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The dynamics of a discrete-time predator—prey model with Holling-IV functional response are investigated. It is shown
that the model undergoes a flip bifurcation, a Hopf bifurcation and a saddle-node bifurcation by using the center manifold
theorem and bifurcation theory. Numerical simulations not only exhibit our results with the theoretical analysis, but also
show the complex dynamical behaviors, such as the period-3, 6, 9, 12, 20, 63, 70, 112 orbits, a cascade of period-doubling
bifurcations in period-2, 4, 8, 16, quasi-periodic orbits, an attracting invariant circle, an inverse period-doubling bifurcation
from the period-32 orbit leading to chaos and a boundary crisis, a sudden onset of chaos and a sudden disappearance of the
chaotic dynamics, attracting chaotic sets and non-attracting sets. We also observe that when the prey is in chaotic dynamics
the predator can tend to extinction or to a stable equilibrium. Specifically, we stabilize the chaotic orbits at an unstable fixed

point by using OGY chaotic control.
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1. Introduction

For the purpose of system modelling and analysis in
mathematical biology, discrete-time models are more
considered an essential tool. Firstly, discrete-time models
are more suitable for describing systems which evolve
over time. Secondly, compared with continuous-time
models, the advantage they offer is that they are generally
more direct, more convenient and more accurate to
formulate.  Thirdly, recent works have shown that
for discrete-time models the dynamics can produce a
much richer set of patterns than those observed in
continuous-time models (Bustowicz, 2010; Buslowicz
and Ruszewski, 2012; Duda, 2012; Feedman, 1980;
Holling, 1965; Huang and Xiao, 2004; Hsu, 1978; Raja
et al., 2011; Xu et al., 2011; Zhang et al., 2011). At
last, we can get more interesting dynamical behaviors
and more accurate numerical simulations results from the
discrete-time models; moreover, numerical simulations of
continuous-time models are obtained by discretizing the
models.

Until now, many works have concerned discrete-time
two-species predator—prey models (Jing and Yang, 2006;

Guckenheimer and Holmes, 1983; Wiggins, 1990; He and
Lai, 2011; Liu and Xiao, 2007; Hu et al., 2011; Tong
et al., 2012). In these articles, the main studied topics
are the existence and local stability of an equilibrium,
flip bifurcation and Hopf bifurcation by using the center
manifold theorem and bifurcation theory.

Tong et al. (2012) discussed the existence of periodic
solutions for discrete semi-ratio-dependent prey-predator
models with functional response. The permanence in
a delayed discrete prey—predator model with Holling-IIT
functional response was discussed by Fan and Li (2004).
Kuznetsov (1998) summarized local stability conditions
for equilibria, and used numerical computation to obtain
codim-1 bifurcation curves that emanate at codim-2
bifurcation points in order to compute the stability
boundaries of cycles with periods 4, 5, 8 and 16, but
without a theorematic proof.

It is well known that continuous-time two-species
prey—predator model with Holling-IV functional response
is described in the following form (Liu et al., 2010):

@


zhidong@xju.edu.cn
zhidong_teng@sina.com

amcs%

Q. Chen et al.

. X2
i =a1(1 — 2y — ka? — =),
! 22 + (32 o
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where x1(t) and xo(t) represent prey and predator
densities, respectively, k, 3,51,y are positive constants,
and g is a constant. Applying the Euler forward scheme
to model (1), we obtain the following discrete-time model:

z1(n+1)
=z1(n) + dx1(n) (1 —xz1(n)
x2(n) )7

—kxi(n) - ===
0 ) @

zo(n+1)
=xa(n) + 5x2(n)( —d

yz1(n) ),

e R

where § > 0 is the time step size. In this paper, we
investigate the bifurcation problems of the model (2) in
the interior of the first quadrant Rﬁ_ by using bifurcation
theory and the center manifold theorem. We will
prove that the model (2) possesses flip bifurcation, Hopf
bifurcation and saddle-node bifurcation. Furthermore, by
using the OGY method, we will study the chaotic control
of the model (2).

This paper is organized as follows. In Section 2,
we study the existence and local stability of equilibria of
the model (2). In Sections 3-5, the sufficient conditions
on the existence of flip bifurcation, Hopf bifurcation and
saddle-node bifurcation are established. In Section 6, the
OGY controller to eliminate the unstable periodic orbits is
designed. In Section 7, numerical simulations are given to
illustrate the results obtained in this paper. In Section 8,
we provide a discussion to conclude this paper.

2. Local stability of equilibria

From the point of view of biology, we will focus on the
dynamical behaviors of the model (2) in the closed first
quadrant R? of the (z1, ) plane. It is clear that the
equilibria of (2) satisfy the following equations:

x1=x1+5x1(1—x1—kx%—2i2),
ST )
YT1
= 0xo(—0dg — 0 ——).
X9 = x2 + dwa(—dg 1$2+m%+52)

We have the following results.

Lemma 1.
(i) The model (2) always has two equilibria, Ey(0,0) and

E1(m,0), where m = =1t/ 12k vliAk'

(ii) If 5o > 0 and So(m? + B?) < ym or &g < 0 and
515% > —08, then the model (2) also has at least a pos-
itive equilibrium Es (x5, x3%), where (x7,x3) satisfies the
following equations:

)
0=1-—2; —ka? - ——,
B R )
RES!
0=—0p—9 —_ 0< <m.
0 1$2+x%+627 T <m
Proof. The conclusion (i) is obvious. Let

I(x1) =61(1 — 1 — ka?)(2? + 3%)? 5)

+ 6o(af + B%) — ya1.

When the conditions of Lemma 1 hold, we have I(0) =
603% + 6:8% > 0and I(m) = do(m? + 5%) —ym < 0.
Hence, there exists at least a positive 2] € (0,m) such
that I(z}) = 0. Let 23 = %(_50 . 31 ). Then

zi2 452
a3 > 0. Obviously, (z7, z3) satisfies Eqn. (4). Therefore,
the conclusion (ii) is proved. This completes the proof.

Now, we study the stability of these equilibria of
model (2) by using a linearization method and a Jacobian
matrix.

A Jacobian matrix at Ey(0,0) is

1+6 0
J(Ey) = 0 1 66, . (6)

Two eigenvalues of J(Ep) are \y = 1+ dand Ay = 1 —
0dp. We see that Ey(0, 0) is always unstable, and E (0, 0)
is non-hyperbolic if 6 = 2/4,.

We can see that when § = 2/Jp, one of the
eigenvalues of J(Ey) is —1, and the other is neither 1 nor
—1. Thus, flip bifurcation may occur when parameters
vary in a neighborhood of § = 2/4.

A Jacobian matrix at Ey(m, 0) is

J(Er)
1+ 6(—m — 2km?) —mg—fﬁz
- 0 1+ 6( = 6o+ 770 )
(N
Two eigenvalues of J(E) are
A =1+6(—m —2km?) (8)
and
>\2_1+6( 50+m2+52). ©)
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Obviously, F4(m,0) is asymptotically stable if and only
if

ym
1) — 10
0> 3 e (10)
and
: 2 2(m* + 3°)
0 < o1
mm{m—|—2km2’5o(m2—|—52)—'ym} (in
E1(m,0) is unstable if and only if
ym
— 12
0o < —3 P (12)
or
: 2 2(m? + %)
0> 13
mm{m—|—2ka’(50(77124—52)—'ym}7 (13)
and F(m, 0) is non-hyperbolic if and only if
2
SR S— 14
0 m + 2km?2 (14)
or
ym
= 1
do 2+ 2 (15)
or
2 2 2
P LU S (16)

m? + (%’ do(m? 4 32) —ym’

We can see that one of the eigenvalues of J(E) is
—1 and the other is neither 1 nor —1 when the parameters
of the model (2) are located in one of the following sets:

2
FA = {(5151676760)775):6: m7

ym 2m? + 232
% # m2+ﬂ2’57’é do(m? + 32) —vm}'

E;(m, 0) can undergo flip bifurcation when all parameters
of the model (2) vary in a small neighborhood of Fl4.
When the parameters are in F4, a center manifold of the
model (2) is o = 0, and (2) restricted to this center
manifold is

zi(n+1)=21(n) + dz1(n)(1 — z1(n) — ka2 (n)).
a7

This shows that the predator becomes extinction and the
prey undergoes flip bifurcation to chaos on choosing
bifurcation parameter §.

In Section 7, we will give an example to show that
flip bifurcation at F4(m,0) occurs when the parameters
are in F4 with bifurcation parameter 6.

A Jacobian matrix at Fs(xf, 25) is

2 *2 %
L+ §(—af — 2ka? + —o 2 )
J(E2) = 2 (gl +6 )
Yoz3(8° — 2%
(1* + 5°)?
(18)
-z}
xTQ + 62
1-— (5(51.23;
The characteristic equation of J(E3) can be written as
A+ p(B2)A + q(Bs) =0, (19)
where
p(BEy) = —2—G6, q(Ex)=1+Gs+ Hs* (20)
with

*2 Lk
2z7°x5

G=—x] - 2]€.’L’*2 — (511’* + T3y o
1 1 2 (1‘12 +62)2

1)

and
H = 6&xlah+ 2kox}2ah
(@ — )
@i + 27

Two eigenvalues of J(F5) are

1
Mz =1+350(G+/G? —4H). (23)

Proposition 1.
(i) Eq(x7, x%) is asymptotically stable if one of the follow-
ing conditions holds:

(i.1) —2VH < G <0, H > 0,and§ < —%.

(i2) G < —2VH, H > 0, and § < — /G241,

itz (22)
@i+ 2

(ii) Eq(x7,x3) is unstable if one of the following condi-
tions holds:
(ii.l) —2VH < G <0, H > 0,and § > —<.

(ii.2) G < —2v/H, H > 0, and § > —SH/C=41
(iii) Eo(xt, x3) is non-hyperbolic if one of the following

conditions holds:
(iii.]) —2vH < G < 0, H > 0, and § = —%.

(iii.2) G < —2VH, H > 0, § = —GHC=Ai 4,
§ = —G=vG2-4l
57 .
(iii.3) H = 0, which is equivalent to
D
(1% + 62)3(1 + 2ka])’

01 =

where

D= 'y(BxIQ — ﬂ2) - 250m*{(m*{2 + 52).
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We easily see that one of the eigenvalues of .J(E2) is
—1 and the other is neither 1 nor —1 when the parameters
of the model (2) are located in the following sets:

F31 - {(517]{’67507’7’5) : G < _2\/ﬁv

G+VG?—-4H
5:_T >O,

574—— 574—— 50>o}
and

{ 5.k, ﬁ 80.7:8) : G < —2V/H,

_ 2 _
5= Gov& -4l o,
)
574—— . 50>0}

We can obtain that the eigenvalues of J(E3) are
a pair of conjugate complex numbers with module 1
when the parameters of the model (2) are located in the
following set:

F33 - {(517]{’67507’7’5) : _2\/ESG<O’

G
H>0,6_—ﬁ,60>0}.

We can also obtain that one of the eigenvalues of J(E5)
is 1 and the other is neither 1 nor —1 when the parameters
of the model (2) are located in the following set:

F34 — {(617 ka 5760775 5) :
D
(x32 —|— 32)3(1 + Qkxl)
2yx3? — 260x% (232 + 3?)
( *2 —|—ﬂ2)D1 ’
262732 [vxl — do(x3?2 + %))
(232 + 32) Dy ’

5 =
0 #

o1 #
do < 0}

where
Dy =~z + (232 + 6%) (2] + 2kxi% — 660),
Dy = véxy + (232 + 52) (] + 2ka}? — 66 — 2).

In the following sections, by using the center
manifold theorem and bifurcation theory given by
Robinson (1999) and Guckenheimer (1983), we will study
flip bifurcation of Ea(zf,x5) if all parameters of the
model (2) vary in a small neighborhood of Fj; (or F3o),
Hopf bifurcation of Fs(z7,x3) if all parameters of the
model (2) vary in a small neighborhood of F33, and
saddle-node bifurcation of Fs(z7, z3) if all parameters of
the model (2) vary in a small neighborhood of F3y4.

In the following discussion, for convenience, for a
function f(x1, 2, ..., x,), we shall write f;,, fz,.,, and
fmwﬂk for the first order, second order, and third order
partial derivative of f(x1, 22,23, ...,x,) with respect to
x;, 4, and xy, respectively.

3. Flip bifurcation

In this and the following three sections, we always assume
that the model (2) has a positive equilibrium Fs(z7, z3),
that is, the condition (ii) of Lemma 1 always holds.

We first discuss flip bifurcation of the model (2) at
Es (3, x5) when parameters (41, k, 3, do,7,0) vary in a
small neighborhood of F3;. Similar arguments can be
applied to the case Fjo.

Taking  parameters (01, k, 53, 0,7, 9) =
(811, k1, B1,001,71,0) € Fsi. Further, giving § a
perturbation 0* at 0, we consider a perturbation of the
model (2) as follows:

z1(n+1)

=z1(n) + (6 + %)z (n)(1 — 21 (n)
xa(n) )

—kyz1(n)? — m
£ f(z1(n), z2(n), z3),
{EQ(TL + ]-)
— a(n) + (5 + () (~n

v (n) )
af(n) + 32
ég(xl(n),xg(n, 3);

(24)

—511%2(71) +

where |0*| < 1, and x3 = §*.

Let uy(n) = z1(n) — «7, ua(n) = z2(n) — x5, then
equilibrium Fs(z7,x3) is transformed into the origin,
and further expanding f and ¢ as a Taylor series at

(u1,ug,23) = (0,0,0) to the third order, the model (24)
becomes
up(n+1)

= aju1(n) + asus(n) + aj1u?(n)
(n)uz(n) + aizui(n)xs
+ag3uz(n)zs + ariui(n)
1(n)uz(n) + arizui(n)zs
+aizzur(n)uz(n)rs
+o((Jur(n)] + uz(n)| + [zs])*),
us(n + 1)
= byuy(n) + byua(n) + biyui(n)
uz(n) + baoui(n)
3 + baguz(n)zs + biyui(n)
(n)uz(n) + biizui(n)zs
(n)ua(n)as + bazsui(n)as

+o((Jur(n)| + [uz(n)] + [z3])?),

+ai1uy

+aiou

+bioui(n)u

\_/\./

(
+b13u1(n
+b110u?

+b123u1

(25)
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where

bij = Yz;z; ({ET 1’3, O),

bijk :gmimjmk(xf7x3)0)7 iajvk: 1,2,3.
We define
a9 a9
T = . (26)
-1 - al /\2 —a

It is obvious that 7" is invertible. Using the transformation

up(n) 7 T1(n) | @n
us(n) Ta(n)
the model (25) becomes

{ T1(n+1) = —T1(n) + f1(ui(n),uz(n),s*),

Ta(n + 1) = AaT2(n) + g1(u1(n), uz(n), %),
(28)

where the functions f; and g; denote the terms in the
model (28) in variables (u1(n), uz(n),0*) with the order
at least two.

From the center manifold theorem given by
Robinson (1999) and Guckenheimer (1983), we know that
there exists a center manifold W¢(0,0,0) of the model
(28) at (0,0) in a small neighborhood of §* = 0, which
can be approximately described as follows:

We(0,0,0)
- {(El(n),fg(n),é*) €R3:

Ta(n + 1) = @173 (n) + @271 (n)d* (29)
ol([m(m)| +18°1)*},
where
- a2[(1 + al)all + Cl2b11] bgg(l =+ a1)2
ay = 5 5
1- )\2 1-— )\2
- (4 ar)lesn(1 +2a1)+azb12], 30)
[y
T — (1 +a)[(1 + a1)azs + asbas]
’ a2(1 + Xa)?
(I +a)as + a2513. 31

(14 A2)?

aamcs

‘We obtain that the model (28), which is restricted to center
manifold W¢(0, 0, 0), has the following form:
T1(n+1)
= —T1(n) + @i (n) + hoT1(n)s*
+hsT3(n)6* + haT1(n)d*? + hsTi(n)  (32)
+o(([T1(n)] + [67])*)
= F(T1(n),0%),

where
e @2[(A2 — @1)arn — a2bi1]  bao (1 +a@p)?
L= _
14+ X 14+ Ao
~(L4+a@)[(A2 —@1)arz — G2bio]
14+ X ’
(33)
b (A2 —@1)ais — b13as
5=
14+ Ao (34)
_ (1 +a1)[(A2 — @1)azs — Gaobas]
G2(1+ X2) 7
h — (A2 —a1)aiaiz — bizas
1+ Ao
i [(A2 — a1)asz — agbaz]ar (A2 — a1)
as(1+ A2)
(L4 a1)[(A2 — a1)aizs — azbizg]
14 Ao
az[(/\z - al)ans - azbns] . 5223(1 + a1)2
14+ Ao 14+ Ao
2a202[(A2 — a1)ai — agbiq]
1+ X
 2bgoan(1 +a1)(M2 —a1)
14+ Ao
a2[(A2 — a1)aiz — azbiz](Ae — 1 — 2ay)
+ )
1+ Ao
(35)
B — a2[(A2 — a1)ais — bizag]
4=
14 X
i [(A2 — a1)azs — azbaz]aa(N2 — a1)
as(1+ A2)
2a2a3[(A\2 — a1)ai — agbiq]
1+ A
2bgoas[(1 4+ a1)(A2 — a1)]
1+ X
[()\2 — al)alg — agblg]()\g -1 2&1)53
+ )
1+ X
(36)
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2&261[(/\2 — al)all - a2b11]

s = 1+ X
2bg0@1 (14 a1)(A2 — a1)
_|_
14+ Ao
(A2 — a1)arr — azbi1](A2 — 1 — 2a1)a;
+
14 X
@3[(A2 — a1)aii1 — asbii]
1+ Ao
ax(1+a1)[( A2 — a1)arz — a25112]
14+ Ao

(37)

For flip bifurcation, we require that two
discriminatory quantities a;; and o be nonzero,

82F aF@QF
@ = (aflaa* * 286*6%%)’ ) 38)
3 2

Finally, from the above analysis and Theorem 3.1 of
Guckenheimer (1983, Chapter 7), we have the following
result.

Theorem 1. If a; # 0 and as # 0, then the model
(2) undergoes flip bifurcation at Es(x7, x%) when the pa-
rameter § varies in a small neighborhood of 5. Moreover,
if ag > O(resp. az < 0), then the period-2 points that
bifurcation from Eo(x7, x3) are stable (resp. unstable).

Remark 1. For the equilibrium Ey(0,0) of the model
(2), by calculation we can obtain «; = 0. Therefore, the
conditions of Theorem 1 are not satisfied. Since Fy(0,0)
is always unstable for any § > 0, the model (2) cannot
undergo flip bifurcation at Ey(0,0) when parameter §
varies in a neighborhood of 6 = 2/4y.

In Section 7, we will give an example to show that
flip bifurcation at Es(x7, ) occurs under the conditions
of Theorem 1.

4. Hopf bifurcation

In this section, we discuss the Hopf bifurcation of
the model (2) at FEs(x},2z5) when the parameters
(61,k,8,00,7,0) vary in a small neighborhood
of Fjs. Taking parameters (d1,k,[,00,7,0) =
(811, k1, B1,001,71,0) € Fz3, and further giving § a
perturbation §** at o, the model (2) is described by

+ (6 + )21 (n)(1 — z1(n)
B x2(n) )
at(n) + A7

(EQ(TL),(S**), (39)

n) + (8 + 6 )z2(n)(—do1

= g(x1(n), 22(n), ).

Let ui(n) = z1(n) — af, uz(n) = x2(n) —
in the model (39). Then the equilibrium Es(x}, x3) is
transformed into the origin. Further expanding f and g as
a Taylor series at (u1,us) = (0,0) to the third order, we
have

up(n+1)
= cruy(n) + caua(n) + crrui(n)
2(n) + ca2u3(n)

+cinug(n) +6112U1( Jua(n)
+e1zaur (n)us(n) + cazui(n)

+o((Jur(n)] + Juz(n)[)*),
us(n+1)
= dyuy(n) + dauz(n) + dyyui(n)
+d1zur(n)us(n) + dyu3(n)
+diiui(n) + diiauf(n)us(
+di22ur (n)u(n) + dagoui(
+o((Jur (n)] + luz(n)[)*),

+cipur (n)u
3
1
1

(40)

n)

n)

where

%
Cijk = wamek (mla Iy, 0)7

_ % ..
dijk :gxixjmk(xhx%o)a Za.])k: 172

Note that the characteristic equation associated with
the linearization of the model (40) at (u1(n),us(n)) =
(0,0) is given by

A2+ p(0)A +q(0) =0, (41)



Bifurcation and control for a discrete-time prey—predator model with Holling-1V functional response

where
§**) = —2 — G(6** +9),
p(6**) ( i ) ) “2)
q(0**) =1+ G5 +0) + H(6* +0)2.

The roots of the characteristic equation (41) are

M 2(87%) = 3 (~p(6™) £ iv/3g07) — 2077, (43)

We have
A2 (8] = (q(07))%. (44)

From | A1 2(6**)| = 1, when §** = 0 we have
q(0)=1+G3 + H5 = 1. (45)

Hence, H6 = —G. Consequently,
d|A1,2(6™)| G

[= ——————— = —— . 46

Ao geo = 270 (46)

In addition, it is required that, when §** = 0, A]", # 1 for
m = 1,2, 3, 4, which is equivalent to p(0) # —2,0,1,2.
Note that A = p?(0) — 4¢(0) < 0 and then p(0) #
—2,2. We only prove that p(0) # 0,1, and we have
p(0) = —2 — G6 # 0,1. Then —G6 # 2,3, and hence

2022 xh
e 7o

Therefore, eigenvalues A1 2 do not lie in the intersection
of the unit circle with the coordinate axes when 6** = 0

Sl‘y{ + 2]@‘131‘){2 —|—S(511$§ —

and (47) holds.
Let
a—l—lg o5+ 2k 4+ 6 *—M}
- D) W T ey gzl
(48)
w = (512\/ 4H — G, (49)
and
0 1
T = < v o > . (50)

Use the transformation

up(n) Z1(n)
=T . 51
( us() ) ( 7a() ) ey

where the functions f> and go denote the terms in the
model (52) with the order at least two in variables
(Z1(n), T2(n)).

In order to undergo Hopf bifurcation, we require that
the following discriminatory quantity a be nonzero:

——2
1—-2M)A 1
a= —Re[%ﬁnfm - §||511||2

— [[€02||* + Re(Aéa1), (53)

where

1
&0 = gOé(dez — aeor — c12 + dwerd)
1 1
—I—chlg + gai(llwcm — 2¢19 — 20(622)
1.
+§z(4wd22 + 2w?con — 2¢11) (54)
aciy —2d11 - aPcas — adas
4w 4w

1 2
Zdyo —
+8 12

a“cig — adyz
4w ’

1 1.
&1 = sw(day — acyy) + si(weas +en
2

2
di; — ac
+acis + 042(222) + - o 1 (55)
Oédlg — a2612 ()é2d22 — 043622
+ - )
2w w

1
o2 = ZW(204C22 + c12 + da22)

1.
+Zl(d12 + 2adag — 20ic12 — €11)

Cdi —acn adip —oPerp (56)

4w - 4w

1 ., 9 2 a2d22 - a3022
+— —3 4+ —= -
CQQZ(W « ) 5

3 1 1
§o1 = gdzzz(WQ +a?) + gduz + 701z

1 1 3 1
+Zad122 + 6122(§w2 + gaz - Za)

3 3 ) 3 .

+§C111 + gczzzl(w2 +202) + gawclggz

—lwd 7 — §ozwcl i— 3di —3acin 3a0111i
g2zt — 2 222 50

3adiis — 3a%ciia . 3aidiss — 3adcian

B 8w ' 8w !
3addagn — 3atcans .
" i.

(57)

From the above analysis and Theorem 3.5.2 of
Guckenheimer (1983), we have the following result.
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Theorem 2. If the condition (47) holds and a # 0, then
the model (2) undergoes Hopf bifurcation at Eo(x7, x3)
when the parameter 6** varies in a small neighborhood
of the origin. Moreover, if a < 0 (resp. a > 0), then
an attracting (resp. repelling) invariant closed curve bi-
furcates from Es(x,x%) for §** > 0 (resp., 0** < 0).

In Section 7, we will give an example to show Hopf
bifurcation occurs at Eo(z7, 25) under the conditions of
Theorem 2.

5. Saddle-node bifurcation

Finally, we discuss saddle-node bifurcation of model (2)
at Fs(z7,25) when parameters (01, k, 3, do,7,d) vary
in a small neighborhood of F34. Taking parameters
(51, k, 6, 50, v, 5) = ((5117 k‘l, ﬂl, 501, Y1, 5) € F3y, and
further giving d; a perturbation J7 at d11, the model (2) is
described by

z1(n+1)
=z1(n) + dz1(n)(1 — z1(n)

—hiat(n) ~ A )
£ flai(n), 22(n), 23), (58)
zo(n+1)

= 29 (n) —+ SZ‘Q (n)[—501

V1L (n) ]

—(011 + 07)x2(n) + 2+ 7

~

2 f(il’l (n)ny(n)vlg)v

where |07| < 1, and x3 = 7.

Let u1(n) = z1(n) — a7, uz(n) = zo(n) — 3.
Then the equilibrium Es(x7, x3) is transformed into the
origin, and further expanding f and g as the Taylor series

at (u1,ug,z3) = (0,0,0) to the second order, the model
(58) becomes

up(n+1)
= equi(n) + equs(n)
+e11u3(n) + erour (n)usz(n)
+o((lur(n)| + Juz(n)| + |23])?),
us(n + 1) (59)
= kiui(n) + koua(n)
+k3rs + k11ui(n) + kizui(n)uz(n)
+kooud(n) + kazua(n)zs
+o((Jur(n)] + [uz(n)] + [zs])*),

Q. Chen et al.
where
€ = f@i(ﬂff7$§70),
ki = Q\Iz (xTa (E;, O)a
eij = fﬂﬂz% (xTa (E;, O)a
kij 25@7@7($T,1‘§,0), Za] = 15273-
Let
ai 1
T= ) (60)
1 Q22
where

a1l = 7333(1‘1‘2 - ﬂ%)Z
(BF —at®)m
T Z'* $*2+ 2

*
Ty

Use the transformation

“Um g fl ) (62)
v(n) Za(n)
Then the model (59) becomes

fl(n + 1)

k ~ _
_ ﬁér + f3(1’1 (n),l’g(n), 6?)7

Fo(n+1) (63)

_ ks@i11 .,
= )\2.132(7’1) + |3T|1151

+93(71(n), T2(n), 67),

= 51 (n)

where the functions f3 and g3 denote the terms in the
model (63) with the order at least two in variables
(Z1(n), T2(n), 67).

Applying the center manifold theorem given by
Guckenheimer (1983) and Kuznetsov (1998), we obtain
that there exists a center manifold W¢(0,0,0) of the
model (63) at (0,0) in a small neighborhood of 7 = 0,
which can be approximately described as follows:

We(0,0,0)

:ﬁa@wmeR&@m+u:%ﬁ

+a171(n)0F + AT (n)? + 3672 (64)
+o((|Z1(n)] + |5f|)3)},
where
Go 1 ksan 65)

T T
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G 1 9 a1k —en
1= T, |2 117|T|
"N _ _ Laiikis—e
+ao(1 + a11a22)% (66)
__ a1k Giikos
+2(L0(L22— :|,
T T
Gy = an {E 1k11 —enn | koo
- L 2]
1- /\2 |T| |T| 67)
—|—62 a11k12 — 612}
11 |T| )
G — ao {511]611 —e11 kool
3=
1— ) T T| 63
- a11k12 — €12 622611223} (68)
22
T 7|

Further, we have that the model (63) restricted to
center manifold W¢(0, 0, 0) has the following form:

= T(n) + 1087 + LT (0 + BB
+150:2 + o (|Z1 ()] + 165]))
2 F(Z1(n),d57),
where
ks
l() - _m7 (70)
I, = Gg2e11 — k11_o  Qase12 — k126117 (71)

i 7]

Gg2e11 — k11 2agaoka:

ly = 2apan -

T LT| (72)
N L a9ge1n — k
+ao(1 + allam)w 23

| VN
lo — Ggzerr — ki doasgkan
5= _ _
I T|ao | 73
a22€12 — lea a apaazkos (73)
———— Qo022 — — .
| |

In order to undergo saddle-node bifurcation, we
require that the discriminatory quantities n; (i = 1,2, 3,4)
be nonzero,

OF

= =1 74

m 67 oo~ 1 # 0, (74)
OF

= 3T’ =1 O; 75

72 97 | 0.0) # (75)

92F
= — =1 76
73 552057 | 0.0) 2 # 0, (76)
O%F
- 073 ‘(0,0) 17 an

From the above analysis and applying Theorem 4.1
given by Kuznetsov (1998, Chapter 4), we have the
following theorem.

Theorem 3. Ifn; (i = 1,3,4) # 0, then the model (2) un-
dergoes saddle-node bifurcation at Es(x7f, x5) when the
parameter 65 varies in a small neighborhood of the origin.
Moreover, if n; (i = 1,3,4) > 0 (resp. n; (i = 1,3,4) <
0) and 67 > 0 (resp. 67 < 0), then new equilibria occur
(resp. equilibria overlap).

In Section 7, we will give an example to show that
saddle-node bifurcation occurs at Fs(z7,x3) under the
conditions of Theorem 3.

6. Chaos control

Unstable fluctuations, bifurcations and chaos have always
been regarded as unfavorable phenomena in biology, so
they are harmful for the breeding of biological population.
Naturally, we need take action to stabilize the latter.

In this section, to eliminate the unstable periodic
orbits or the chaotic orbits of the model (2), we will
introduce the OGY chaos control method given by Ott
et al. (1990), Grebogi et al (1983) as well as Scholl
and Schuster (2008) to the model (2). We will design an
OGY controller to stabilize the unstable periodic orbits
embedded in the chaotic attractor of the model (2) to a
positive equilibrium.

Consider the following corresponding controlled
form of (2):

z1(n+1)

= 21(n) + (6" +pas ()1 = 1(n)

) ).

—kx1(n)? — _1'1(71)2 + 32

xa(n +1)
=x2(n) + (6" + p)a2(n)(—do

yz1(n) )
xl(n)Z + 52 !

(78)

—511’2 (TL) +

where p is chosen as the control adjusted signal. Here, we
always assume that the model (2) has unstable periodic
orbits embedded in the chaotic attractor when § = §*.
For simplicity, we only discuss the control law of
period-1 orbits; the other cases (for example, higher
period) are similar to this case. We will stabilize the
unstable periodic orbits embedded in the chaotic attractor
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of the model (2) to equilibrium Es(z7, z5). Choose the
response vector w as follows:

w = det (I — J(Es)) ( 1 ) , (79)

where I denotes the identity matrix. Let A\; and As
be eigenvalues of J(E3), and \; (\2) correspond to the
unstable manifold (stable manifold). Then |[A;] > 1
([A2] < D).

The unstable orientation of Eo(z7, z3) is denoted by
p1 and orthogonal dual vector po:

1
p1= (8% — x1*)yos ;o (80)
(32 4+ 52)2(\) — 1 + 861 25)

1
= 5at , (@1
(x{Q + 52)(>\1 —1 + 551%3)

and the control adjusted signal can be written as

T _ *
- A1p3 < z1(n) — ] ) 82)

(M — 1)P2Tw x2(n) — x5

Choose the allowable range of parameter variation e (for
example, ¢ = 0.08)). Then we obtain the control

condition
1
AS?2| < (1 — =) pTwe, 83
| x1 | ( )\1 )pQ ( )
where
o[ ®1(n) —ai
AS;? = Py . (84)
z2(n) — o3

If the model (78) satisfies the control condition,
we start control. Applying the results given by Ott et
al. (1990), Grebogi et al (1983) as well as Scholl and
Schuster (2008), we have the following theorem.

Theorem 4. If the controlled model (78) satisfies the
control condition
1
asz] < (1= 1) phwe, (85)
1

0 < € < 1 defines the allowable range of parameter vari-
ation, and the controller adjusted signal is

A1
0 if|————AS?2| <e,
p= ApT ry — (86)
— otherwise,
(M =Dpyw \ 9 — b

then this controller can stabilize the unstable periodic or-
bits embedded in the chaotic attractor to a positive equi-
librium.

For the model (2), when to start controlling the
unstable periodic orbits embedded in the chaotic attractor
is quite important. Ott et al. (1990) and Grebogi et
al. (1986; 1987) gave detailed expressions for general
OGY chaos control. The time of starting control usually
depends on the control adjusted signal p. When time ¢ is
large enough, p has the following exponential probability
distribution:

plt) cexp (o), (87)

where (t) has to do with § and presents the average time
of chaos. Particularly, when ¢ is quite small, we further
have

(t) o< 677, (88)
where
1 ln )\1
7—1—#571]0'/\2'_1. (89)

Therefore, the time of starting control can be determined
by d and ~.

7. Numerical simulations

In this section, we give the bifurcation diagrams, phase
portraits of the model (2) to confirm the above theoretical
analysis and show new interesting complex dynamical
behaviors by using numerical simulations. Furthermore,
we have performed some numerical simulations to see
how the OGY chaos control method stabilizes the unstable
periodic orbits embedded in the chaotic attractor. The
parameters are considered for the following four cases.

Case 1. Varying § in the range 0.8 < § < 2.2, and
fixing 61 = 0.32,k = 2.2,5 = 0.5, 6o = 0.2,y = 0.51.
When we evaluate Eqns. (4), the model (2) has a unique
positive equilibrium FE5(0.1434,0.2195). When 0 =
0.8565, the Jacobian matrix J(E2) has two eigenvalues
Ar = 0.9226 + i0.3858 with |[AL| = 1. Hence,
(61,k,8,00,7,0) = (0.32,2.2,0.5,0.2,0.51,0.8565) €
F33.  Further, by computing (53), we can obtain that
a = —0.1235. This illustrates Theorem 2.

From Fig. 1, we observe that the equilibrium Fso
of the model (2) is stable for § < 0.8565 and loses its
stability at 6 = 0.8565, and that an invariant circle appears
when J exceeds 0.8565.

Figure 1 clearly depicts how a smooth invariant
circle bifurcates from the stable equilibrium F,. When
0 exceeds 0.8565, there appears a circular curve enclosing
FE5, and its radius becomes larger with the growth of §
when § reaches certain values. For instance, 6 = 1.84, the
circle disappears and the period-3, 6, 9, 12, 20, 63, 70, 112
windows within the chaotic regions and boundary crisis
emerges at § = 2.1813. Further, from Fig. 1 we observe
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0.7

Fig. 1. Hopf bifurcation of the model (2) in the (d, z1) plane,
and initial values (210, z20) = (0.3,0.1).
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Fig. 2. Time responses for the state 1 of the controlled model
(78) in the (n, x1) plane with § = 1.86, and initial val-
ues (1'1071’20) = (0.37 0.1).

0.4
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Fig. 3. Time responses for the state z2 of the controlled model
(78) in the (n, x2) plane with § = 1.86, and initial val-
ues (z10,x20) = (0.3,0.1).

the number of predators decreases due to the increased
ability of prey and the population of the predators is
extinct at last.

We have performed some numerical simulations
to see how the OGY controller stabilizes the unstable
periodic orbits embedded in the chaotic attractor.
Parameter values are fixed as (d1,k,[,00,7,0) =
(0.32,2.2,0.5,0.2,0.51,0.933). Figures 2 and 3 show
that, when n < 500, we do not apply control to the
model (2) (that is, p = 0), and (2) presents chaotic
behavior. When n > 500, the chaotic orbits fall into a
small neighborhood of the desired equilibrium, we start
control, so that the chaotic orbit is quickly stabilized to
Es.

Case 2. Varying § in the range 1.2 < § < 2, and
fixing 61 = 0.8,k = 2.5, = 04, 69 = 0.6,y = 0.5.
By evaluating Eqn. (4), the model (2) has a unique

positive equilibrium FE5(0.4391,0.0279). When 6 =

0.7

0.6

0.5-

0.3r

0.2r

Fig. 4. Flip bifurcation of the model (2) in the (4, z1) plane, and
initial values (z10, z20) = (0.3,0.1).

0.65

0.6F

0.55r

0.5F

200 400 600 800 1000 1200

Fig. 5. Time responses for the state 1 of the controlled model
(78) in the (n, z1) plane with § = 1.78, and initial val-
ues (z10,x20) = (0.3,0.1).
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1.5184, the Jacobian matrix J(Fs) has two eigenvalues
A1 = —1,A = 0.9716. Hence, (01,k,3,0d0,7,0) =
(0.8,2.5,0.4,0.6,0.5,1.5184) € F3;. Further, by
computing (30) and (31), we can obtain that a; =
—4.654, ag = 43.32. This illustrates Theorem 1.

From Fig. 4 we observe that equilibrium FE5 is stable
for 6 < 1.5184, and there are orbits of period-doubling
for 6 = 1.5184. From 6 = 1.76 to 1.83, we can see the
attracting chaotic sets, and when ¢ from 1.88 to 1.92, we
can see the non-chaotic sets.

We have performed some numerical simulations
to see how OGY control stabilizes the unstable
periodic orbits embedded in the chaotic attractor.
Parameter values are fixed as (d1,k,0,00,7,0) =
(0.8,2.5,0.4,0.6,0.5,1.5184). Figure 5 shows that we
do not perform control to the model (2) when n < 500
(that is, p = 0), and (2) presents chaotic behavior. When
n > 500, the chaotic orbit falls into a small neighborhood

0.7

24 2.6

Fig. 6. Flip bifurcation of the model (2) in the (4, z1) plane, and
initial values (10, z20) = (0.12,0.0012).
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Fig. 7. Time responses for the state x; of the controlled model
(78) in the (n,z1) plane with § = 1.78, and initial val-
ues (wlo,l‘go) = (0.127 0.0012).

of the desired equilibrium, we start control, so that the
chaotic orbits are quickly stabilized to Fjs.

Case 3. Varying § in the range 1 < § < 2.6,
and fixing 0; = 0.42,k = 2.2, = 0.273, g =
0.71,v = 0.43. By computing, the model (2) has
an equilibrium at F4(0.4842,0). When § = 1.3123,
the Jacobian matrix J(E;) has two eigenvalues \; =
—1, and Ay = 2.3123. Hence, (1,k,[,00,7,0) =
(0.42,2.2,0.273,0.71,0.43,1.3123) € F4. Further, by
computing (30) and (31), we can obtain that oy =
—0.1297, ap = 3.2875. This illustrates Theorem 1.

From Fig. 6 we see that equilibrium F; is stable
for 6 < 1.3123, and loses its stability when 0 =
1.3123. Furthermore, there is flip bifurcation from Fig. 6.
Moreover, a chaotic set is emerged with the increasing of
0, and we know that when ¢ increases to 1.7823 the prey
tends to extinct, and at last the predator and prey tend to
extinction.

Fig. 8. Saddle-node bifurcation of the model (2) in the (61 —x2)
plane, and initial values (x10, z20) = (0.12,0.0012).

" I I I I . . §
0.08 0.1 012 0.14 0.16 0.18 02 022 024
3
4

Fig. 9. Local amplification corresponding to Fig. 8 for 61 €
[0.08,0.25] in the (1, x2) plane.
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We have performed some numerical simulations
to see how the OGY control stabilizes the unstable
periodic orbits embedded in the chaotic attractor.
Parameter values are fixed as (d1,k,0,00,7,0) =
(0.42,2.2,0.273,0.71,0.43, 1.3123). Figure 7 shows that
we do not perform control to model (2) when n < 500
(that is, p = 0), and model (2) presents chaotic behavior.
When n > 500, the chaotic orbits falls into small
neighborhood of the desired equilibrium, we start control,
so that the chaotic orbits is quickly stabilized to £} .

Case 4. Varying J; in the range 0.04 < §; < 0.7,
and fixing 6 = 0.23,k = 2.2, 8 = 0.273,6p =
—0.34,~v = 0.23. By computing (4), when ¢; = 0.4712,
the model (2) has a positive equilibrium (0.1375, 0.0731)
and the Jacobian matrix J(Es) has two eigenvalues
A1 = 1,A = —3.9741. Hence, (01,k,[3,0d0,7,9) =
(0.4712,-0.34,2.2,0.273,0.23,0.23) € F34. Further,
for smaller 9; = 0.0812, by computing (4), the model
(2) has two positive equilibria (0.0063,4.4239) and
(0.0274,5.2163). By computing (74)—(77), we can obtain
that ;1 = —4.9255,1, = 21.3847,n3 = 3.2988,14 =
—0.2319. This illustrates Theorem 3.

We give the saddle-node bifurcation diagram Figs. 8
and 9 of the model (2) in the (d1,x2) plane for 69 =
—0.34,k = 22,8 = 0273,y = 0.23,§ = 0.23,
and 0.04 < 6§ < 0.7. From Figs. 8 and 9, we
can see that period-2 occurs at §; = 0.0812, period-4
occurs at 91 = 0.1183, and cascades of period-halving
bifurcation and flip bifurcation can be seen. And as
01 increases from 0.1724 to 0.1863, the model (2) goes
through quasi-periodicity. When §; increases to 0.4712,
the model (2) becomes stable. This illustrates Theorem 3.

8. Discussion

In this paper, we discuss the dynamical behaviors of
the model (2), precisely by choosing the step size §
and the death rate of the predators J; as a bifurcation
parameter, it has been shown that the model undergoes
a series of bifurcations including a flip bifurcation, a
Hopf bifurcation, and a saddle-node bifurcation. We
obtain these bifurcations by only changing the bifurcation
parameters; we also obtain flip bifurcation and chaos
at boundary equilibrium (m,0) by choosing § as a
bifurcation parameter. At the same time, as the
parameters vary, the model exhibits a stable period-one
orbit, a period-two orbit, a period-n orbit or coexistence
of several periodic orbits, an invariant cycle, chaotic
oscillators, even a sudden onset of chaos suddenly and the
chaotic dynamics approach to the period orbits, inverse
period-doubling orbits. Furthermore, we obtain that the
preys and predators can tend to stable equilibria when the
preys and predators are in a chaotic dynamic by using
chaos control.

However, for the continuous-time two-species
prey-predator model (1), from the article by Liu et al.
(2010) we see that the dynamical behaviors are quite
simple. In particular, if there exists a unique positive
equilibrium Eo(x7,x3), then Eo(x},x3) can be global
asymptotically stable under some certain conditions, or
there exists a unique stable limit cycle around Es(z7, 25).
Therefore, from the analysis and results in this paper
we see that the discrete-time two-species prey—predator
model (2) can produce a much richer set of patterns
than those observed in the corresponding continuous-time
model (1).
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