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ANALYTIC SOLUTION OF TRANSCENDENTAL EQUATIONS
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A decomposition technique of the solution of an n-th order linear differential equation into a set of solutions of 2-nd order

linear differential equations is presented.
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1. Introduction

Let us consider the differential equation determining the
transient error in a linear control system of the n-th order

with lumped and constant parameters a;, i = 1,...,n:
dma(t) dnta(t) dz(t)
g TO T g Tt an—1— g Fana(t) =((1);

with the initial conditions which, in general, are different
from zero:

1'(7’71)(0):07,#0 for i:172,...,n.

The solution of Eqn. () takes the following form:
n
2(t) = Ape™, )
k=1

where sj, are the simple roots of the characteristic equ-
ation

sS"+ars" M+ tap1s+a, =0 . 3)

In order to obtain an explicit form for Ay, we need higher
derivatives of x(t):

The formulae @) and (@) represent a system of n linear
equations with respect to unknown terms Aze®+¢. Its ma-

trix of coefficients is the Vandermonde matrix

1 1 1
51 52 Sn
. (5)
n—1 n—1 n—1
51 So Sn

According to the assumption that s; # s; for ¢ # j,
the matrix (3) has an inverse and the system (2) and
@) can be solved. We denote by V' the Vandermonde
determinant of the matrix 3) and by Vj the Vander-
monde determinant of order (n — 1) of the variables
81544+ 38Sk—1ySk+1y--+3Sn-

We also denote by <I>$-k) the fundamental symmetric
function of the r-th order of (n — 1) variables s1,... ,

Sk—1,Sk+1y---sSpforr=0,1,...,n—1:
(k) _
<I>0k =1,
O = 5152+ sko1 Ske1 o+ s
= —a1 — Sk,

k
) = 5150+ 5183+ - + S15%_1 + S15k11
<o+ 8283+ -+ S2Skp_1 + S28k41

ce 828, + ..
= Q2 — 515k — S25k — = SnSk;
n
k a
o) = ] si= (="
i=1,ik k

(6)
It can be shown that the elements of the matrix inverse to
the matrix (3 have the form

(_1)i+k

Qi = 0 V. )
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The solution of the system (2)) and (@) is as follows: where
1 1
n ) V= = 83 — S2,
Ape®tt =) a0 (1) Pols s ’ e
j=1 ) 1 1 1
n (_1)k+j (k) — V=|s sy s3|= (82 — 81)(83 — 82)(83 — 81),
=2 e Ve S

<.
Il
—_

or

. 1RV & B (i
Age™! = % S (=1l 2D (1),

j=1

E=1,2,....n . (9)

For t = 0, we know 20U~ (0) = ¢;, and the substitution
t = 0 into @) gives

k
Vk J<I>(k) (10)

M:

A

Fl

Using the relation (&), we can formulate the follo-
wing theorem.

Theorem 1. The explicit form of the coefficient Ay is as

follows:
— (Z Sj)Cn—l + ( Z Sjsi)cn—Z
A — j=1 i,j#i#1
! (sn —81)(Sn—1—81)...(s2 — 51)
( Z SiSjSk)Cn_g + ...
B ikl (11)
(8 — $1)(Sp—1—81) ... (52 — $1)
1)n—1 Hsicl
n i#1

($n —51)(Sn—1—81) ... (52 — 51)

Then the coefficients Az, As, ..., A, can be obtained by
the sequential change of the indices of s; according to the
scheme

§1 —8 ——83 ——~ ... —> Sp—_1 ——> Sp — S1.

Example 1. The solution of the 3-rd order equation is as
follows:

z(t) = Ares't + Aje™t 4 Aze®

The coefficient

3
—% (D)
v > (~1 s e,

Jj=1

(I)(()l) =1, (I)gl) = So + S3, (I)gl) = $283,

(=1)(s3 — 52)

A =
! (52 - 51)(53 - 52)(53 - 81)
Jenefe + oV, - of o)
B (-1) [—828361 + (s2 + s3)ca — 63}
(52 = 51)(s3 — s1)
3 — (524 83)ca + s283C1
(s2 —s1)(s3 — s1)
c3 — (s34 s1)c2 + 535101
Ay =
(53 —s2)(s1 — 52)
c3 — (81 + s2)ca + s182¢1
Az =
(51— 83)(s2 — s3)

After the substitution of (I0) into (9)), we obtain

k n
skt Vk Z J(I)(k) i 1)(0)
j=1

k n
Vk S (=1 e® 261 )
j=1

and, finally, for k = 1,2, ..., n, we have

i\ i (k - k) -
et 3 (=100 o = 37 (-1 e® 20D ).
=1 i=1

(12)
Premultiplying both sides of (I2) and using Viete’s rela-
tions between the roots s; and the coefficient a; of the
characteristic equation,

D sk =—a, (13)

k=1
we obtain the main result formulated as Theorem[2}

Theorem 2. (Gérecki and Turowicz, 1968) The relation

between cofficients a;, i = 1,2,...,n, the initial values
¢, j=1,2,...,n and solutions xU)(t) is as follows:
o T3l
k=1j=1

—HZ 7ol «U-V(). (14)

k=1 j=1
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Both the sides of Eqn. (2) are composed of symmetric po-
lynomials of variables s1, . . ., S,. Accordingly, it is possi-
ble to express these terms as polynomials of the coefficiets
ai, ..., an. Using Vieta’s relations, it is possible to repla-
ce the roots sy by the coefficients a; and to avoid calcula-
ting the roots by solving algebraic equations.

Example 2. For n = 3, we have
e_‘“t{a 3 + 2azazcac? + (araz + a3) c3e
+(araz — az) ¢ + (a1az + 3a3) cicacs + ajascics
+asc1cd + (a? + az) cies + 2aicac3 + cg}
ﬁ[(ﬂ +2aza300) (1) [2(1)]* + (aras + a3)
OO (1) + (maz - as) [+ O (1))
+ (alag + 3a3) z(t)z™ ()23 (t)
+ araz[z(t )} @) (t) + aga(t )[x@)(tﬂ
+ (a3 + a2) [z O ()] "2 () + 2012 (1)
. [ @) (¢ )} [x(2 (t)]

2

(15)
where
a; = —(s1+ sz + s3),
az = S152 + S153 + S283,
a3 = —S815283.
Example 3. For n = 4, similarly
et [aic‘f + 3azaicicy + 2aza3cics + ajaicicy
+(3a§a2a4)a4c%c§ + (4&2&3 + 3&1&4)&46%0263
+2(aras + 2a4)asc3eacy
—|—(a§ +ajas + 2a4)a4c%c§
+(araz + 3ag)ascicses + azascics
+(a3 + 2aza3a4 — a1a3)c1c3 + 2(aza? + a3ay
+2ajazaq — 2a3)cicies
+(ara3 + arazaq + Sazas)cicies
+(a3as + ara? + bajasay — azag)cicac’
+(arazas + 3a3ay + 3a3 + 4azay)cicacscy
+(a2a3 + 3&1&4)616263

aiasas + a1a4 — a3 + 2a2a4)clc§

t %

(afas + azas + Hajas)cic3eq
—|—2(a1a3 + 2a4)clcgc4 + 030162

( 4
(

_l_

aza? — ajazays + a3)cs

+(2a3a3 + a1a3 — ajasay — azag)cics
_ —_92 3

+(arazasz — atay + a3 a204)C5C4

+az(a3 + 3araz — 3as)cic3

@amcs

+
+

+(2a1a3 + alaz — azasz — ajaq)cacy

aja3 + a2az + Sasaz — ajay)cacscy

a3 + ayaz + 2a4)cicl

(
(
+2(a2as + a3 + 2a1a3 — 2a4)cacicy

+(4ayas + 3az)caczel + 2azcach

(a%ag —ajas + a4)c§ + (ai’ + 2a1a0 — ag)c§C4

+(3a% + ag)cgci + 3ajcscs + cﬂ

= alz(t)* + 3azaZx(t)> M (1)

+2aza32(t)2 2P (t) + aradz(t)z®) (1)
+(3a3 + azas) asz(t)? [z ()] ?

+(4azas + 3ara4) asx(t )23:(1)( )z ()
+2(a1a3 + 2a4) agz(t)?z® ()23 (t)

+(a3 + a1as + 2a4) agz(t)? [x(z)(t)]Q
+(araz + 3as) asz(t)?2@ (H)z®) (t)
+asagz(t)? [+ (1))

+ (a8 + 2azaza4 — aya})x(t) [a:(l)(t)]3
—|—2(a2a§ +a3ay + 2a1a3a4 — 2ai)x(t)

(=W ()] 2x(2)(t) + (@103 + araza4 + Sagay)
() [+ (0)] "2 (1)

—l—(a%ag +a163 + 5ajasay — a3a4)x(t)x(1)(t)
[z (1))

+((L1a2a3 + 3a%a4 + 3a§ + 4a2a4)

()2 ()2 () (1)
2

]
)2 ®)]°
)

a2a3+3a1a4) (t)z™ [x(3 (t)
(t

alas + azas + Haraq)z(t) [z (t)] x(3)( t)

+2(araz + 2aq)x(t)x® () [z (1))

Faza(t) 2 (1))’

—l—(aga% —a1a3a4 + ai) [x(l)(t)}4

(¢
+
+((L1a2a3 + a1a4 — a3 + 2a2a4)
+(ad

2

(6)] = (2)
—l—(alagag —ataq + d + 2a2a4) [ ) t)]gx@)
+as(a3 + 3aras — 3aq) [z V(¢ ] [z (t)]

+ -+ (a1a3 + alas + Sazasz — araq) [z
.x(2)( )3 (t)

+(a2 + aras + 2a4) [2V ()] [23) ()]
+(2a1a3 + afas — azas — a1a4)x(1)(t) [x@) ()] °
2(afas + a3 + 2a1a3 — 2a4)x(1)(t) [x(Q) ®)] 2ac(3)(t)

(2a§a3 + a1a§ — a1a904 — a3a4) [

(@)’

2
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+(4ayay + 3ag) 2™ (1)2@ () [2®) (£)]°
+2agco [x(3) ()] ’

+(a2as — aras + aq) [P (t)]4

+(a? + 20105 — a3) [z (1) °2®) (1)
+(303 + a2) [+ (1)) * [+ (1))
+3a12@ (£) [z ()] + [2® (1)] .

(16)

2. Analytical method of determining zeroes
and extremal values of the solution (%)
described by the relation (2)

2.1. Basic results. The general relation analogous to
the formulae (T3) or (I6) for the equation of the n-th or-
der is very complicated. For that reason, we illustrate the
method on examples of equations of the 3-rd and 4-th or-
ders. We assume that at the extremal point ¢, or at the zero
to of the solution (@), the second derivative dz / de? # 0.
We can write the relation (I3) in the following form:

(] g ) (]

L a2 e -
—|—[(a1a3—|—a2)(ﬁ) + (a1a2—|—3a3)ﬁ +a2}
T T
PACDRNE! ) M\ 2
+ [(a1a2 - a3)(ﬁ) + (af + az)(ﬁ)
21
+ 21 1}}
_ a3 2 ) 6_1)2
e 3{ ( ) + (2a2a303 + ajas (03
1 c
+ [(a1a3 + ag)( 2) + (a1a2 + 3613) 24 az} !
c3 C3
Co C2 2
—|—{(a1a2—a3)( ) +(a1+a2)(c )

C3 3
—|—2alc—2 + ].:| } .
C3

a7
Settin
: =2y (18)
@ ey
€]
e e
2@ o v, (19)

we can write the relations (I7) in the following form:

{[0®]" - emmtet}
{ [a§u3 + (2a2a3v + alag)u2
+ [(alag + a%)v + ag}u

+ [(a1a2 — az)v® + (a} + az)v? + 2a1v + 1}} = 0.
(20)

2(2)

If we assume that co = 0, then from (I9) we ha-
ve 2 (t.) = 0 and v = 0. It is a necessary condition
for extremum. In this case the equation (Z0) has a simple

form:
- e*““&ecg} [a§u3 + arasu® + asu + 1] =0.

{ey
(21)

If we assume ¢; = 0, then from (I8) we obtain that
x(tp) = 0 and v = 0. It is a necessary condition for z(t)
to be zero. In this case, Eqn. (Z0) has the following form:

{ [x(Q)] 3_ e~ atto Cg}
- [araz — az)v® + (a + a2)v® + 2010+ 1] = 0. (22)

It is possible to find the relations between the roots
of the equation

a§u3 + a1a3u2 +asu+1=0, (23)
and the roots s1, s2 and s3 of the characteristic equation
s +a132+a23+a3 =0. (24)
Setting
w= 3ya§ (25)

in Eqn. (23)), we obtain the following:

\/—

s= Jas z 27)
in Eqn. (24), we obtain that

y+

y+1=0. (26)

Similarly, setting

a a
1 ZQ + 2
Yag S/ a3

Equations (28) and (28) are identical. As a result, we
have that

23+

z4+1=0. (28)

y=2z or 3a§u:\;@. (29)
Finally, from (29), we conclude that
u= -, (30)
as

Returning to (T9), we find that, if (") = ¢, = 0, at
the extremum point . the following relations hold:

x(te) c1 Si .
=—=— =1,2,3. 31
1'(2)(te) c3 Clg’ ? PR ( )

Taking into account in (3I)) that a3 =

—S515283, we finally

obtain that
x(te) _a 1 or
@ (t.) 3 5983
x(te) c1 1
a4 32
@ (t.) 3 351 32)
x(te) o 1
@ (t,) 3  s189
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Theorem 3. From the relations (32) it is possible to de-

termine extrema (if they exist) using the relations
s9s3x(te) + 3 (t,) = 0,
s3s1x(te) + 3 (t,) = 0, (33)
s150x(te) + 3 (t,) = 0,

under the constraints that c1 and cs fullfil the same rela-

tions.
Following a similar procedure with the equation

(a1as — (L3)U3 + (a% + ag)v2 +2av+1=0, (34

we can find that in the article by Goérecki and Szymkat
(1983) it is proved that the roots of the equation

83 + 8a17? 4 2(ap + a%)r +ajay —a3 =0 (33)

are as follows:

S1 + S2

™ = 2 ) ro =

So + 83

S3 + 81
2 '

2

rg =
Setting 2 = p in (33)), we obtain the equation
P+ 2a1p* + (a? + a2)p + a1az — a3 = 0. (36)

whose roots are p; = s1+ So, p2 = So+ S3, p3 = S3+ 1.

Let 1
p=-. 37
q

Then Eqn. (36) has the following form:
(ar1a2 — a3)q3 + (a% + ag)q2 +2a19+1=0, (38)

and its roots are
1 1 1
= s = s = . 39
q1 P q2 P q3 53 51 (39)

Finally, from (I9) and (@9), we obtain that

sWto) e 1
@ (tg) ez s+ 8o
(1)
(o) ez 1 7 (40)
2(2) (to) c3 So + S3
M (o) _ee 1
{E(2)(t0) n c3 a S3 + 81.

Theorem 4. From the relation (0), it is possible to deter-

mine the zeros of x(lo) (if they exist) using the relations
x(l)(to)(sl + 52) —z®@ (to)
.13(1)(750)(52 + 53) —z®@ (to)
.13(1)(750)(53 + 51) —z®@ (to) =0,

= ()7
=0, @1

under the constraints that co and cs fullfil the same rela-
tions.

A generalization of these result relations (33) and
(@I to higher order equations may be obtained directly,
due to the following remark.

Remark 1. The relations (33) and @) may be obtained
directly from the following propositions.

Let the coefficients A; of the solution z () fullfil the
relations

A1:0 A27é0a A37£Oa
Ay =0 AL #0, Ay 0, (42)
As3=0 A; #0, Ay #0.

In this way, we obtain equations which contain only
two exponential terms, and such equations can be solved
in analytical form.

The relations ([@2) are more general than (33) and
(1)) because they are also valid when cg # 0 or ¢; # 0.
Moreover, they also hold for higher order equations. For
such equations, to obtain only two exponential terms, it is
necessary to assume more than one coefficient A; equal to
Zero.

3. Basic result

Theorem 5. The equation

a(t) =Y Ageit (43)

=1

or n
M (1) = sidiet (44)

=1

can be decomposed into a system of equations containing
a set of equations composed of only two terms. The set

contains )
n
( n—2 ) —§n(n—1)

equations with two exponential terms.

Example 4. For n = 3, we have the following equations:

z(t) = A1e®! + Age™ + Aze®’, (45)
x(l)(t) = A1515" 4+ Agsoe®?t + Agsze®t,  (46)
where

A =B (s2 + 83)C2 + 8283617 @7

(51— s2)(51 — 53)
Ay — cs — (83 +s1)c2 + 8351617 48)

(52 — 83)(s2 — 51)
I (s1+ s2)c2 + s182€1 49)

—~

(83 — 51)(s3 — 52)
Looking for an extremum, we use Eqn. @8}, where
the necessary condition is (1) () = 0. Assuming that

sM(t)y=0, A =0, (50)

@amcs
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after eliminating the initial condition c; from (30}, we ob-
tain that

_ C3 — 5202
els2—s3)te — , (51)

C3 — S3C2

where

_ C3 — S3C2
elsams)te — 2 "9 2 (52)

C3 — S1C2

_ C3 — S1C2
elr=slte = 2 0 2 (53)

C3 — S2C2

cl = — (82 + 83)62 —c3|.
5283

Similarly, asumming A, = 0, we obtain, after elimi-
nating co, that

C3 — S%Cl S3

elozsalte = 37 721 23 (54)
C3 — §3C1 S2
2
_ C3 — S3C1 S1
elpsms)te = 3 7371 71 (55)
C3 — §7C1 S3
2
_ C3 — §1C1 S2
elrmsolte = 2 12 22 (56)

c3 — s3c1 s1
Finally, asumming A3 = 0, after eliminating c3, we

obtain
pls2—sa)te _ C2 7 52€1 53

) (57)
Co — S3C1 82

_ C2 — 83C1 S1
elsamsnlte = 2232 20 (58)
C2 — 5101 53

ca — S1€1 S

= 1z (59)
Co — S9C1 S1

Similarly, the equation

6(81*52)% _

x(t) — Alesuﬁ + A2682t + A3683t + A4€S4t =0
can be decomposed into the following set of equations:
Arestt + Ases?t =0, where A3 =0 and Ay =0,
Ajestt + Aze®3t =0, where A, =0 and Ay =0,
Arestt + Agestt =0, where Ao =0 and Az =0,
Ase®?t + Age®3t =0, where A; =0 and Ay =0,
Ase®?t + Ayestt =0, where A; =0 and As =0,
Agze®3t + Ayestt =0, where Ay =0 and A, = 0.

4 3-4
(2) =5 =6

equations with only two exponential terms.

It is a set of

Remark 2. It is evident that looking for z(¢¢) = 0 instead
of (M (t.) = 0, we must multiply the relations (ZI)—(39)
a propriately by s;/s;. For example,

lsimsto _ 87852 Bi.
C3 — SiC2 S5

and so on.

Remark 3. If Eqn. (@) has repeated roots, then the rela-
tions (@) and (TT) must be transformed by properly passing
to the limit.

In the particular case, when s; = s9 = --- =3, = s,
we obtain

n
z(t) = e Z Apth=t,
k=1

5 2O
x S
Ak: W, k:1,2,...,n.

i ]
prd !
The necessary condition for the existence of the local
extremum of the solution @) is ") (t) = 0, and the pro-

blem is reduced to an algebraic one,

n

D> Ag[stdD 4 (k- 1)t 2] =0,
k=1

4. Conclusion

It was shown that every differential equation of the n-th
order can be decomposed into a set of %n(n —1) equations
of the 2-nd order, which can be solved in analytical form.
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