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A MODIFIED STATE VARIABLE DIAGRAM METHOD FOR DETERMINATION
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A new modified state variable diagram method is proposed for determination of positive realizations of linear continuous-
time systems with delays in state and input vectors. Using the method, it is possible to find a positive realization with
reduced numbers of delays for a given transfer matrix. Sufficient conditions for the existence of positive realizations of
given proper transfer matrices are established. The proposed method is demonstrated on numerical examples.
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1. Introduction

Determination of the state space equations for a given
transfer matrix is a classical problem, called the realiza-
tion problem, which has been addressed in many papers
and books (Farina and Rinaldi, 2000; Benvenuti and Fa-
rina, 2004; Kaczorek, 1992; 2008; 2011d; 2012a; 2012b;
Shaker and Dixon, 1977). It is well known (Farina and
Rinaldi, 2000; Kaczorek, 2002; 1992) that to find a reali-
zation for a given transfer function first we have to find
a state matrix for given denominator of the transfer func-
tion.

Some overviews on the positive realization problem
are given by Farina and Rinaldi (2000), Kaczorek (2002),
as well as Benvenuti and Farina (2004). The realiza-
tion problem for positive continuous-time and discrete-
time linear systems was considered by Kaczorek (2006a;
2006b; 2011a; 2011b; 2006¢; 2004; 2011c) along with
the positive realization problem for discrete-time sys-
tems with delays (Kaczorek, 2006; 2004; 2005). Fractio-
nal positive linear systems were addressed by Kaczorek
(2008c¢; 2009a; 2011d), together with the realization pro-
blem for fractional linear systems (Kaczorek, 2008a) and
for positive 2D hybrid systems (Kaczorek, 2008b). A me-
thod based on a similarity transformation of the standard
realization to the discrete positive one was proposed by
Kaczorek (2011c). Conditions for the existence of a po-
sitive stable realization with a system Metzler matrix for
transfer function were established by Kaczorek (2011a),

who also formulated and solved the problem of determi-
nation of the set of Metzler matrices for given stable po-
lynomials (Kaczorek, 2012a).

In this paper a new modified state variable diagram
method for determination of positive realizations with a
reduced number of delays for given proper transfer matri-
ces will be proposed and sufficient conditions for the exi-
stence of positive realizations will be established. The pro-
posed method allows us to find a positive realization with
the number of delays less than the one that follows from
the degree of the denominator of a given transfer function.

The paper is organized as follows. In Section 2 some
preliminaries concerning positive continuous-time linear
systems with delays are recalled and the problem formula-
tion is given. Basic lemmas of the proposed method are gi-
ven in Section 3. The new modified state variable diagram
method is proposed in Section 4. Concluding remarks are
given in Section 5.

The following notation will be used: R is the set of
real numbers, R"*™ is the set of n x m real matrices,
R’ ™™ is the set of n x m matrices with nonnegative en-
tries and R?} = Rﬁ“, M, is the set of n x n Metzler
matrices (real matrices with nonnegative off-diagonal en-
tries), I,, is the n x n identity matrix, AT is the transpose
of a matrix A, R"*™ (s, w) is the set of n X m rational
matrices in s and w, R™*™[s, w] is the set of n x m poly-
nomial matrices in s and w.
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2. Preliminaries and problem formulation where
Consider the continuous-time linear system with A delays
. o H(s,w)
in state and ¢ delays in inputs,
=I5 — Ag — Ayw — -+ — Apw"] € RP*™[s, w],
(6)

h q
B(t) =Y Aw(t —id)+ Y Bju(t—jd),  (la)
=0

§=0
y(t) = Cz(t) + Du(t), (1b)

where z(t) € R", u(t) € R™, y(t) € RP are the state,
input and output vectors, respectively, and A, € R"*",

i=0,1,...,h, B e R"™™, j=0,1,...,q, C € RP*",
D € RP*™_ d > 0 being a delay.
Initial conditions for (1) are given by
zo(t) for t¢e[—hd,0],
uo(t) for t € [—qd,0]. 2)

Definition 1. The system (1) is called (internally) positive
for every zo(t) € R}, t € [~hd, 0] if up(t) € R}, t €
[—qd, 0] and all inputs u(t) € R, ¢ > 0 we have x(t) €
R’ and y(t) € RE fort > 0.

Theorem 1. (Kaczorek, 2005) The system (1) is positive if
and only if

Ag € My, A; € R,
BjERﬁxm, 7=0,1,...,q,
CeRY™, DeRE™. 3)
The transfer matrix of the system (1) is given by
T(s,w) = C[I,s — Ag — Ayw — - -- — Apw"]™?

[Bo + Biyw + - - + Bywl] + D, “4)
ds

i=1,2,...,h,

w=e

Definition 2. The matrices (3) are called a positive reali-
zation of a given transfer matrix 7'(s, w) € RP*™(s, w)
if they satisfy ().

The positive realization problem under consideration
can be stated as follows: Given a proper transfer matrix
T(s,w) € RP*™ (s, w), find a positive realization with
reduced numbers of delays (3) of T'(s, w).

In this paper sufficient conditions for the problem so-
Ivability will be established and a new method for deter-
mination of a positive realization with a reduced number
of delays will be proposed.

3. Problem solution

The transfer matrix (@) can be written in the following
form:

T(s,w)

_ C(Haa(s,w))[Bo + Biw + - - - + Bqw?] +D

N det H(s,w) (%)
N(s,w)

N(s,w) = C(Hqq(s,w))[Bo + Biw + - - - + Byw?],
d(s,w) = det H(s,w). @)

From (3) we have

D = lim T(s,w) (8)

§—00

since lim H~!(s,w) = 0. The strictly proper transfer
§—00

matrix is given by
N(s,w)

Tsp(s,w) =T (s,w) — D = Asw)

©)

Therefore, the positive realization problem is reduced to
finding the matrices

A() c Mn, Ai c Rixn,
X
Bj S Ri m

i=1,2,...,h,

j=0,1,...,q, CeRY" (10)

for a given strictly proper transfer matrix (@).

To simplify the notation, we shall consider a Single-
Input Single-Output (SISO) system described by (1) for
m=p=1.

Let a given, strictly proper, irreducible transfer func-
tion have the form

n(s,w)
d(s,w)’
n(s,w) = bp_1(w)s" ' 4+ - + by (w)s + bo(w),
bi(w) = b mw™ 4 -+ + b 1w + by 0,
k=0,1,...,n—1, (11b)

n—1 _

Top(s,w) = (11a)

d(s,w) = s" — ap—_1(w)s
—ar(w)s — ag(w),
ap(w) = apmw™ + -+ + agp1w + ak,o,
k=0,1,...,n—1. (11¢)
The solution of the positive realization problem for

(11) is based on the following two lemmas (Kaczorek,
2006a).

Lemma 1. Let pr = pr (w) fork =1,2,...,2n — 1 be
some polynomials in w with nonnegative coefficients and

o o0 --- 0 Dn
L

P(w) = 0 p2 - 0 Pn+2 | | (12)
0 0 - Pno1 Pon
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Then
det[I,s — P(w)]
= 8" —pon_18"" = Pp_1pan_2s" " — ... (13)

—DP2P3 ... Pn—-1Pn+15 — P1P2 - - - Pn-
The proof is given by Kaczorek (2006a).

Lemma 2. Let R, (w) be the n-th row of the adjoint ma-
trix [I,s — P(w)]aq. Then

R, (w)
= [p1P2..-Pn1 P2P3 .- Pn—1S D3Pa ... Pn—15"
P12 s (14)
The proof is given by Kaczorek (2006a).
From Lemmas 1 and 2 we obtain that, if
0 0 ce 0 P2
P1 0 ce 0 P3
P(U}) — 0 P1 N 0 P4 , (15)
0 0 ... P1 Pan1

then

det[I,,s — P(w)]

n n—1
=S8 — Pn+1S

— = papl T %s —papi !, (16)
and
n2g L. n=2 gn-l]
(17)
It is assumed that for a given denominator (11c) there
exist polynomials

i = pr(w) = prpw” 4+ -+ + praw + pro,

k=0,1,...,2n—1, (18)
with nonnegative coefficients py ;, 7 = 0,1,...,h such
that

ap—1(W) = pan—1,
an—2(W) = pp_1P2n—2,-- -, (19)
ar(w) = paps ... Pn—1Pn+1,
(

ag(w) = p1p2 ... Pn-

In a particular case, if the matrix P(w) has the form
(13D, then (I9) takes the form

ap(w) = pi "

Note that if the assumption (T9) is satisfied, then for
a given denominator d, s, w) of (11a) we may find the ma-
trix (I2) and next the corresponding matrices A; € R’ ™",
i=1,2,..., h,since

Lrta, k=0,1,...,n—1. (20)

h
I,s — P(w) = I,s — ZAiwi. (21)
1=0

The matrix C is chosen in the form
C=[0 0 1]eRM>", (22)
Taking into account (I4), 1) and (@), we obtain

ClI,s — P(w)]aa[Bo + Biw + - - - + Byw?]
= R, (w)[By + Biw + - - - + Byw]
= piP2.--Pn—1 D2P3...Pn—1S D3Pa...DPpn-15"

pnilsn—Z Sn—l ]
[Bo + Byw + - - - + Byw?]
= n(s,w).

(23)

4. Modified state variables diagram method

First the modified state variables diagram method of deter-
mination of positive realizations is presented on the stric-
tly proper transfer function (24).

The proposed method is based on Lemmas 1 and 2.
It is assumed that there exist polynomials (I8)) with non-
negative coefficients py j, j = 0,1, ..., h, (except the last
coefficient py, o) satisfying (I9) and

(25)
bi(w) = paps ... pn_1b1(w),
bo(w) = p1p2 - . . pn—1bo(w),

for some polynomials with nonnegative coefficients
bnfg(w), N ,bl (w), bo(w)

For (24) we have
pi(w) =w?, pa(w)=w+1, p3(w)=w?+w+2,
pa(w) = w? + 2w, ps(w) = 2w? + 3w — 1,
(26)
since
det[I3s — P(w)]
S 0 —w?—w—2
=| —w? S —w? — 2w
0 —w—1 s—2w?—-3w+1
= 5% — (2uw? + 3w — 1)s?
— (w® + 3w? + 2w)s
— (w® + 2w* + 3w® + 2w?)
= 5% — as(w)s? — ay(w)s — ag(w),
az(w) = ps(w), ai(w) = p2(w)pa(w),
ao(w) = p1(w)p2(w)ps(w), (27a)
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ba(w)s® + by (w)s + bo(w)

T =
p(sw) s — ag(w)s? — a(w)s — ap(w) (24)
B (Bw? +w + 2)s% + (w? + 3w + 2)s + w* + 2w> + w?
83— (2w? 4+ 3w — 1)s2 — (w? + 3w? + 2w)s — (w5 + 2wt + 3w3 + 2w?)’
where
[0 0 ps
A=|p1 0 ps :P(w):A0+A1w—|—A2w2,
L 0 p2 ps
[0 0 2 0 0 1
AO = 0 0 0 5 Al - 0 0 2 )
Fig. 1. State variable diagram for (28). 101 -1 01 3
[0 0 1 bo
and AQ = 1 0 1 s B = 91 (29C)
| 0 0 2 bo
bo(w) = 3w? +w+2, bi(w) = pa(w), Assuming C = [0 0 1 ] and taking into account
by(w) = (w+1)(w+2) = w? 4 3w L 2, (29b), we have
bo(w) = p1(w)p2(w)bo(w) Top(s,w) = Cllss — A]”'B
= (W + w)(w+1) = w! + 2w + w2, (27b) s 0 —py 7' [h
where =00 1T} =nm s R 1_71
0 —-p2 s—ps5 | ba
_ _ 2 bo |
bi(w)=w+2, by(w)=w+1. (27¢) = [ Pp2 pos s ] by
% — p5s? — papas — p1p2ps by
From (24) written in the form B B B 4
o Ly s _ P1p2bo + pabis + bas®
ba(w)s™* + bi(w)s™* + bo(w)s _ Y $3 — ag(w)s? — a1 (w)s — ag(w)
1—as(w)s™! —aj(w)s=2 —ag(w)s=3 U’ (30)
we have Comparison of (30) and (24) yields
Y =s" Y .
s HB2(w)U + az(w)Y + 57 [oa(w)U by (w) = ba(w) = 3w? +w + 2,
tar(w)Y + s~ ( o(w )U+a0(w)Y)]} El(w):w—i—Q, Eo(w):w—f—l (31a)
= 5 {ba(w)U + ps(w)Y + s~ [pa(w)by (28) ;
_ > an
+p2() ()Y+81(p1() ()b() ()
+ w)Y)]}. _ Jolw
Using m) we may draw the modified state variable bo(w)
diagram shown in Fig. 1. The variables z1, x2, x3 are cho-
sen as the outputs of the integral elements. Using the mo- where
dified state variables diagram, we can write the following 1 1 0
equations: Bp=121, Bi=]11{, By=1|01|. (lo)
2 1 3

&1 = p3zs + bou,
= p1z1 + pazs + biu, The desired positive realization of (24) is given by
(29¢), Blc)andC =[]0 0 1 ],D=][0].
Note that the sufficient condition for the existence of
which can be also written in the form a positive realization of (24) is the existence of the polyno-
) mials (26) and by (w), bo (w) with nonnegative coefficients
& = Az + Bu, (29b)  gatistying (27a) and (27b).

i3 = poxa + psT3 + bou, (29a)
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In a general case, consider the strictly proper irredu-
cible transfer function

n(s,w)
T = 2
sp(saw) d(&w); (32a)
where
n(s,w) = bp_1(w)s" 1 4+ 4+ by (w)s + bo(w),
bp(w) = b mw™ 4 - + bp 1w + by o,
k=0,1,....,n—1, (32b)

o ag(w)s — ag(w),

d(s,w) = s" — an_1(w)s
ap(w) = agmw™ + - + ap, 1w + a0,

k=0,1,...,n— 1. (32¢)

It is assumed that there exist the polynomials (32)
and bo(w), by (w), ..., b,_o(w) with nonnegative coeffi-
cients (except the last coefficient of pa,_1(w) satisfying

@3).

By Lemma 1 we have

det[I,,s — P(w)]

S 0o ... 0 —Pn
-p1 S 0 —Pn+1
—| 0 —po 0 —DPn+2
: . (33)
0 0 —Pn—-1 S —DP2n—1

n n—1 n—2
=S5 —Pn-18 — Pn—1P2n—2S — ...

— P2P3 .- -Pn—1Pn+1S — P1P2 - - - Pn,

and, by Lemma 2, the n-th row of R, (w) of the adjoint
matrix [I,,s — P(w)]aq is

R, (w)

=[ pip2---Pn-1 D2P3...Pn-1S P3Pi...DPp-15°
Pr_18" 2 71 . (34)

Let
BO (w) BO
B(w) = : = : (35)
Bn—l(w) Bn—l
and
Ry, (w)B(w)
= p1p2. . .pn—1bo + paps. . Pn_1b1s + ...
+ Pr—1bp—28" "% + by_15" ! (36)

=by+biS+...+bp 28" 2+by 18" "

=n(s,w).

Assuming C = [ 0
(33), @6), we obtain

Tsp(s,w) = C[I,s — A(w)] " B(w)

0 1] e RY™ and using

[0 0 1]

s 0o ... 0 —Dn -1

—P1 S 0 —Pn+1 BO
0 —p2 0 —Pn+2 :
: : : b1

0 0 —Pn—-1 S — P2n-1
_ Ry (w)B(w)
st —a,_ 1 (w)s"l — . — a1 (w)s — ag(w)
_ n(s,w)
~d(s,w)

(37)

Theorem 2. A positive realization

Ag € M, AiGRixn, 1=1,2,...,h,
BjERixm, 7=0,1,...,q,
c=[0 0 1]eR™ (38)

of the transfer function (32) exists if it is possible to find
polynomials

P1 (w)a P2 (’U}), ceey p2n71(w) (39)

and - - -
bO (w)a bl (’LU), ] bn—l(w) (40)

with nonnegative coefficients (except the last coefficient of
pon—1(w) such that (33) and [B8) are satisfied.

Proof. 1f the polynomials (39) have nonnegative coeffi-
cients (except the last coefficient of pa,, 1 (w)), then

A(w) = P(w) = Ay + -+ Ajw + 4y (41)

and Ay € M, A; € RV, i =1,2,..., h.If the coeffi-
cients of the polynomials (40) are nonnegative, then
bo(w)

: = Byw?+---+Biyw+ By (42)
bn,1 (’U})

and B; € R*™, j =0,1,...,q. The matrices (38) are a
realization of (32) since they satisfy (37). [ |

If the assumption of Theorem 2 is met, then the po-
sitive realization (38) of (32) can be found by using the
following procedure.

Procedure 1.

Step 1. Knowing the coefficients ay(w), bi(w), k =
0,1,...,n — 1 of (32), find the polynomials (39) and

aamcs
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(@0) with nonnegative coefficients satisfying the condi-
tions (33) and (36).
Step 2. Knowing (39) and using (@I, find the matrices Ay,
fork=0,1,...,hA.

Step 3. Using the equalities (36) and [@2), find the poly-

nomials by (w), by (w), ..., b,—1(w) and the matrices B;,
7=0,1,...,q.

Example 1. Using Procedure 1, find a positive realization
of the transfer function

(w? + 2w)s + (w? + w?)
s2 — (2w —3)s — (w3 +w)’

Tsp(sa w) = (43)

Step 1. In this case we choose the polynomials

pr(w) =w, po(w)=w’+1, ps(w)=2w-3 (44)

and
bo(w) =w? +w, bi(w) =w?+2w, (45)
which satisfy the conditions (33) and (36) since
s —P2
det[los — P =
=5 —p3s—pip2 = 5° — (2w —3)s — (W’ + w)

and
BRI IEE] ae
= (w? 4 2w)s + (w* + w?).
(46)

Step 2. Using (1) and (@4), we obtain

0 w?+1
47)
where
0 1 0 0
A0_|:0_3:|7 A1_|:1 2:|)
0 1
Ay = [ 0 0 } . (48)
Step 3. Taking into account that
= C[bo(w) ] [ w?tw
B(w) = { by (w) } B [ w? + 2w
= By + Biw + Bow?, (49a)
where
0 1 1
=[3]. m=[2] me 2] om

the desired positive realization of (@3) is given by (@8),
(4.26b) and
C=[0 1], D=]0]. (49¢)
The proposed method can be extended to a Multi-
Input Multi-Output (MIMO) linear system with delays.
It is well known that the proper transfer matrix of

MIMO linear systems with delays can be written in the
form

n11 (s, w) 11 ,m (8, W)
dl (S,UJ) dl(S,’LU)
T(s,w) = : :
Np,1(s, w) Np.m (S, W)
dp(s,w) dp(s, w)
+ D e RPX™ (s, 2), (50a)
where

nig(8,w) = bty (w)s™ T - by (w)s + b (w),
1=1,2,..., p,j=1,2,....,m,
b (w) = BT w4 B 4 b

k=0,1,...,n; — 1. (50b)

Theorem 3. A positive realization

Ao = blockdiag [Ao1, ..., Aop| € My,
n=ny+- - +n,, (51a)
Aj, = blockdiag [Ap 1, ..., App| € R,
k=1,2,....h, (51b)
By, ... BfY,
Bp=| . 1 | eRYT
BrFy, ... BE,
k=0,1,....q, (51c)
C = blockdiag [Cy, ..., C,] € RE*™,
C;i=[0 0 1]eR™, i=1,2,...,p,
(51d)

of the strictly proper transfer matrix (50) if it is possible
to find the polynomials

%

pl(w)apé(w)a'"7p§ni71(w)a 7;:1725"'7p (52&)
and
b (w), By (w), ..., b7y (w),
i=1,2,...,p, j=1,2,...,m, (52b)
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with nonnegative coefficients (except the last coefficient of
Dby, —1(w)) such that the conditions

det[I,,,s — P;(w)]

_ 0 —py ... 0 _p;l'li+2 (53)
0 0o ... —pf%_l 5_pén,;—1

:di(saw)a Z.:1527"'7p7

pipg .. .p;i_lgé’j + pépg .. .p;i_lgi’js
+o Piuqf_’i{fﬂsmd + Bi{fflsm_l
= b7 + b s A Ly R b s (54)
=MNij (s, w),
i=1,2,....p, j=12...,m,
are satisfied.
Proof. 1f the polynomials (52a) have nonnegative coeffi-
cients (except the last coefficient of p5,,. ), then
Ak (w) = Py(w) = blockdiag [Ak.1, ..., Akpl,
k=0,1,...,h, (55
and (51a) and (51b) hold. If the coefficients of the polyno-
mials (52b) are nonnegative, then
Bjj(w) =B+ Bj jw+ -+ B jw?,
i=1,2,...,p, 7=12,....m, (56)

and (51c) is satisfied. It is easy to check that the matrices
(51) and D € RE*™ satisfy the equality

C[lns — A"'B + D = T(s,w), (57)

where T'(s,w) is given by (50a). [ |

If the conditions of Theorem 3 are satisfied, then the
positive realization of (50a) can be found by using the fol-
lowing procedure.

Procedure 2.

Step 1. Using the formula

D = lim T(s,w),

§—00

find the matrix D and the strictly proper part T, (s, w) of
(50a).

Step 2. Choose the polynomials (52) with nonnegative co-
efficients (except the last coefficient of p,, _,) satisfying

(53) and (54).
Step 3. Using (33), find the matrices (51a) and (51b).
Step 4. Using (38), find the matrices (51c) and (51d).

Example 2. Find a positive realization of the strictly pro-
per transfer matrix

T Tho
Top(s,w) = [ Ty Too ] ’

where 1%, 112, T>1 and Thy are given by (58b).

(58a)

Using Procedure 2, we obtain the following:

Step 1. The transfer matrix (58) already has the desired
form (50) with D = 0.

Step 2. For the first row of (58), we choose

pl=w? pi=w+1l, pi=w+2,

pi=w, pi=w?—3, (59a)
and for the second row,
p%zwz—i—l, p%zw—i—l, p§=w2—2, (59b)
since

5 0 —(w+2)
det[I3s — Pi(w)] = | —w? s —w
0 —(w+1) s—w?+3
2

=5 — (w? — 3)s* — (w? + w)s — (w* + 3w + 2uw?),

(60a)
B s —(w+1)
det[Iys — Pa(w)] = —(w?+1) s—w?+2
and
B (w)
[ pips pis s° ]| byl (w)
byt (w)
1
Sfutha? wins 2]
w? +2
= (w? 4+ 2)s? + (w? +w)s + w® + w?, (612)
B2(w)
[pips s s* ]| by (w)
by*(w)
2w
w3 + w

= (w? 4+ w)s? + (w* + w?)s + 2wt + 2w,  (61b)

[ ) =teren s1] 0, |

= (w? +2)s + w® + w, (622)
b2% (w w+1
o 0]t ]
=wds+w? +w?+w+1. (62b)
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T — (w? +2)s% + (w? + w)s + w3 + w?
P (w? —3)s2 — (w2 +w)s — (w + 3w3 + 2w?)’
T — (w3 4+ w)s? + (w? + w?)s + 2wt + 2w?
e (w? —3)s2 — (w2 + w)s — (w + 3w3 + 2w?)’
T — (w? +2)s +w +w
AT (W= s — (WPt ww+1)
w3s+w? +w? +w+1
Toy = . 58b
T2 (w?—2)s— (WPt w?+w+1) (586)
Step 3. Using (33) and (59), we obtain - [ 2w
Blg(w) = w2
L w3 + w
Al(w) = Pl(w) = A10 + A11w+A12w2, _ B(1)2 —|—B%2’LU+B%2U)2 —|—B:132’LU3,
0 0 2 0 0 1 o "o T
0 2
Aw=100 0|, Aan=|00 1], 0 -
O 1 _3 O 1 0 BlQ - 8 9 B12 - ? )
0O 0 O - 0 Z - 0 Z
Aia=11 0 0 63
Cloon] O Bhy=|1], Bh=|0|. (b
(- O - - 1 -
- [ w
Bau(w) =1 2.9 ] = By, + By w + By w?,

Ag(w) = Py(w) = Agg + Agyw + Asgw?,

0 1 0 1
14202[1 _2}7 A21:|:00:|7

0 0
A22:|:1 1] (63b)

and

Ay = blockdiag [Ak 1, Ako], k=0,1,2. (64)

Step 4. Using (36), (61) and (62), we obtain

1
B (w) = w = B}, + Bj,w + Bj,w’,

_w2—|—2
e o

B(1)1: 0 ) B%l_ 1 ,
- 2 - . O_
F 0T .

Bh=|0]|, BL=]0], (65a)
- 1 - . O_

2 _
B21_

w
0 1
B(Z)lz 2:|7 B;1:|:0:|7
0 0
1], Bglz{o], (650)
_ w41
Bas(w) = 3 ]
= BY, + By,w + Bj,w” + B3,uw®,

1 1
_O:|a 3212:|:0:|a

[0 0
%f(ﬂ,%zhy (65d)

0 _
BQZ_

Bk Bk
B, — | P11 12]7 k=0,1,2,3.  (66)
F { B}, Bj,

The desired positive realization of (58) is given by

(64), ([66) and

Q
Il
| —
o O
o O
O =
o O
_ O
—_
)
Il
| —
o O

0
0 } . (67)
5. Concluding remarks

A new modified state variable diagram method for deter-
mination of positive realizations of linear continuous-time
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systems with delays in state and input vectors has been
proposed. Using the method it is possible to find a po-
sitive realization with reduced numbers of delays for gi-
ven proper transfer matrices. Sufficient conditions for the
existence of positive realizations have been established
and procedures for finding the positive realizations have
been proposed. The procedures have been illustrated by
numerical examples. The proposed method can be exten-
ded to continuous-discrete linear systems and to fractional
continuous-time linear ones.
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