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MINIMUM ENERGY CONTROL OF POSITIVE CONTINUOUS-TIME LINEAR
SYSTEMS WITH BOUNDED INPUTS
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The minimum energy control problem for positive continuous-time linear systems with bounded inputs is formulated and
solved. Sufficient conditions for the existence of a solution to the problem are established. A procedure for solving the

problem is proposed and illustrated with a numerical example.

Keywords: positive system, continuous time, minimum energy control, bounded inputs.

1. Introduction

A dynamical system is called positive if its trajectory
starting from any nonnegative initial state remains forever
in the positive orthant for all nonnegative inputs. An
overview of the state of the art in positive system theory is
given by Farina and Rinaldi (2000) as well as Kaczorek
(2001). A variety of models having positive behavior
can be found in engineering, economics, social sciences,
biology and medicine, etc.

Positive fractional linear systems were investigated
by Kaczorek (2008a; 2011b; 2011c; 2012). The stability
of fractional linear 1D discrete-time and continuous-time
systems was investigated by Bustowicz (2008), Dzielinski
and Sierociuk (2008a) as well as Kaczorek (2012), and
that of 2D fractional positive linear systems by Kaczorek
(2009). The notion of the practical stability of positive
fractional discrete-time linear systems was introduced
by Kaczorek (2008b). The minimum energy control
problem for standard linear systems was formulated
and solved by Klamka (1991; 1983; 1976; 2010;
1993; 1977), while for 2D linear systems with variable
coefficients by Kaczorek and Klamka (1986). The
controllability and minimum energy control problems of
fractional discrete-time linear systems were investigated
by Klamka (2010; 1993). The minimum energy control
of fractional positive continuous-time linear systems
was addressed by Kaczorek (2013a), and for descriptor
positive discrete-time linear systems by the same author
(Kaczorek, 2013b).

In this paper the minimum energy control problem

for positive continuous-time linear systems with bounded
inputs will be formulated and solved.

The paper is organized as follows. In Section 2
basic definitions and theorems of positive continuous-time
linear systems are recalled and necessary and sufficient
conditions for the reachability of positive systems are
given. The minimum energy control problem of positive
linear systems with bounded inputs is formulated and
solved in Section 3. Sufficient conditions for the existence
of a problem solution are established and a procedure for
computation of the optimal inputs and the minimum value
of the performance index are also presented. Concluding
remarks are given in Section 4.

The following notation will be used: R is the set of
real numbers, R™"*™ is the set of n X m real matrices,
R}*™ is the set of n x m matrices with nonnegative
entries and R} = }Rﬂ;“, M, is the set of n x n Metzler
matrices (real matrices with nonnegative off-diagonal
entries), [, is the n x n identity matrix.

2. Reachability of positive continuous-time
linear systems

Consider the continuous-time linear system
&(t) = Ax(t) + Bu(t), €))

where z(t) € R™ and u(t) € R™ are the state and input
vectors, respectively, and A € R"*" B € R"*™,

@


kaczorek@isep.pw.edu.pl

amcs%

T. Kaczorek

The solution of Eqn. (@) has the form
t
wlt) = 6At$0+/ AT Bu(r)dr,  2(0) = zo. (2)
0

Definition 1. (Kaczorek, 2001) The system () is called
internally positive if and only if z(t) € R, ¢ > 0, for
any initial conditions 2y € R’} and all inputs u(t) € R},
t > 0.

Theorem 1. (Kaczorek, 2001) The system (1) is internally
positive if and only if

AeM,, BeRP™, (3)

where M, is the set of n X n Metzler matrices.

Definition 2. The positive system () (or the positive pair
(A, B)) is called reachable in time ¢t € [0, ] if for any
given final state zy € R’} there exists an input u(t) € R,
for t € [0,ty], that steers the state of the system from the
zero initial state z(0) = 0 to the state xy, i.e., x(ty) = xy.

A real square matrix is called monomial if each of its
rows and each of its columns contains only one positive

entry and the remaining entries are zero.

Theorem 2. The positive system (1) is reachable in time
t € [0, tf] if and only if the matrix A € M, is diagonal
and the matrix B € R*™ is monomial.

The proof is similar to that given by Kaczorek
(2013a).

3. Minimum energy control problem for
positive systems with bounded inputs

3.1. Problem formulation. Consider the positive
system (I) with A € M, and monomial B € R’*".
If the system is reachable in time ¢ € [0,t¢], then there
usually exist many different inputs u(t) € R’} that steer
the system state from zo = 0 to zy € R’}. Among these
inputs we are looking for an input u(t) € R’} satisfying
the condition

u(t) <U e Ry for te(0,ty] 4)

that minimizes the performance index

I(u) = / " uT (1) Qu(r) dr, )

where @ € R™" is a symmetric positive-definite matrix
and Q' € R*™.

The minimum energy control problem for the
positive continuous-time linear systems (I) with bounded
inputs can be stated as follows. Given matrices A € M,
B e RT”, UecRtandQ € RT" of the performance
index @), zy € R} and t; > 0, find an input u(t) € R’}
for t € [0,tf] satisfying (@) that steers the system state
vector from 29 = 0 to 2y € R’} while minimizing the
performance index ().

3.2. Problem solution. To solve the problem, we
define the matrix

W =Wi(ty,Q)

t
:/feA(tf*T)BQleTeAT(tf*T) dr.
0

(6)

From (6) and Theorem 2.2 it follows that the matrix
(@) is monomial if and only if the fractional positive
system () is reachable in time [0, ¢ ¢]. In this case we may
define the input

a(t)y = QBT WO Wlay for te[0,ty].
(N
Note that the input (7) satisfies the condition u(t) €
R"Y fort € [0,y] if

Q 'eRY™ and Wlzy e RY. (8)

Theorem 3. Let the positive system (1)) be reachable in
time [0,ty] and let u(t) € R} fort € [0,ty] be an input
that steers the state of the positive system (I) from xy =
0 10 x5 € R and satisfies the condition ). Then the
input ([2) also steers the system state from xo = 0 to xy €
R’ and minimizes the performance index @), i.e., I(0) <
I(a).

The minimal value of the performance index (@) is

equal to
(o) = 27 Wty ©)

Proof. If the conditions (8) are met, then the input () is
well defined and @(t) € R} fort € [0,s]. We shall show
that the input steers the system state from g = 0to xy €
R’ . Substitution of (@) into @) for ¢t = ¢y and zg = 0
yields
z(ty)
ty
= / eA(tffT)le(T) dr
Otf (10)
— / At BQ BTN (t=7) dr W lay
0

since (@) holds. By assumption, the inputs u(t) and (),
t € [0,ty], steer the system state fromzy = Otozy € R’}.
Hence

tr
a:f:/ At =7 Bi(r) dr
0

ty
= / e =) Ba(r)dr (11a)
0
or

t
/ " AT Bla(r) —a(r)]dr =0, (11b)
0
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By transposition of (11b) and postmultiplication by
W1z, we obtain

/Otf [a(r) —a(r)|TBTeA &0 dr Wtap = 0. (12)
Substitution of (7)) into (12)) yields
/0 Y a(r) — a(e))T BTA () dr Way
= /Otf [a(r) — a(r))TQa(r)dr = 0. (13)
Using (13)), it is easy to verify that
/0 Y ar)TQa(r) dr
= /0 ! a(r)TQu(r) dr
+ Y fatr) — ar)Qla(r) — aldr. (14

From (Id) it follows that I(4) < I(u) since the
second term on the right-hand side of the inequality is
nonnegative.

To find the minimal value of the performance
index (@), we substitute (7) into (3) and obtain

ty
I(a) = / ot (T)Qu(r) dr (15)
0
t .
_ m?Wfl/ ! eA(tff‘r)BQleTeAT(tf77) dr
0
x Wz, (16)
= x?Wﬁle
since (&) holds. [ |
From (7)) we have
da(t
_Zi) = —EATA 0 (17a)
where
E=Q 'BT, F=wlay. (17b)

Using (17) we may find ¢ € [0,ty] for which
a(t) € R reaches its maximal value. Note that if all the
eigenvalues of the matrix A have positive real parts, then
4(t) reaches its maximal value for ¢ = 0, and if they have
negative real parts, then this value is attained for ¢ = ;.

From the above we have the following procedure for
computation of the optimal inputs satisfying the condition
(@) that steer the state of the system from zg = 0 to 5 €
R’ and minimize the performance index (3).

Procedure 1.
Step 1. Knowing A € M,,, compute e,

Step 2. Using (@), compute the matrix W knowing the
matrices A, B, () for some .

Step 3. Using (@) and (16), compute the input (7) and ¢
satisfying the condition @) for given U € R’ and =y €
R?.

Step 4. Using (@), compute the minimal value of the
performance index.

Example 1. Consider the positive system () with

matrices

o al 0 o 0 b1
A_[O a2:|’ B_[bg 0:|7

ar >0, bp>0, k=172 (18)

and the performance index (3) with

e 0
Q— , >O,k—— 1,2. 19
[ 0 g ] gk (19)

¢
Compute the bounded input 4(t) satisfying

= [ 20 ] <[ %]

for t € [0,¢] that steers the state of the system from
zerostate to vy = [ xy1 x5 |7 € R (T denotes the
transpose) and minimizes the performance index.

Using Procedure 1, we obtain the following.

Step 1. In this case, we have

ent 0
At { 0 ot ] . (20)

Step 2. Using (I8), (I9) and (20), we obtain

t 3
W = / ! eA(tf—T)BQ—lBTeAT(tf—T) dr
0

ty
- / eATBQ B A T dr
0

_ /tf { bigy 'e* T 0 ] &=
o 0 b%qf 62a2’7'

- 2 —1 .
0 b22‘;12 (6211215_," _ 1)

(21)
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Step 3. Using (@), (I8), (19 and @), we obtain
a(t)
_ QleTeAT(tfft)Wfle

(a0 0 b 1"
0 q;l by O

B eal(tfft) 0
X 0 ea2(ty—1)

rop2,—1 -1

b1q2 (62a1tf _ 1) 0
2&1
X b2q—1
O 241 2a2tf _ 1

i 4y (e )
« |z ]

L Tf2

@eaz(tfft) (6211215‘," _ 1)71551‘2
_ 9 2
ﬂeal(tf—t)(GQaltf _ 1)—1xf1

1
(22)

The minimal value of 7¢ satisfying the condition @)
can be found from the inequality

%GGQ(tf—t)(eZGQtf _ 1)—1xf2

2

%eal(tfft) (62a1tf _ 1)711.f1
1

U
< { U;} for t€[0,t7]. (23)

From @23)), we have

e2a2ts _ 2ast sz et —1>0,
boUsq
2a1 (24
2a1ty 1—f1 aity 1 > 0.
e 5.0 e
Solving the inequalities (24) with respect to ¢y, we
obtain
1 —a2$f2 a2 f2 ? _
tp>—1In | 22012 @282 4],
T g " boUy N <b2U1> -
1 —alel a1 f1 >
trp>—1 1 25
! ai . b1Us * (ble> * (252)
and

1 a2 f2 a2 f2 2
ty = —1 1
f = max { p n bl + ( boUs +1,

1 2
R KU <a1xf1) 1 } (25b)

ax b1Us b1Us

For example, fora; = 2,a92 = 3,b; = by = 1,U; =
Up=1landzy =1 1|7, from [22) we obtain i (t)
and 42 (t) for t € [0, 1] shown in Fig. 1.
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Fig. 1. Values of optimal input at time ¢ € [0, 1].

Note that (¢t) and 42(t) reach their maximum
values for t = 0 since the eigenvalues a1, ag of A are
positive.

From (24) for the same data we obtain

_ - -
1 a2 f2 a2 f2
—1 1
as . baUy + <52U1 > +
1_ i
= 3 In[3 4+ +v/10] = 0.6061,
—alel a1 f1 2 ]
—1 1
a1 " b1U2 + < b1U2 > +
1_ i
=5 In[2 + /5] = 0.7218 (26a)
and
ty = max {0.6061,0.7218} = 0.7218. (26b)

Step 4. The minimal value of the performance index (@) is
equal to

I(a)
:x?W*le =[zp 2 |
o9 -1 -1
b12q2 (€2a1tf _ 1) 0
. " b%‘h_l 2
0 2N (gazty g
i 205 (e )
% | Tft
Tf2
2a1q2 _
b% (620,1757‘ 1) 1:5?1
2
aééql (€2a2tf 1)711,?‘2.

27)
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4. Concluding remarks

Necessary and sufficient conditions for the reachability of
positive continuous-time linear systems were established
(Theorem 2). The minimum energy control problem for
positive continuous-time linear systems with bounded
inputs was formulated and solved. Sufficient conditions
for the existence of a solution to the problem were
given (Theorem 3), and a procedure for computation
of optimal input satisfying the condition (@) and the
minimal value of the performance index was proposed.
The effectiveness of the procedure was demonstrated
on a numerical example. The presented method can be
extended to positive discrete-time linear systems as well
as fractional positive continuous-time and discrete-time
linear systems with bounded inputs.
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