent with monomial columns of
the matrix C'Ag. Therefore the system is not observable.

|

9. Examples

Example 1. Consider the 2D system described by the
model (4) with the matrices

A9 140, [0.4 00.1
21145 L 0 0.110.1
A 01 010
__11|_%2_ =10 0.20.1]1,
Ay1145, 0.5 0102
B, (200
_‘g = _0_1_0_ ?
2 1001
[10]0
L0012
[0 0 0
D=0 0 0|, (36)
|0 00
n1:2, n2:17 n:n1+n2:3.

The system (37) is positive because A%, AS,, A}, Al,

are Metzler matrices satisfying the conditions

aQl' +all' =05>0, i +abtl =0.6>0,
adtt +all' = 0.6 >0, adi +addl =0.7>0,
a9 + a1 =02>0, a9 44l =03>0,
adt' +al?? =0.6>0, adi! + a2 =0.7>0,
a9 £ 41?2 = 0.3 >0,

and A, AY,, Al,, Al Bi, Bs, C1, Ca, D have non-
negative entries.

Taking into account that the matrix
AY, AR,
A3, AD
has eigenvalues \; = 04, = 0.1,A3 = 0.5
(u1 = 0.2, us = 0.2, ug = 0.1), we obtain

1 1
All A12
1 1
A21 A22

(M +061) =06, (A +0=2) =0.6, (A1 + F3) =0.5,
(A2 +B1) = 0.3, (Ao + B2) = 0.3, (A2 + B3) = 0.2,
A3+ 1) =0.7, (A3 + (B=2) =0.7, (A3 + f3) = 0.6.

Therefore, the system (37) is asymptotically stable, since
all the sums have moduli less than one.

The system (37) is reachable at the point (h, k),
h, k > 0 since the matrix

|
Blo] [200000
[ o BJ = [_0_1_@99_0_

contains n = 3 linearly independent monomial columns.
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The system (37) is observable at the point (h, k),
h, k > 0 since the matrix

10/0
C=[C1|C2]=1]01/0
002

contains n = 3 linearly independent monomial rows.

¢

Example 2. Consider the 2D system described by the
model (21) with the matrices

[ 0.1 [ 0.1
40— 01 0 | e 01 0]
0 02 0 0
015 0 (01 1
A(l): ; A%: ,
0 0.1 0 0.1
(0.2 0.1 [0 0
Ag: y A%: 5
0 0 0 0.1
(1 0] [0 0
B: 9 B— 9
0 0 1 ! 0 1]
(1 0] 1
B2: 0 5 C= 0 ’
0 0 0 1
p-|% % n=2. 37)
0 0

The system (38) is positive because A9, A}, AY, Ai, A9,
Al are Metzler matrices satisfying the conditions

af? +al =0.20>0, ¥ +ad% =0.10>0,
93 +afl =0.30 >0, ad +ad} =0.20>0,
al +all =025>0, al+all =025>0,
a3y +all =0.20 >0, al)+abh=020>0,
a?d + a2 =0.20>0, a® + a2} =0.30>0,
a2 +a2 =00>0, a2+aZ=010>0,

and By, B1, B2, C, D have nonnegative entries.

Taking into account that the matrix

()

has eigenvalues A\; = 0.5364, Ay = —0.1864, A3 = 0.5,
)\4 = —-04 (/,Ll = 0.3702, Mo = —0.2702, M3 = O7

A} + A AD
I 02

Al + AL Ab
P 02

@amcs

g = 0.2), we obtain

(A1 + B1) = 0.9066, (A1 + B2) = 0.2662,
(A1 + B3) = 0.5364, (A1 + B4) = 0.7364,
(A2 + B1) = 0.1838, (A2 + B2) = —0.4566,
(Ao + B3) = —0.1864,  (A\g + (1) = 0.0136,
(A3 + B1) = 0.65, (A3 + B2) = 0.65,

(As + B3) = 0.5, (A3+064) =03

(A4 + B1) = 0.8702, (A1 + B2) = 0.2298,
(Mg + B3) = —0.4, (Mg + Bs) = —0.2.

Therefore, the system (38) is asymptotically stable, since
all the sums have moduli less than one.

The system (38) is reachable at the point (h, k),
h, k > 2 since the matrix

0010
= |
[B1 B:] {0 110 o]
contains n = 2 linearly independent monomial columns.
The system is observable at the point (h, k), h, k > 0
since the matrix

CAy =
0 0 03 0
0 0 0 02
contains n? = 4 linearly independent monomial rows.

¢

10. Concluding remarks

The notion of a positive 2D discrete-time linear Lyapunov
system described by two different models have been intro-
duced. For both the models necessary and sufficient con-
ditions for positivity (Theorems 1 and 5), asymptotic sta-
bility (Theorems 2 and 6), reachability (Theorems 3 and 7)
and observability (Theorems 4 and 8) were established.
The discussion was illustrated with numerical examples.
Minimum energy control and constrained controllability
of 2D Lyapunov systems are open problems. So is the de-
termination of relationships between the presented mod-
els.
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