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SINGULAR FRACTIONAL LINEAR SYSTEMS AND ELECTRICAL CIRCUITS
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A new class of singular fractional linear systems and electrical circuits is introduced. Using the Caputo definition of the
fractional derivative, the Weierstrass regular pencil decomposition and the Laplace transformation, the solution to the state
equation of singular fractional linear systems is derived. It is shown that every electrical circuit is a singular fractional
system if it contains at least one mesh consisting of branches only with an ideal supercapacitor and voltage sources or at

least one node with branches with supercoils.
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1. Introduction

Singular (descriptor) linear systems were addressed in ma-
ny papers and books (Dodig and Stosic, 2009; Dai, 1989;
Fahmy and O’Reill, 1989; Kaczorek, 1992; 2004; 2007a;
2007b; Kucera and Zagalak, 1988; Van Dooren, 1979).
The eigenvalues and invariants assignment by state and
output feedbacks were investigated by Dodig and Stosic
(2009), Dai (1989), Fahmy and O’Reill (1989), or Kaczo-
rek (1992; 2004), and the realization problem for singular
positive continuous-time systems with delays by Kaczo-
rek (2007b). The computation of Kronecker’s canonical
form of a singular pencil was analyzed by Van Dooren
(1979).

Fractional positive continuous-time linear systems
were addressed by Kaczorek (2008) along with positive
linear systems with different fractional orders (Kaczorek,
2010). An analysis of fractional linear electrical circu-
its was presented in another work of Kaczorek (2011)
and some selected problems in theory of fractional line-
ar systems in a monograph by the same author (Kaczorek,
2009).

In this paper a new class of singular fractional linear
systems and electrical circuits will be introduced and their
solution of state equations will be derived. The paper is
organized as follows. In Section 2 the Caputo definition
of the fractional derivative and the solution to the state
equation of the fractional linear system are recalled. The
solution of the state equation of a singular fractional linear
system is derived in Section 3 using the Weirstrass pencil

decomposition and the Laplace transform. Singular frac-
tional linear electrical circuits are introduced in Section 4.
Concluding remarks are given in Section 5.

To the best of the author’s knowledge, singular frac-
tional linear systems and electrical circuits have not been
considered yet.

The following notation will be used in the paper. The
set of m x m real matrices will be denoted by R"*"™ and
R™ := R™*!. The set of m x n real matrices with nonne-
gative entries will be denoted by R’ " and R"} := R}*".
The set of nonnegative integers will be denoted by Z_; and
the n x n identity matrix by I,,.

2. Preliminaries

The following Caputo definition of the fractional derivati-
ve will be used (Podlubny, 1999; Kaczorek, 2009):

@1 g
aw! (“‘rm—a)/o (e T )
n—l<a<neN={1,2,...},

where « € R is the order of the fractional derivative,

f) =TI,

drm
and

I‘(a:)z/ et dt
0

is the gamma function.


kaczorek@isep.pw.edu.pl

amcs@

T. Kaczorek

Consider the continuous-time fractional linear sys-
tem described by the state equation
da
—z
dte
where z(t) € R™ and u(t) € R™ are the state and input
vectors, respectively, and A € R"*" B € R"*™,

(t) = Az(t) + Bu(t), 0<a<l, (2)

Theorem 1. The solution of Eqn. ) is given by

z(t) = ®o(t)zo —1—/0 O(t — 7)Bu(t)dr, xz(0) = xo,

(3)
where
o0 Aktka
o (t) = kz:% Tlha+ 1)’ 4
0 gkp(k+1)a—1
<I>(t) = Z W 5)

k=0
The proof was given by Kaczorek (2008; 2009).

Remark 1. From @) and (3) for a = 1 we have

Do(t) = d(t) =S —L
k=

(=)

3. Singular fractional linear systems

Consider a singular fractional linear system described by
the state equations
d()é

E@x(t) = Az (t) + Bu(t), (62)

y(t) = Cz(t) + Du(t), (6b)

where z(t) € R, u(t) € R™, y(t) € RP are respectively
the state, input and output vectors, and F, A € R™*",
B e R"™™m C e RP*" D e RPX™,

The initial condition for (6a) is given by

z(0) = xo. (6¢)

It is assumed that the pencil of the pair (E, A) is regular,
i.e.,

det[Es — A] # 0, (7)

for some s € C (the field of complex numbers). It is well
known (Gantmacher, 1960; Kaczorek, 2007a, p. 92) that,
if the pencil is regular, then there exists a pair of nonsin-
gular matrices P, Q € R™*"™ such that

L, 0 A0
0 N}S_{o Ing}’ ®)

where n; is equal to the degree of the polynomial
det[Es — A], Ay € Rm>*™ N € R™*"2 jg a nilpotent

PlEs — AJQ = {

matrix with the index y (i.e., N* = 0 and N*~! # 0) and
ny + ng = n.

Applying the Laplace transform (£) to Eqn. (6a)
with zero initial conditions xy = 0, we obtain

[Es® — A]X (s) = BU(s), )

where

X(s) = L[z(t)] = /0 T atetat

and U(s) = L[u(t)]. By the assumption (7)), the pencil
[Es® — A] is regular and we may apply the decomposition
() to Eqn. (6a).

Premultiplying (6a) by the matrix P € R"*™ and
introducing the new state vector

=Ly | Z1(t)
s =0 a0 =| 20| ao
where x1 () € R™ and z5(t) € R™2, we obtain
dO{
@ﬂfl(t) = Ar21(t) + Buu(t), (11a)
da
N@@(ﬂ = x2(t) + Bau(t), (11b)
where
_ By nixXm naXm
PB=| p' |, BieR"™ B e R ™. (llc)
2

Using (@) we obtain the solution to Eqn. (11a) in the
form

t
€1 (t) = (I)lo(t)l'lo + / (I)u(t — T)Blu(t) dr, (12a)
0

where
et Aktka
Dip(t) = ) =, (12b)
kZ:OP(ka—i—l)
0 pkplk+1)a—1
Di4(t) = et 12
11 (%) 2 Tk + Da] (12¢)

and x1p € R™ is the initial condition for (11a) defined by

{ 10 } =Q 'z, x0=2(0). (12d)
20

To find the solution of Eqn. (11b), we apply the La-
place transform and obtain

Ns“Xo(s) — Ns® gy = Xo(s) + BoU(s)  (13a)

since (Dai, 1989; Kaczorek, 2008), for 0 < a < 1,

L [%xg(t)} = 5" Xs(s) — s L, (13b)
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where X2 (s) = L[z2(t)]. From (13) we have
Xo(s) = [Ns® — I,,] " H(BaU(5) + N5 tagg). (14)

It is easy to check that
p—1
[Ns® = I,] 7' = =) N's* (15)
i=0

since
p—1
[Nf—Ld<—§:N%m>=Lm (16)
i=0
and N®* =0fori=p,pu+1,....
Substitution of (I3) into (I4) yields

Nz
Xy(s) = —ByU(s) — Slfjf
p—1
_ Z {NiBQSiaU(S) +Ni+1s(i+1)a—1x20} .
i=1

A7)

Applying the inverse Laplace transform (£~!) to
(I7) and then the convolution theorem we obtain, for
1—a>0,

za(t) = L™ [Xa(s)]

t—o
= —Bou(t) — Nagg——
2u(t) = Neaopr—y
pn—1 . . _
) die . dUtDa-1
) 1+1
=1
(18)
since
1 t
1 o
. |:504+1:| - T(1+a)
foraa+1> 0.

Therefore, the following theorem has been proved.

Theorem 2. The solution to Eqn. (6a) with the initial con-
dition (6¢) has the form

dﬂ=@[2%}, (19)

where x1(t) and x5 (t) are given by (12) and (I8), respec-
tively.

Knowing the solution (I9), we can find the output
y(t) of the system using the formula

y(t) = CQ [ 28 ] + Du(t). 20)

4. Singular fractional electrical circuits

Let the current i (t) in the supercapacitor with the ca-
pacity C be the a-th order derivative of its charge ¢(t)
(Kaczorek, 2011),

, d%q(t)
t) = . 21
ic(t) = —3a 21
Taking into account that ¢(t) = Cuc(t), we obtain
. d%uc(t
io(t) = et (22)

where u¢ () is the capacitor voltage.

Similarly, let the voltage uy (¢) of the supercoil (in-
ductor) with the inductance L be the (3-th order derivative
of its magnetic flux (),

dPw(t)
ur(t) = ST (23)
Taking into account that ¢)(t) = Liy,(t) we obtain
dﬁiL(t)

where i1,(t) is the current of the supercoil.

Example 1. Consider the electrical circuit shown in Fig. 1
with given resistance R, capacitances C, Cy, C's and so-
urce voltages e; and e,.

B
L 1, e

¢

e, €,

Fig. 1. Electrical circuit of Example 1.

Using Kirchhoff’s laws, for the electrical circuit we
can write the equations

de
€1 = RC1TZ1 + Uy +U3,
d®uq c d%us c d%us (25)

_ — 0
qte 2 g 2 qte ’
€9 = U + Uus.

Ch

They (23) can be rewritten in the form

RCy O 0
& Cy —Cs - U2
0 0o o || 4
-1 0 -1 Ul 1
= 0 0 0 Uo + 0
0o -1 -1 Uus 0

de Uy

aamcs
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In this case we have Equations (29) can be written in the form
[ RC; 0 0
E = C4 Cy —Cs , Ly 0 L3 45 ?1
0 0 0 0 L2 L?, @ 12
- 0 0 0 i3
-1 0 -1 )
A= 0 0 0 |, (27) Ry 0 —Rs i
0 -1 -1 = 0 _R2 —R3 12 (30)
- 1 1 -1 i3
1 0 0
B=1]0 0 1
0 1 + 10 1 [ zl } .
L 0 0 2
Not.e that the matrix E is singular (det E = 0) but In this case we have
the pencil )
Ly 0 Lg
det[Esa - A] E= 0 LQ L3 5
RCis“+1 0 1 L0 0 0
= Clsa CQSa —CgSa (28) i —R1 0 —R3
0 1 1 A= 0 —Ry —Rs |, 31
= (RCy5® +1)(Cs + C3)s® + Cy 5 e
(1 0
is regular. Therefore, the electrical circuit is a singular B=1o0 1
fractional linear system. ¢ 0 0

Remark 2. If the electrical circuit contains at least one
mesh consisting of branches with only ideal supercapa-
citors and voltage sources, then its matrix F is singular
since the row corresponding to this mesh is a zero row.
This follows from the fact that the equation written with
the use of Kirchhoff’s voltage law is an algebraic one.

Example 2. Consider the electrical circuit shown in Fig. 2
with given resistances R, Ro, R3, inductances L1, Lo, L3
and source voltages e; and es.

R,
MW\
L
3 L2
Rs P

2
Fig. 2. Electrical circuit of Example 2.

Using Kirchhoff’s laws we can write, the equations

d%, d%ig

= Riiy + L1——= + R3izs + Lg——

€1 121+ Ly a8 + [i313 + L3 a8
: d%iy . %y (29)

ez = Raiz + LQW’ +R3iz + LSW

11+ 19 —i3 = 0.

Note that the matrix E is singular but the pencil
det[Es” — A]

L155—|—R1 0 L355—|—R3
= 0 Lys? + Ry L3s® + Ry
-1 -1 1

[Ll(LQ —|— Lg) —|— L2L3]825

+[(L2 + L3)Ry + (L1 + L3)Ro + (L1 + Lo)R3)s”
+ Ri(R2 + R3) + RaR3
(32)

is regular. Therefore, the electrical circuit is a singular
fractional linear system. ¢

Remark 3. If the electrical circuit contains at least one
node with branches with supercoils, then its matrix E is
singular since it has at least one zero row. This follows
from the fact that the equation written using Kirchhoff’s
current law for this node is an algebraic one.

In the general case we have the following theorem.

Theorem 3. Every electrical circuit is a singular fractio-
nal system if it contains at least one mesh consisting of
branches with only ideal supercapacitors and voltage so-
urces or at least one node with branches with supercoils.

Proof. By Remark 1 the matrix E of the system is sin-
gular if the electrical circuit contains at least one mesh
consisting of branches with only ideal supercapacitors and
voltage sources. Similarly, by Remark 2 the matrix E is
singular if the electrical circuit contains at least one node
with branches with supercoils. [ ]
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Using the solution (I9) of Eqn. (6a) we may find the
voltages on the supercapacitors and currents in the super-
coils in transient states of singular fractional linear electri-
cal circuits. Knowing the voltages and currents and using
(20), we may also find any currents and voltages in singu-
lar fractional linear electrical circuits.

Example 3. (Continuation of Example 1) Using one of the
well-known methods (Van Dooren, 1979; Dai, 1989; Ka-
czorek, 2007a) for the pencil (28), we can find the matri-
ces

~ L N -
RCy RC1(C2+C3)
_ 1 1 Co
P = R(C2+C5) Ca+Cs  R(C2+C3)2 ,
0 0 -1
- (33)
1 0 0
C
Q = 0 1 C2+303 ’
C
L 0 -1 C2+203
which transform it to the canonical form (8) with
1 1
RC: RC:
Al = ,
1 1
R(C2+C5) R(C2+C5)
N=1[0], ni1=2 np=1 (34)

Using the matrix B given by @27), (B3) and (11¢) we ob-
tain

By |
[ o } s
1 G
RC RC1(C2+C:
1 1(C2+C3) (35)
_ _ 1 Co
- R(CQ-‘ng) R(CQ+C3)
0 -1

From (12) we have

t
xl(t) = (I>10(t)x10 + / @11(t — T)Blu(t) dr (36)
0

for any given initial condition z19 € R™ and input u(t),
where

e A tka
ot Z::o T(ka+1)

oo A]ft(k+1)a_1

q)ll(t)zkzom, 0<a<l.

In this case, using (I8) we obtain
€To (t) = —Bgu(t) (37)

since N = [0].

In much the same way we may find currents in the su-
percoils of the singular fractional electrical circuit shown
in Fig. 2.

5. Concluding remarks

Singular fractional linear systems and electrical circuits
have been introduced. Using the Caputo definition of the
fractional derivative, the Weierstrass regular pencil de-
composition and the Laplace transform, the solution to the
state equation of singular fractional linear system was de-
rived (Theorem 2). Singular fractional linear electrical cir-
cuits were analyzed. It was shown that every electrical cir-
cuit is a singular fractional system if it contains at least one
mesh consisting of branches with only ideal supercapaci-
tors and voltage sources or at least one node with branches
with supercoils (Theorem 3). The discussion was illustra-
ted by singular linear electrical circuits. It can be extended
to singular fractional linear systems with singular pencils.

An open problem is extension of the results to posi-
tive singular fractional linear systems and singular positi-
ve linear systems with different fractional orders. Linear
systems with different fractional orders are described by
(Kaczorek, 2010)

dal‘l

dte B A1 Aqa T By

oo | L a2 ][R ]

At

p—l<a<p q-1<B<q pqgeN,
(38)

where 1 € R"!, x5 € R"? are the state vectors and A;; €
Rm*7i B, € R™*™ 4 4 =12, and u € R™ is the
input vector. The initial conditions for (38)) have the form
T (O) = T10 and 1‘2(0) = T20.-
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