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BLOCK-ORIENTED SYSTEMS

GRZEGORZ MZYK

Institute of Computer Engineering, Control and Robotics
Wroctaw University of Technology, Wybrzeze Wyspianskiego 27, 50-370 Wroctaw, Poland

e-mail: |grzegorz .mzyk@pwr .wroc.pl

A combined, parametric-nonparametric identification algorithm for a special case of NARMAX systems is proposed. The
parameters of individual blocks are aggregated in one matrix (including mixed products of parameters). The matrix is
estimated by an instrumental variables technique with the instruments generated by a nonparametric kernel method. Finally,
the result is decomposed to obtain parameters of the system elements. The consistency of the proposed estimate is proved
and the rate of convergence is analyzed. Also, the form of optimal instrumental variables is established and the method of
their approximate generation is proposed. The idea of nonparametric generation of instrumental variables guarantees that
the I.V. estimate is well defined, improves the behaviour of the least-squares method and allows reducing the estimation
error. The method is simple in implementation and robust to the correlated noise.
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1. Problem statement

1.1.  System. The paper considers the problem of
identification of a scalar, discrete-time, asymptotically
stable nonlinear dynamic system shown in Fig. [II and
described by the following equation (cf. Bai, 1998):

n

P
Y = Z)\j?’](yk_j) + Z%:,U(Uk—i) + zk, (1)

j=1 i=0
where
p(u) = cofi(u),
o )
n(y) =>_ digy)
=1

The structure is well known in the literature (see, e.g., Giri
and Bai, 2010), and can be treated as a special case of the
additive NARMAX model (Chen and Billings, 1989).
The signals yi, ur and zj are the output, the input
and the noise, respectively. The system in Fig. [ is
more general than the Hammerstein system often met in
the literature. The Hammerstein system is obtained when
the function 7(-) is linear (see Appendix A). Also, it is
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Fig. 1. Additive NARMAX system.
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not equivalent to the Wiener—Hammerstein (sandwich)
system widely considered in the literature, where two
linear dynamic blocks surround one static nonlinearity.
In spite of many possibilities of applications in various
domains (Haber and Keviczky, 1999; Bai, 1998; Zhang
et al., 1996; Suykens et al., 1998; Sastry, 1999; Lu and
Hill, 2007), relatively little attention has been paid to this
structure in the literature.

1.2.  Assumptions. The following assumptions are
made.

Assumption 1. The static nonlinear characteristics are of
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a given parametric form,

, 3)

where fi(-),....fm() and gi(-),....94(-) are a priori
known linearly independent basis functions such that

| ft(u)] < Pmax )
19:(¥)] < Pmaxs 5)

for some constant Py, ax.

Assumption 2. The linear dynamic blocks have finite
impulse responses, i.e.,

o= v, ©)
1=0
p
Ve =D AW (7)
j=1

with known orders n and p.

Assumption 3. The input process {uy} is a sequence
of i.i.d. bounded random variables, i.e., there exists
(unknown) Uax, such that |ug| < Umax < 00.

Assumption 4. The output noise {z;} is a correlated
linear process. It can be written as

=) with—i, ®)
=0

where {e} is some unknown zero-mean (Fej, = 0) and
bounded (|ek| < Emax < 00) i.i.d. process, independent
of the input {uy}, and {w;};~ 5 G-, lwi| < o0) is an
unknown stable linear filter.

Assumption 5.
stable.

The overall system is asymptotically

Assumption 6. Only the input {u} and the output of the
whole system {yy} are accessible for measurements.

Let
A=(A,00)"
F:('y()a"w’}/n)T’
., ©)
c=(c1y...,cm)",
d=(dy,...

7d(])T$

dla

denote true (unknown) parameters of the system.
Obviously, the input-output description of the system,
given by (@) and @) is not unique. For each pair of

constants & and B, the systems with parameters A, T,
¢, d and BA, al, c/aq, d/B cannot be distinguished,
i.e., they are equivalent (see (I)-(@))). For the uniqueness
of the solution, the following technical assumptions are
introduced (see Bai, 1998):

(a) the matrices © 4 = AdT and O, = I'cT are not both
zero;

(b) ||Al]2 = 1 and ||T'||2 = 1, where || - ||2 is the Euclidean
vector norm;

(c) first non-zero elements of A and I are positive.

Let
9:('Y()Cla--'7’yocma'"77ncl7"'77ncm7 (10)
Adyy e Adgy - Apdyy e Apdyg)T
= (917 cee 79(n+1)m; 9(n+1)m+1; s 79(n+1)m+pq)T

be the vector of aggregated parameters (I) obtained
by inserting @) to (), and let ¢, be the respective
generalized input vector

bk (11)
= (filug), -, frluk—n)s -y fr(ug-1),..., (12)
fm(k—n)s 91(Yk—1)s- - s Gg(Yr—1)s - - -, 91 (Y—p)

s 9a(yk—p)) "

Thanks to above notation, the description (I)-@) can be
simplified to the form y;, = gbf@ + 21, which means that
the system remains linear with respect to the parameters.
Fork =1,..., N, we obtain

YN = (I)N9+ZN, (13)
where YN = (yl; .. .,yN)T, @N = (¢1, N ,¢N)T,
and Zy = (#, ..., n)T.

The purpose of identification is to recover the
parameters in A, I, ¢ and d (given by @), using the
input-output measurements (ug, yx) (k = 1,..., N) of the
whole system.

1.3. Comments on the assumptions. The
representation (I) belongs to the class of the so-called
“equation-error” models, while in practical situations a
more complicated case of “output-error” models is often
met, i.e.,

Y = Z§:1 A T—j) + Do vir(ue—i),

with zero-mean disturbance dj. Since the resulting noise
2y in (@) results from nonlinear filtering of dy, it can be
of a relatively high order and may have a non-zero mean.
The first problem is omitted by making Assumption 7 in
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Section 5. The second one can be simply solved when the
constant function is appended to the basis f1(),...,fm(:).

To simplify the presentation, it was assumed that the
input process, the nonlinear characteristics and the noise
are bounded. In fact, since further analysis assumes only
finite fourth-order moments of all signals, the approach
can be simply generalized for Lipschitz nonlinearities
and most of popular finite-variance distributions of
excitations.

As regards the i.i.d. restriction imposed on the input
process, it can be weakened, for invertible processes, by
e.g., data pre-filtering and the use of specially designed
instrumental variables in parameter identification (see
Mzyk, 2013).

1.4. Organization of the paper. In Section 2, the
least squares based identification algorithm (see Bai,
1998) is presented for white disturbances. Then, the
reason of its asymptotic bias is shown for correlated
noise. Next, in Section 3, an asymptotically unbiased,
instrumental variables based estimate is proposed. The
idea originates from linear system theory (see, e.g., Wong
and Polak, 1967; Soderstrom and Stoica, 1983; Sagara and
Zhao, 1990; Zhao et al., 1991), where the instrumental
variables technique is used for identification of simple
one-element linear dynamic plants. The proposed method
is then compared with the least squares. In particular,
the consistency of the proposed estimate is shown, in
Section 4, even for correlated disturbances. The form
of the optimal instrumental variables is established in
Section 5, and the method of their approximate generation
is described in Section 6. Also, the asymptotic rate of
convergence of the estimate is analyzed.

2. Least squares and SVD approach

For comparison purposes with the instrumental variables
method proposed further, let us start from the presentation
of a two-stage algorithm based on the least-squares
estimation of the aggregated parameter vector and
decomposition of the obtained result with the use of
the SVD algorithm (see Bai, 1998; Kincaid and Cheney,
2002). The algorithm has the following steps.

The fundamental meaning for the algorithm has the
form of SVD representations of the theoretical matrices
Or. = I'c” and ©py = Ad”. Each matrix being the
product of two vectors has the rank equal to 1, and only
one singular value is non-zero, i.e.,

min(n,m)

Ore= Y. o]

i=1

and

g1 7é 0, og=---= Omin(n,m) = 0.

Algorithm 1. LS-SVD method.
Step 1. Compute the LS estimate

0y = (@hen) oL Yy (14)

of the aggregated parameter vector 6 (see (IQ) and (13)),
and next construct (by the plug-in method) evaluations
0 and 6L of the matrices © 44 = Ad” and O, =
el respectively (see the condition (a) above).

Step 2. Perform the SVD (Singular Value Decomposition,

see Appendix B) of the matrices (9( ) and G(LS)

min(p,q)
O = >, okl
in(n.m) (15)
O = Y ot
=1

and next compute the estimates of parameters of particular
blocks (see @),

s . .
A = sgn(& [re,))E

(LS ~ —~

U0 = sgn(fin [k, )i

e " - (16)
ey = sgn(fi[ky, )1,

dy®) = sgn(& ke, )01 G,

where x[k] denotes the k-th element of the vector x and
kx = min{k : z[k] # 0}.

Thus

Or. = o1 vy, (17)

where ||p1]], = [|v1]|; = 1. The representation of Or.
given by (I7) is obviously unique. To obtain I', which
fulfills the condition (b), one can take I' = p; or I' =
—u1. The condition (c) guarantees the uniqueness of I'.
The remaining part of decomposition allows computing c.
The vectors A and d can be obtained from © 54 in a similar
way.

The singular value decomposition allows splitting
the aggregated matrices of parameters @%ﬁs) and (:)Sdes)
into products of two vectors (see (I3)) and estimating
fng“E‘NLS)T and KEVLS)EZSVLS)T according to (I6). It was
shown by Bai (1998) that

oY —rcl|2,  (18)

11,0101) = ar, min
(M ’ ) g cER™ [ER™

and for the noise-free case (2 = 0) the estimates (I6)
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equal the true system parameters, i.e.,

AFS = A,

ry® =,

19)
& =

A\ = d.

Moreover, if the noise {z;} is an ii.d. process,
independent of the input {uy}, then

7\5\%5) — A,

f%s) — T,
S

c/l\(]\fs) — d,

(20)

with probability 1, as N — oo.

Remark 1.  For a less sophisticated linear ARMAX
model yx = >0 dA\jyk—j+ D ¢yitk—i + 2k, Where
c and d are scalar constants, the vector (I0) reduces
to 0 = (@%C,Gfd)T, with single column matrices
Or. and ©,4. Consequently, the estimate (I4) plays
the role of the standard least-squares method and the
SVD decomposition in (I3) guarantees normalization, i.e.,
[IA]l> = 1 and [|T[]2 = 1.

By taking (I3)) and (I4) into account, the estimation
error of the vector 6 by the least squares can be expressed
as follows:

A — ) _ g 1)
— (@hoy) L2y

1 & AR
k=1 k=1

If {z;} is a zero-mean white noise with finite variance,
independent of {uy}, then all elements of the vector Zy
are independent of the elements of the matrix @ and
from the ergodicity of the noise and the process {¢y}
get that Ag\%s) — 0 with probability 1, as N — oc.
Nevertheless, if {z;} is correlated, i.e., Ezpzipt; # 0
for some i # 0, then the LS estimate (I4) of  is not
consistent because of the dependence between z; and the
values g;(yx—i) ( = 1,...,gand i = 1,...,p) included
in ¢. Consequently, the estimates given by (I6) are not
consistent, either.

3. Instrumental variables approach

As was shown by Hasiewicz and Mzyk (2009), for any
Hammerstein system, the bias can be reduced by the
instrumental variables method, known from linear system
theory. This result was generalized by Mzyk (2013) for

a correlated input. In this paper, a similar approach is
proposed for more general systems, including nonlinear
feedback.

Let us assume that we have given, or we are able
to generate, an additional matrix Wy of instrumental
variables, which fulfills (even for correlated z) the
following conditions (see Wong and Polak, 1967; Finigan
and Rowe, 1974; Ward, 1977; Hansen and Singleton,
1982; Soderstrom and Stoica, 1983; 2002; Kowalczuk and
Koztowski, 2000; Hasiewicz and Mzyk, 2009):

(Cl) dimVy = dim®y, and the -elements
of Uy = (Y1,99,...,0N8)T, where ), =
(WVr1, Vr,2,- .- 71/)k,m(n+1)+pq)T, are jointly bounded,

i.e., there exists 0 < Ymax < 00 such that [y ;| < ¥max
(k=1,....,Nandj=1,...,m(n+1) + pg) and ¢ ;
are ergodic, not necessarily zero-mean, processes;

(C2) there exists Plim(% \Ilﬁch) = By, ¢£ and the limit
is not singular, i.e., det{ Ey,¢% } # 0;

(C3) Plim(%¥%Zn) = Evrz, and Egz, =
cov(¢g, z) = 0 (see Assumption ).

Lemma 1. A necessary condition for the existence of the
instrumental variables matrix VU, which fulfills (C2) is
the asymptotic non-singularity of %@%@N.

Proof. For the proof, see Appendix A. [ ]
Premultiplying (I3) by ¥%;, we get
VLYN =V ong + UL Zy.

Taking into account the conditions (C1)-(C3), a natural
idea is to replace the LS estimate, given by (I4) and
computed in Step 1 (see Section[2)), with the instrumental
variables estimate

) = (Whon) ' w vy, (22)

Step 2 is analogous i.e., the SVD decomposition is
(IV) and @(IV)

74l

made for the estimates O of matrices © 5g4

and Or.., obtained on the ba51s of

4. Limit properties

For the algorithm (@2) the estimation error of the
aggregated parameter vector  has the form

AV = V) — (23)
— (Whoy) Ul Zy
1Y o
<N Z¢k¢£> (N ZW«%)
k=1
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Theorem 1. Under (C1)—(C3), the estimate (22) con-
verges in probability to the true parameters of the system,
independently of the autocorrelation of the noise, i.e.,

Plim AV =, (24)
Proof. For the proof, see Appendix A. [ ]

Theorem 2.  The estimation error A%V) converges to
zero with the asymptotic rate O(1/+/N) in probability, for
each strategy of instrumental variable generation, which
guarantees the fulfillment of (C1)—(C3).

Proof. For the proof, see Appendix A. [ ]

5. Optimal instrumental variables

Theorem [2| gives a universal guaranteed asymptotic rate
of convergence of the estimate (22). Nevertheless, for a
moderate number of measurements, the error depends on
particular instruments used in a given application. In this
section, a optimal form of instruments is established for
the special case of NARMAX systems, which fulfills the
following assumption concerning 7() and {\; }5‘):1-

Assumption 7.  The nonlinear characteristic n() is a
Lipschitz function, i.e.,

In(y™) —n(y@)| < rly™ —y@|, (25)

and
n(0) = 0. (26)

Moreover, the constant » > 0 is such that
p
a=ry [Nl <L 27
j=1

Let us consider the following conditional processes

(cf. @):

G = Blgi(yr) [ {ur—i}Zo}, (28)
wherel = 1,2, ..., q, and write
&= aly) -G

We have
9(yr) = Gk + &k,
and the signals

&k = 91(yr) — Gips (29)

for I = 1,2,...,q and k = 1,2,...,N, will be
interpreted as the “noise”. Equation (I) can now be
presented as follows:

n

P
uk = Amlye—g)+ > vis(un—i) + 2 (30)
i=1 =0

= Ar (¥ ) + B (et i)
+ Ck (ug) + 2k,

where

Ak ({y’“‘j}g‘)zl) = z”: Ajin(Yr—),

By ({ur—i}i—y) = Z Yitb(Ur—i),

Cr (ur) = vop(ur).

The random variables Ay, By and zj, are independent of
the input uy, (see Assumptions[TH6). For a fixed u, = u,
we get Cy, (u) = you(u). The expectation in (28) has the
following interpretation:

Gk = E{gl(ck (ur) + Ak ({yk—j};}:l) GD

+ By (i} i) + 20) | {uibe o )

and cannot be computed explicitly. However, as will
be shown further, the relation between G;j and the
characteristics p(-), 7(-) is not needed. The most
significant are the properties below.

(P1) The “disturbances” {&,k}szl given by (29) are
independent of the input process {uy } and are all ergodic.

The mutual independence of {5%}2]:1 and
{ur}pe_ ., is a direct consequence of the definition
@8). On the basis of Assumptions BH3l the output
{yk}]k\/:1 of the system is bounded and ergodic.
Owing to Assumption [Il concerning the nonlinear
characteristics, the processes { g; (yk)}szl and {Gl’k}]k\;l
(I = 1,2,...,q) are also bounded and ergodic.
Consequently, the “noises” {5l>k}kN:1 (1=1,2,...,q9),as
the sums of ergodic processes, are ergodic too (see 29)).

(P2) The processes {&; 1 } are zero-mean.
By the definition (29) of &, we have

E& = Egi(yr) — EGi
=By E {o(ye) | {u}io o}
- E{u}f=7wE {gl(yk) | {u}f:—oo} =0.

(P3) If the instrumental variables vy ; are generated by
the nonlinear filtering

Uiy = Hi({ui}i-_ ). (32)

where the transformations H;(-) (j = 1,2,...,m(n +
1) + pg) guarantee the ergodicity of {1y ;}, then all
products Y, &k, (7 = 1,2,...,m(n+1) + pg, | =
1,2,...,q) are zero-mean, i.e., By, ;& k, = 0.

Owing to (P1) and (P2), we have

E g, j&ik,] = E Hj({uz'}f;oo)fl,m}
= EH;({ui}_ ) E&k, = 0.
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(P4) If the measurement noise z; and the instrumental where 0 < a < 1. Introducing the symbol
variables v, ; are bounded (i.e., Assumption [ and the n
condition (C1) are fulfilled), i.e., |zx| < Zmax < 00 and 5h — ) )
k=) it (Uk—i) + 2k, (42)
[k, = |Hj (ur)] < Ymax < 0o (see[3), then ;
1 X we get
N 2 ke = B, (33) Y = 0 (Yeer) + 0. 43)
k=1

with probability 1, as N — oo (cf. the condition (C3)).

The product s, ; = 9y, ; 21, of stationary and bounded
signals v, ; and zj, is also stationary, with finite variance.
To prove (33) making use of Lemma B.1 by Soderstrom
and Stoica (1989), it must be shown that Tsi, () — 0,as
|7| — oco. Let us notice that the autocovariance function
of z;, (Ez = 0),

r, (1) = E|(2r — E2) (2k4+r — E2)] = Ezp 247, (34)

as the output of linear filter excited by a white noise has
the property that
r, (1) — 0, (35)

as || — oo. Hence, the processes v ; =
H; ({ui}i?:foo) are ergodic (see (P3)), and independent
of 2z (see Assumption). Thus

Tsp, (T) = El(skj — Eskj) (skirj — Esij)]  (36)
= E [Yk, jVktr,j2k2k+) = cr5(T),

where ¢ = (Evy.;)? is a finite constant, 0 < ¢ < oo.
Consequently,

Fap, (1) =0, (37)
as |7| — oo, and
1 N
~ > skj — Esk, (38)
k=1

with probability 1, as N — oo.

(P5a) For the NARMAX system with the characteristic
n() as in Assumption [7] and the order of autoregression
p = 1 (see Eqn. (d))), it holds that

1 N
D kL — Bvkof, (39)
k=1

with probability 1 as N — oo, where 1y, is given by (32));
compare the condition (C2).

For p = 1 (for clarity of presentation, let also A\; =
1) the system is described by

n

yk =0 (k1) + > vikt (uk—i) + 25, (40)
=0

and the nonlinearity 7(), according to Assumption [7}
fulfills the condition

In W)l <alyl, (41)

Since the input {uy} is an i.i.d. sequence, independent of
{21}, and the noise {z;} has the property that r, (7) — 0,
as |7| — oo (see (33)). There holds 75 (1) — 0 as |7| —
oo. Equation (43)) can be written in the following form:

Yk = Ok + 1 {0k—1 + 1 [0k—2 + 1 (dk—s +...)]}. (44)

Let us introduce the coefficients ¢ defined, for k =
1,2,...,N,as

o — n(yk)’ 45)
Yk

with 0/0 treated as 0. Owing to (), we have
lek] < a< 1, (46)

and using ¢, Eqn. (@4) can be rewritten as follows:

Yk = Ok + Ck—1 (51%1 + Cr—2(Op—2
+ k-3 (Or—3 + .. ))),

i.e.,
o0
Yk = E Ch,i0k—i»
i=0

where ¢, 0 = 1, and ¢ = Ck_1Ck—2...,Ck—;. From
(@48) we conclude that

k.| < a'. 47)

Since for 0 < a < 1 the sum ) .o a’ is finite, from
@7 we get > |ck,i| < oo, and from [@2) we simply
conclude that for |[7| — oo we have ry (1) — 0
and rg,(y,) () — 0, where the processes g;(yx) (I =
1,...,q) are elements of the vector ¢. Thus, for the
system with the nonlinearity 7(-) as in (), the processes
{yr} and {gi(yx)} (I = 1,...,q) fulfill the assumption
of the ergodic law of large numbers, and the property (39)
holds.

(P5b) Under Assumption [7] the convergence (39) takes
place also for the system () with p > 1.

For any number sequence {xj}, let us define the
norm

{2z}l = lim sup ||, (48)
K—oo s K

and let us present Eqn. (@) in the form

p
yk = Y An(ye—j) + Ok, (49)

J=1



Nonparametric instrumental variables for identification of block-oriented systems a amcs

where §j, is given by @2). The proof of the property
(P5b) (for p > 1) is based of the following theorem (see
Kudrewicz, 1976, p. 53).

Theorem 3. Let {y,(:)} and {y,(f)} be two different output
sequences of the system () (see also ([E9)), and {6Igl)},

{5,&2)} be respective aggregated inputs (see ([@2)). If (23),
(28) and (27) are fulfilled, then

1 2
1o — 52
1+«

1462 — 5731
< ! -y < R

(50)
where the norm ||-|| is defined in (E3).

From (30) and under the conditions @3)-27), the
steady state of the system () depends only on the steady

state of the input {4y }. The special case of (30) is 6,22) =

0, in which lim _ 0 SUD,- s ’y](f)’ — 0, and

1 1 1 1 1
T H < I M < = I

T 11—«

The impulse response of the system tends to zero, as k —
00, and for an i.i.d. input the autocorrelation function of
the output {yy, } is such that

ry(7) =0 as |7] — oo.

Moreover, on the basis of (I)—(@), since the process {yr}
is bounded, it has finite moments of any orders and the
ergodic theorems hold (see (Soderstrom and Stoica, 1989)
Definition B.2, Lemma B.1, B.2). In consequence, the
convergence (39) holds.

The properties (P5a) and (P5b) (see (39, (I2) and
(B2)) can be rewritten for particular elements of ;. and
¢y, in the following way:

N

1
N > Uy 91 Wks) — Bty jgi(yk,)-
k=1

with probability 1 as N — oo.

Under the property that E [y, i&.1,] = 0 (see (P3)),
for instrumental variables generated according to (32),
there obviously holds that

E[Yr,,91(Yks)] = E [Yr, iG] -
Writing (cf. (12))

0% = (of o, 05T, (51)
&% 2 (fu(wn)s ... fonltin), .-
fl(uk*n)a .. '7fm(uk7n)7

Gl,k*lv RN Gq,kflv ceey
T
Gl,k—p; R 7Gq,k—p) 5

where Gy = FE{gi(yx) | {wi}f___} (see @8)), and
making use of the ergodicity of the processes {uy ;}

G=1,....mn+1)+pqg), {fr(ur)} ¢t =1,...,m)
and {G; 1} (I = 1,...,q) (see (32) and Assumption [3)),
we get

N
1 1 .
N\Iﬂ]\}@% = E ¢k¢k#T — Ez/;kqbk#T with p. 1,
k=1

and, using (39), we get
1 1 <
N\Ifch)N = N ;d;kqbg — Ez/;kqbg with p. 1,

for the instruments as in (32)).
Directly from the definitions (28) and (31), we
conclude that E [V, ;01(yk,)] = E [¥k, jGik,] and
Egrgl" = Edioy.

Thus, for any choice of instrumental variables matrix ¥y,
which fulfills the property (P3) (see (32)), the following
equivalence takes place asymptotically with probability 1,
as N — oo

1 1
N\I}%@ﬁ = N\Ifﬁqm. (52)

The estimation error (i.e., the difference between the
estimate and the true value of parameters) has the form

-1
v Ja%s 1 1
ALYV) =gV g = (N\I@@N) <Nx1/§ZN).

Introducing

1 -1
'y 2 (=0%® — T
! (N NN) VN
1
g &8 VRN
N Zmax

where z,,x 1S an upper bound of the absolute value of the
noise (see Assumption[d)), we obtain that

AGY) = znaxIn Zk, (53)
with the Euclidean norm of Z3;,

> ﬁz’“ ’ 1 %\
1230 = Z( ): () <
k=1

z. z.
b1 max max

Let the quality of the instrumental variables be
evaluated on the basis of the following criterion (see, e.g.,
Wong and Polak, 1967)

Qn) = max [lAY wy)|. 69

2% ]|<1

where ||-|| denotes the Euclidean norm, and A%V) (Ty)
is the estimation error obtained for the instrumental
variables W .
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Theorem 4. If Assumptions [[HZ and the condition (32)
hold, then the criterion Q (V) given by (04) attains a
minimum for the choice

vt = o7, (55)
i.e., foreach VU,
Nlim Q(\Ilﬁ) < ]\}im Q(¥ ) with prob. 1.

Proof. For the proof, see Appendix A. [ ]

Obviously, instrumental variables given by ([G3)
fulfill the postulates (C1)-(C3).

6. Nonparametric generation of
instrumental variables

The optimal matrix of instruments \I'ﬁ cannot be
computed analytically, because of the lack of prior
knowledge of the system (the probability density
functions of excitations and the values of parameters are
unknown). Estimation of \I'ﬁ is also difficult, because
the elements Gj; depend on an infinite number of
measurements of the input process. Therefore, the only
choice is the following FIR approximation:

POF (I G OF O
F 2 () (ug), s Fn (),
Fr@hen)s - fon ()

GG
GOy G,

' q,k—p

where 7 is a cut-off level in (28)), i.e.,

G = E{gulye) | {ur—iY_o}. (56)

It is based on the intuition that the approximate value
\IIE\T,)# becomes better, i.e.,

when r is increasing (this question is treated as open). The
simplest realization of the algorithm (i.e., for » = 0) has
the form

vy = w07
DO L (fr(ur), oy fn(un),
fl(ukfn); ey fm(ukfn)a

Rl(ukfl), e ,Rq(ukfl), ey
Ry(ug—p), ..., Rq(uk—p))T’

where

Ri(w) = G (w) = E{au(yn)} | up = u}. (57

All elements of LZJ](CO)# (white noises) fulfill (P3).
After introducing

ik = gi(y)
the regression functions in (37) can be written as
Rl(u) =F {a:l,k | U = ’U,} .

Both uy and yj can be measured, and 1, = ¢;(yx)
can be computed, because the functions ¢;() are known
a priori. Thus the most natural method for generation of
\IIE\T,)# is the kernel method. A traditional estimate of the
regression function R;(u) computed on the basis of M
pairs {(u;, x“)}i\il has the form (see, e.g., Greblicki and
Pawlak, 2008)

EZ,M(U) =

M —U;
7 Limr LK (Z(]\Z)) (58)

1 M — U4 ’
M Eizl K (h(M))
where K is a kernel function, and h is the bandwidth

parameter.

Further deliberations will be based on the following
two theorems (see Greblicki and Pawlak, 2008).

Theorem 5. If h(M) — 0 and Mh(M) — oo as
M — oo, and K (v) is one of exp(— |v|), exp(—v?), or
(1+ |v|1+6)_1, then

M u—u;
% >im1 YilS (h(M))

M u—u;
a7 im1 K (h(M))

— E{yi | u; = u} (59

in probability as M — oo, provided that {(u;, yi)}i]\il is
an i.i.d. sequence.

Theorem 6. [f both the regression E{y; | u; = u}
and the input probability density function ¥(u) have finite
second order derivatives, then for h(M) = O(M~ %) the

asymptotic rate of convergence is O(M~ 3 ) in probability.

To apply the above theorems, let us additionally
make the following assumption.

Assumption 8. The functions gi(y).....94(v),
fi(u),...,fm(u) and the input probability density ¥(u
have finite second order derivatives for each u €
(—Umax, Umax) and each ¥ € (—Ymax, Ymax)-

In our problem, the process {x;;} appearing in
the numerator of (38)) is correlated. Let us decompose
the sums in the numerator and denominator in (38) for

1 . .
r o= LMW‘“J partial sums, where (M) is such that

x(M) — oo and r — oo, as M — oo (e.g., x(M) =
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Vlog M), i.e.,
L({(ui, 1) 1)) (60)
M r
A 1 U — uU; 1
= a7 ZK =~ >
M Zi:l o, ( h(M) ) " 5t

W({ui}l,) 2

>
<=
NE
=
7N
E\@
2|
N~

Il

| =
(]
g

with

1
StZW Z

r
{#:0<ir+t<M}

1
thW Z

r
{i:0<ir+t<M}

U — Ujr4t
i K|{——— 5 1
Tl ir+t ( h(M) ) (61)

U — Ujprt
r ( R(M) ) |

The components of the sum (60) have the time
distance r and become uncorrelated as » — oo. This fact
is a simple consequence of the property that 7, (1) — 0,
as |7| — oo. Moreover, the components in (61)) are i.i.d.
Each of the partial sums {s;} has the same probability
density, but uses a different subset of measurements. All

of them include M = M /r data.
For simplicity, let us write

1 U — Ujp4t
= — iT K e ———— 9 62
St Wi Z Tl ir+t < H(M) ) (62)

{i:0<ir+t<M?}
1 U — Ujr+t
Wt = = Z K (T) N
M {i:0<ir+t<M} H(M)

where H (M) £
a < 0. Then

h(M). Let h(M) = cM®, where —1 <

1
H(M) = cM® =c (M) Cxon = O(M), (63)
and as M — oo, we get
H(M)—0 and MH(M)—oo.  (64)

From (©2)—(64) and Theorem[3] as r — oo, we get

ma (i) _ thﬁﬂoo (St) _ a‘(u) _ Rl(u),
M—oco \ Wi Plimg; (wy)  b(u)
foreacht =1,2,...,r, and since
= CL{(um)h, I s
Riyv(u) = Mo T T
W({uitiZy) 7 21 Wt
we obtain
Plim (Rl,M(u)) = Ri(u). (65)

Under Assumption [§] from the property (63) and
1
Theorem[f] we conclude that for h(M) = ¢cM ~5 the rate
of convergence of (38) is O(M ~ %) in probability.

aamcs

Taking into account the conclusions from Section [6]
in particular the form of optimal instruments W3,
the following combined parametric-nonparametric
identification procedure is proposed in the paper (see
Mzyk, 2007; 2009).

7. Three-stage identification

Stage 1.

M
measurements {(“iayi)}izl—max(n,p)’
empirical matrix of instruments

(Nonparametric) Using M + max(n,p)
generate the

ATV,M = (@T,M?J)\;?Mv cee JZT\/,M)T;
where
Uiar = (fr(ue), o fn(), (66)

fl(ukfn)v ~~~~~~ 7fm(uk7n)a
ﬁl,]ﬂ(“k*l)v"'vﬁ (uk 1); )
§1,M(Uk—p), . 7Rq,M(uk7p))T’

and

~ M U — U; u— U

i=1 i=1

Stage 2. (Parametric) Estimate the aggregated parameter

vector (I0)

0 = (Y0C1, -y YoCmy -+ > YnCls -« - s YnCm,
Mdyy oo Mdgy - Apday e Apdyg)T

by the instrumental variables method

—~ -1
ezv(fz\‘//[') = (‘I’N JW(I)N) ‘I’NT,MYN, (67)
where
YN = (ylayQa ». 7yN)T7
¢N = (¢17¢27 ] 7¢N)Ta
k= (fr(ur), .-, fm(ur), ...,
fl(uk—n), ) ,fm(uk—n),
91 (Wk—1)s -, 9q(Uk—1) - -5
g1 (ykfp)v cee 7gq(yk7p))T7

(see (I2)), and next, using 9 N. M , construct the estimates
G&IdV) and @(WICV) of the matrices 4 = Ad” and Oy =
el

Stage 3. (Decomposition) Compute the SVD of
the matrices G(IV) and G(IV) i.e., G(IV) =

Zimrf(n ™) ol G(IV) me )5, @g to obtain
the estimates of the parameters (elements of the impulse
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responses of the linear dynamic blocks and the parameters
of static nonlinear characteristics)

Ty = sgu(fi [k, )i,
(68)

dy = sgn(&i ke, )01

An = sgn(& ke, ))Er,

ey = sgn(fi [ky,])o1v1,

where z[k] denotes the k-th element of the vector z, and
kx = min{k : z[k] # 0}.

Under the condition (63), the following theorem
holds.

Theorem 7. For the NARMAX system with the charac-
teristic 1(y) as in Assumption[lwe have

51*\;11\‘;) — 0 in probability

as M — oo and N — oo, provided that h(M) fulfills the
assumptions of Theorem[d]

Proof. For the proof, see Appendix A. [ ]

8. Example

8.1. Simulation. The simulated system was a special
case of the model (), commonly known in the literature as
a Lur’e system (see Fig. ), and often met in applications
(see Hill and Chong, 1989; Hill and Mareels, 1990;
Suykens et al., 1998; Lu and Hill, 2007).

Z

{7/:‘}?:0

()

Fig.2. Lur’e system.

In this case, the static block u(-) is linear, i.e.,
p(u) = u, and both linear dynamic blocks {~;} and {\;}
have the same impulse responses. Thus, in the computer
experiment we set

n=23,

Yo =0, m=1 Y2 =1,
P=2,

Ap=v 0 1=12

and the nonlinear feedback

n(y) = i |yl

was applied. Since, for the case considered,

r=t YN =2,

Jj=1

p
1
=ry N=z<1,
« Tj:1 j B

=~

the simulated system is stable (see (27)) and can be
described by the following nonlinear difference equation:

1 1
Yk = Ug—1 + Ug—2 + 1 lyr—1| + 1 |yk—2| + 2k-

The system was excited by a uniformly distributed
random sequence

U ~ U[—l,l],

and disturbed by the colored noise

1
2k = —Zp— Ek»
k 2k1+k

where e, ~ U [—1,1].

8.2. Identification.
assumed,

The linear model of u(-) was

p(u) = cru+ ca,
i.e.,
filu) = u, fo(u) =1,m =2,

and a two-segment piecewise linear model of 7(-),

n(y) = diy - 1(y) + da2y - 1(~y),
91(y) =y - 1y), 92(v) =y - 1(~y), ¢ =2,
where

1, ifz>0,
1(z) = { 0, otherwise.

The system with the true vectors of parameters

Atrue = (1; ]-)T,
Ftrue - (Oa 17 1)T,
Ctrue = (1; O)T,

was normalized to the following equivalent version (see
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the condition (b) in Section 1.2):

The aggregated vector of mixed products of
parameters 6 and identified matrices © y4 and Or, are as
follows:

T
1 11 1
0 (0,0, 705 70547 4’4’ ) P

Oprg =

= =

0
Or.= |1
1

o O O

The estimates (I4) and (22)) were compared, with
¢k = (ukv 1) Uk—1, 17 Uk—2, 1) yk—ll(yk—1)7
Ye-11(=yr-1), Yp—21(yx—-2),
Yr—21(—yr—2))",

~, -
wk,M = (uk, Lug—1,1, ug—2, 17R1,M(Uk—2)a

~

N N T
R2,M(uk72);R1,M(Uk73);R2,M(Uk73)) ,

where

M s
B gk (35%)
M —u; '
& K (i)

The mean normalized errors of both subsystems,

Ry (u) =

Iy T

MNEp — IEN — Tl
1Tl

MNE, — ldv —dllz.
1]l

were computed and averaged over ten re-runs, and for
various numbers of measurements. Figures [3 and [4] show
that, contrary to the least-squares method, the algorithm
is free of an asymptotic bias (i.e., as N — o0) and
converges to true system parameters. The experiment

was also repeated for various variances of the noise ey.
The results for N = 100, shown in Fig. B confirm a
linear increase of the estimation errors, which is typical
in ‘linear in the parameters’ system identification. The
results confirm the usability of the proposed scheme.

least squares

instrumental variables

10 30 50 70 90 110 130 150 170 190 210 230 250 270 290 N

Fig. 3. Estimation error of the nonlinear static block.

least squares

instrumental variables

10 30 S50 70 90 110 130 150 170 190 210 230 250 270 290 N

Fig. 4. Estimation error of the linear dynamic block.

MNEr

MNE

Fig. 5. Estimation error vs. variance of the noise, for N = 100
(instrumental variables method).

9. Summary

The advantages of the approach and the contribution
of the paper can be summarized as follows. The
structure of the system considered is more general than
Hammerstein systems and Lur’e systems. Moreover,
nonlinear characteristics of static blocks do not have to be
of a polynomial form, which is commonly assumed in the
literature. Also excitations can have arbitrary correlation

aamcs
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properties. The method, as a whole, is computationally
simple, and standard numerical LS/IV procedures (e.g.,
LU and Cholesky decompositions) can be applied at
the main stage of the routine. The consistency of the
proposed estimate is proved, even for correlated noise
and with correlation between the noise and the input
caused by structural feedback. Full versions of the
proofs of theorems are included. Good cooperation
between parametric and nonparametric methods is shown.
The problem of suboptimal generation of instrumental
variables is solved by application of nonparametric
(kernel) methods. Also the scope of applicability of the
instrumental variables technique is extended for nonlinear
systems with feedback.

Obviously, the algorithm proposed in the paper has
some drawbacks. The most significant is the fact that the
class is limited to the ‘linear in the parameters’ additive
NARMAX models, and neither input cross-terms nor
lagged noise terms are admitted in the difference equation
describing the system. The consistency of the estimate
with intuitive approximation \Il%) of U was not proved
formally. This issue is treated as open. Moreover, for
technical reasons (SVD method), only FIR linear blocks
are acceptable. It was also assumed that the input is
an ii.d. sequence. Nevertheless, recent results (see,
e.g., Mzyk, 2013) show that the instrumental variables
approach can be useful for reducing the bias in the
correlated input case.

The presented method can help in identification
of more complicated, large-scale interconnected systems
(see Fig. [), and to design the decomposition/coordination
algorithms (see, e.g., Findeisen et al., 1980), for nonlinear
dynamic models, consisting of n blocks described by

Fig. 6. System with an arbitrary structure.

unknown functionals:

Fy ({ui}, {zi})

where only external inputs u; and outputs y; of the system
can be measured. The interactions x; are hidden, but
the structure of connections is known and coded in the
zero-one matrix H, i.e.,

i=1,2,....n,

i =H; - (y1y2, . .. ,yn)T + 0,

where H; denotes the i-th row of H and ¢; is a random
disturbance. In the simplest case of static linear system
(see Hasiewicz, 1989), the single block is described as
follows:

yi = (@i, bi) (zi,u)" +&

where a; and b; are unknown parameters and &; is
a random output noise. In a more general case of
nonlinear and dynamic system, the single block F;()
can be represented (approximated) by, e.g., two channels
of Hammerstein models (see Fig. [7), resembling the
Narmax/Lur’e system, considered in this paper.

w @
»> :ut( ) > { (/")},:0

r n() o)

Fig. 7. Model of a single element in a complex system.
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Appendix A
Proofs of theorems and lemmas

Al. Hammerstein system as a special case of a NAR-
MAX system

Lemma Al. The additive NARMAX system with the lin-
ear function n(yy), i.e., of the form n(yx) = dyx, is equiv-
alent to the Hammerstein system.

Proof. The NARMAX system description

p n
yk =Y ayn(ys—s) + Y bipt(uk—i) + vg,
=1 i=0

@amcs
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for n(yx) = dy, and the ‘input’

o 2 bip(ug i) + vk, (A1)
=0

resembles the difference equation of the AR linear model

yk = Y ajdys_; + i,
j=1

which can be presented equivalently as (Hannan and
Deistler, 1988)

[ee]
Yk = Z TITk—1- (A2)
Inserting (AT) to (A2) leads to

o0 n
Yk = Z 7] <Z bip(ur—i—) + Uk—l) ,
=0 i—0

and further

Yk = Z'Vq/‘(uqu) + 2k, (A3)
q=0

where zj _Zl o T1Vk—1> Vg = El OZ ’I“lbi(S(l—FZ'—
q), and 6() is a discrete impulse. Equation (IEI) represents
a Hammerstein system with an infinite impulse response.
]

A2. Necessary condition for the 3-stage algorithm

Lemma A2. Ifdet(BT A) # 0 for given matrices A, B €
R>*B with finite elements, then det(AT A) # 0.

Proof. Letdet(ATA) = 0, i.e., rank(AT A) < 3. From
the obvious property that

rank(AT A) = rank(A)

one can conclude that there exists the non-zero vector § €
R?, such that A¢ = 0. Premultiplying this equation by
BT we get BT A¢ = 0, and hence det(BT A) = 0. Thus,
for A = \/Lﬁé N and B = ﬁ\ﬂ ~» a necessary condition

for %\Iﬂ]\}@]\; to be of full rank is det(%@%@]\;) #0,i.e.,
a persistent excitation of {¢y }.

A3. Proof of Theorem/[T]

Proof. From the Slutzky theorem (cf. the work of Chow
and Teicher (2003) and Appendix B) we have

Plim (A{Y))

N—o0

-1
1
= (g (okov))

1
Plim (N‘I’%ZN> :

and directly from the conditions (C2) and (C3), we get,

Plim (A(IV)) —0. (A4)

N—o0

| ]
A4. Proof of Theorem[2]

Proof. Let us define the scalar random variable
= 1A%l = 185" - oll,

where ||-|| denotes any vector norm. It must be shown that

P{er—N>5}—>O as N — oo,
anN

foreache > 0,eachry — Oand ay = 1/\/N To prove
that &y = O(1/v/N) in probability, it suffices to show
that {y = O(1/N) in the mean square sense. Introducing

N
1 1

Ay = SURON = = Prdi

N =5 ¥neN Nk:1¢k¢k,

1 1 <
By = UNZN =5 ) Yk
k=1
we obtain that v
AV = A By. (A5)

Therefore, under Assumptions [[H6] the system output yy,
is bounded, i.e., [Yr| < Ymax < 00. Moreover, under the
condition (C1), we have

’Aﬁvj < YmaxPmax < 00,
forj=1,2,...,m(n+1),and

‘Aﬁvj < YmaxPmax < 00,
forj =m(n+1)+1,...,m(n+1)+pq, so each element

of Ay is bounded.

Similarly, one can show the boundedness of the
elements of the vector By. The norm of the error error
A%V) given by (A3) can be evaluated as follows:

—1
v 1 1
e = 184V = | (—w%m) (a2 ) |
1 T T
<I(%vken) lI5vEzy

Zwkzku

where c is some positive constant. Obviously, one can find
« > 0 such that

1 dim g 1 N
3t <o 3 (113 o).
k=1

< CII—‘IIT Znll = el
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and hence

v
& = a5V

dimyy /N 2
S ()

i=1

IA

dim ¢y

N 2
. 1
ac? dim ¢y, Z <N| kz_:lwk,izko

i=1

IN

dim ¢y

N 2
. 1
=a262d1m¢k E m(E wk,i2k> .
k=1

i=1

Moreover, for uncorrelated processes{ty } and {zx}
(see the condition (C3)) we have that

E¢%
dim g

~ 2
. 1
< a2 dim Yy, Z mE (Z 1Z)k,izk>
k=1

i=1

dim ey, 1 N N
= a2 dim Pk Z mE Z Z 1/Jk1,i1/)k27izklzk2]
i=1 k1=1ko=1
dimp
22 1
< a“cdimy, Z Nz
i=1
N N
X > B [k ikl | E (2, 28]
k1=1ko=1
224 5 U2
< o”c¢” (dim ¢y) % [Ir2(0)]
N T
w23 (1- N) |rz(7)|]
T=1
C oo
< =3I,
7=0
where
o0
r.(1) = vare ZwinT,
i=0
C =202 (dim ) 2 o
Since
o0 o0
var e Z ZwinT
=0 i=0
o0 (o ]
<vare Z Z |wi| |wigr|
=0 i=0
oo oo
< varez |wil Z |witr| < o0,
i=0 i=0
we have

1
E¢2 < D—,

where

D =Cvare

[o BN o]
> s

7=0 i=0

AS5. Proof of Theorem [
Proof. To simplify the presentation, let zp,ax = 1. From
(B3) we get
AR ()7 = ARV (@) ALY (W)
=7\ TE N Zy,
and the maximum value of the cumulated error is

Q(Ty) = max

|z5||<1

= max (Zy,INTNZy)
|zx | <1

= HFNH2 - )\max (F%FN) 5

(AR (wn)AR" (ww))

where ||-|| is the spectral matrix norm induced by the
Euclidean vector norm, and A\,ax(-) denotes the largest
eigenvalue of a matrix. Since (see Wong and Polak, 1967;
Rao, 1973)

)\max (qu\}FN) = )\max (PN]-—‘,Z]\“/') s
from the definition of I' y we obtain that

max (A%WT(\I/N)A%V)(\I/N))
zx|l<1

_ T
= max (¢, TNTHC)

1 —1
= — UL e
e ( (ko)

1 1 -t
X N\I:%\I/N (Nd)%\lw) <;>.

On the basis of (32), we get

1v)T v
e (04w
NI|I=

-1
1 1
= —vhey | —uiv
||r?||a<xl<<’(N N N> NN

1 _ur -t
N@N \IJN C s

with probability 1, as N — oo, where & and @ﬁ are
given by (I2) and (31)), respectively. Using Lemmal[BT] for
M, = \/—%Cbﬁ and My = \/—%\I/N, we get

1 -1
¢TINTRC = (T (Ncbﬁ%%) ¢.
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for each vector (, and consequently

Q (¥y) = max (C 'yl N(:)

[I<lI<1
A
> T .
> max <C <N‘I’N ‘I’N) C)

For Uy = @ﬁ, we have

-1
max (¢TTNTHC) = max (gT< <I>#T<I>#) <>,
HE ks

and the criterion ) (V) attains a minimum. The choice
Uy = @ﬁ is thus asymptotically optimal. [ ]

A6. Proof of Theorem[7]

Proof. The estimation error (67) can be decomposed as
follows

ALY Z G g G G L)y,
where 03" = (037 @) " W Vi, and W, is defined
by (33 and (&1). From the triangle inequality, for each

norm ||-|| we have

AN < 10357 — 83"+ 1837 — 9]l (a6)

On the basis of Theorem/[I]

163" — 6] — 0 in probability,

as N — oo. To prove[ll let us analyze the component
H@;}IA‘;) — 51*\,(”/)” in (A6) to show that, for fixed IV, it
tends to zero in probability as M — oo.

Write

A 1

\I’*TCI) H

= (N - fixed).
by

EN

From (63) we have that

1~ 1
| (FFn) - (o) <o

in probability as M — oo, and particularly

. 1=,
lim P{“N@NTM@N

M—o0

\I’ (I)NH < EN} = 1.
Introducing
|Gy - (e ey)]

e (o = | (R 5wy - GrosTen) )

A
v =

and using the Banach theorem (see Kudrewicz, 1976,
Theorem 5.8.), we get

) Ui, 0N
i o (5
A I
_< ik N) HSTM}:L

Since )y — 0 in probability as M — oo, there holds

’ RO H — 0 in probability,
as M — oo, foreach N. m
Appendix B

Technical lemmas, theorems and definitions

B1. SVD decomposition

Theorem B1. (Kincaid and Cheney, 2002) For each A €
R™™ there exist the unitary matrices U € R™"™ andV €
R™" such that

UTAV =% = diag(o1,...,01), (B1)
where | = min(m,n), and

o1 >022> >0, >0,

Opp1=-=0,=0,

where r = rank(A).
The numbers o1, . . ., 07 are called the singular values
of the matrix A. Solving (BI)) with respect to A, we obtain

Z U; T4V Z oiuv; (B2)

where u; and v; denote the i-th columns of U and V,
respectively.

A=UxvT =

B2. Factorization theorem

Theorem B2. (Rao, 1973) Each positive definite matrix
M can be shown in the form M = PPT where P (a root
of M) is nonsingular.

B3. Technical lemma

Lemma B1. (Wong and Polak, 1967) Let My and M be
two matrices with the same dimensions. If (M Im 1)_1,

(MlTMg)fl and (MQTMl)fl exist, then

-1 -1

Dy = (MF M) ™ MMy (M AL) ™ — (7 2)
is nonnegative definite, i.e., for each (

¢"Dy¢>0.
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B4. Slutzky theorem

Theorem B3. (Roe, 1973) If Plimy—ocsc;, = »7 and
the function g(-) is continuous, then Plimy_.og(sa) =
g(7).

B5. Chebyshev’s inequality

Lemma B2. (Chow and Teicher, 2003, p. 106) For each
constant ¢, each random variable X and each e > 0, there
holds P{|X —c| > ¢} < ZE(X — ¢)’. In particular,
forc=EX, P{|X — EX|> ¢} < Lvar X.

B6. Persistent excitation

Definition B1. A stationary random process {ay} is
strongly persistently exciting of orders n x m (denote
SPE(n,m)) if the matrix
T
A Ak
R..(n,m)=FE : : ,
Ak—n+1 Ak—n+1

2

where ¢, = [ ap Qg agt ]T, is of full rank.

Lemma B3. (Stoica and Soderstrom, 1982) The i.i.d.
process {ay} is SPE(n, m) for each n and m.

Lemma B4. (Stoica and Soderstrom, 1982) Let xj, =
H(q Y)ur, H(q™ ') be an asymptotically stable linear fil-
ter, and {uy,} be a random sequence with finite variance.
If the frequency function of {uy} is strictly positive in at
least m + 1 distinct points, then {xy} is SPE(n, m) for
each n.

B7. Modified triangle inequality

Lemma BS. (Chow and Teicher, 2003) If X and Y are
k-dimensional random vectors, then P[| X + Y || > ¢] <
P X|| > e/2|+P||Y]| > /2] for each vector norm ||-||
and each € > 0.
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