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This paper deals with stability analysis of hybrid systems. Various stability concepts related to hybrid systems are intro-
duced. The paper advocates a local analysis. It involves the equivalence relation generated by reset maps of a hybrid system.
To establish a tangible method for stability analysis, we introduce the notion of a chart, which locally reduces the complex-
ity of the hybrid system. In a chart, a hybrid system is particularly simple and can be analyzed with the use of methods
borrowed from the theory of differential inclusions. Thus, the main contribution of this paper is to show how stability of a
hybrid system can be reduced to a specialization of the well established stability theory of differential inclusions. A number

of examples illustrate the concepts introduced in the paper.
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1. Introduction

In this article, we study the notion of stability for a class
of hybrid systems with state-dependent switching. In
short, a hybrid system consists of a family of dynamical
systems with discrete transitions realized by reset maps.
To this end, we bring simple examples illustrating various
dynamical phenomena which characterize this class of
hybrid systems. In particular, we show that, due to the
underlying topology and reset maps, one has to consider
non-equivalent notions of stability in order to grasp the
asymptotic behavior of the system. We provide examples
that illustrate two non-equivalent stable behavior: the
local version where stability is confined to a single
polyhedral set due to the “directions” of reset maps, and
the global version where “directions” of reset maps do
not play any role. The latter corresponds to the standard
definition of stability (Lygeros et al., 2003; Goebel and
Teel, 2006).

Before providing a detailed description of the content
of this paper, we survey the research field related to the
findings.

Hybrid systems comprise a rich family of dynamical
systems (Liberzon, 2003; van der Schaft and Schumacher,
2000; Tabuada, 2009; Haddad et al., 2006), e.g.,
non-smooth dynamics (Leine and Nijmeijer, 2004; Kunze,
2000), arising from friction, backlash or collision, can

be seen as a hybrid system. Moreover, many real world
systems are subjected to discrete transitions. In particular,
van der Schaft and Schumacher (2000) give a number of
illustrative examples from various application areas, such
as transmission control and variable structure systems,
Tomlin et al. (1998) use hybrid system formalism to
control air traffic, Wisniewski and Leth (2011) model
a system with hysteresis as a piecewise-affine hybrid
system, Ding et al. (2011) discuss the use of the hybrid
system formalism in robotics, whereas Balluchi et al.
(2005) identify challenges and opportunities for hybrid
systems in automotive industry. Furthermore, estimation
of hybrid systems is addressed by Rienmiiller et al.
(2013).

Stability of hybrid systems has been studied before
(Lygeros et al., 2003; Goebel and Teel, 2006; Goebel
et al., 2009), and classical concepts of stability and
asymptotic stability were adopted to hybrid systems.
Indeed, this generalization was possible because a single
state space of the hybrid system was allowed, whereas
in this article, as in the works of Simié et al. (2005),
Ames and Sastry (2005) or Bujorianu and Lygeros (2006),
a family of state spaces is permitted. Of the above
references, that by Simié ef al. (2005) is mostly related to
this work, which also constructs a single state space in the
process of gluing along reset maps. Nonetheless, contrary
to Simi¢ et al. (2005), we allow equilibria on the boundary
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of the state spaces. As a consequence, the concepts of
stability become more subtle.

Even though the time-dependent switching paradigm
is not considered in this work, which concentrates on
state-depending switching, we mention the stability
analysis of state-varying switched systems under
time-dependent switching (Yang et al., 2013), since it can
be seen as a parallel study in the time-dependent case.

Stability of hybrid systems with state-dependent
switching has also been studied before (Leth and
Wisniewski, 2012; Pettersson and Lennartson, 2002;
Johansson and Rantzer, 1998). The class of hybrid
systems considered in the literature was restricted to be
defined on a single state space—a subset of Euclidean
space partitioned by polyhedral sets. In this paper,
such hybrid systems are called switched systems (with
state-dependent switching) following the terminology by
Liberzon (2003, Chapter 3.3). Asymptotic stability of
switched systems was addressed by Leth and Wisniewski
(2012), who applied the theory of differential inclusions
to formulate a mathematical framework for studying
their dynamic behavior. In the works of Johansson and
Rantzer (1998) as well as Pettersson and Lennartson
(2002), algorithms for finding piecewise quadratic
Lyapunov functions for asymptotically stable switched
systems were devised. In both approaches, the sought
Lyapunov functions were solutions to certain linear matrix
inequalities.

Before proceeding to the description of the contents
of this work, we add a remark on applicability of the
chosen class of hybrid systems. The restriction to
polyhedral sets, as described in the above paragraph,
arises “naturally” in engineering applications, for
example, in the presence of saturations (Rantzer and
Johansson, 2000), for control synthesis of piecewise affine
systems (Yordanov et al., 2012), and hysteresis-control
(Wisniewski and Leth, 2011). Moreover, the usage of
this system (under the name of piecewise-linear systems)
as a systematic approach to numerical nonlinear control
was advocated by Sontag (1981) (see also Heemels
et al., 2001). A control method for such systems (this
time, under the name of piecewise-affine hybrid systems)
was developed by Habets and van Schuppen (2005).
The advantage of choosing this approach is reflected
in simplicity of implementation, theoretical analysis,
and calculation. Moreover, Yang et al. (2011) used
polyhedral partitioning of the state space to facilitate
control synthesis with the aim of stabilizing a switched
system under time-dependent switching.

We proceed with the description of the contents
of this work. We analyze a hybrid system consisting
of a family of dynamical systems defined on disjoint
polyhedral sets and discrete transitions, realized by reset
maps defined on the facets of these polyhedral sets.
Likewise, a trajectory of a hybrid system is a disjoint

union of flow lines of the constituent dynamical systems.
The start and end points of the flow lines on the polyhedral
sets are related by the reset maps. A hybrid system as
described above can be locally analyzed in the interior of
each of the polyhedral sets employing standard methods
from the theory of dynamical systems.

For instance, if an equilibrium is contained in the
interior of a polyhedral set, then Lyapunov stability
theory and its descendants apply. The situation becomes
immediately more complex if an equilibrium point lies
on a facet. To this end, we follow Simié er al. (2005),
Ames and Sastry (2005) as well as Wisniewski (2006),
and regard the reset maps as generators of an equivalence
relation which allows gluing the polyhedral sets together.
The result of this construction is a quotient system. We
show that stability of the original hybrid system and that
of the quotient system are related: the hybrid system is
asymptotically (quotient) stable if and only if its quotient
system is.

The behavior of a hybrid system can be overly
complicated; however, by imposing certain regularity
conditions, the methods from dynamical systems can be
applied. This is the reason for introducing the concept
of a chart. A chart is a map from a set in the state
space of a hybrid system (with a non-empty interior) onto
a single polyhedral set. In a chart, a hybrid system is
particularly simple—it is a switched system. It consists
of a single state space, which is partitioned by polyhedral
sets. The dynamical model is given by a differential
inclusion, which reduces to a single valued map in the
interior of each cell of the partition.

Using the concept of a chart, we give necessary
and sufficient conditions for asymptotic stability of an
equilibrium point of a particularly regular hybrid system.
This implies that the stability analysis can be carried out
locally; hence, standard methods can be applied.

The paper is organized as follows. Section
introduces terminology and preliminaries used throughout
this paper. A definition and stability results for switched
systems are recalled in Section Bl In Section [ a
hybrid system and its trajectories are formally defined.
Furthermore, motivated by a number of examples, various
concepts of stability are developed. The notion of a chart
is defined and its properties are devised in Section
It is shown that, in a chart, a hybrid system is merely
a switched system (with state-dependent switching).
Moreover, regular and omnidirectional hybrid systems are
introduced, and it is shown that asymptotic stability in a
chart is equivalent to (quotient) stability of the original
regular omnidirectional hybrid system.

2. Preliminaries

In this section, we bring in the notation and terminology
used in the article. For concepts and results related to
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polyhedral sets and polytopes, we refer the reader to
Appendix.

2.1. Notation and terminology. Let & € N U {oo};
if £k € N, let k denote the set {1,2,...,k}, otherwise
k = N. Moreover, by ko we denote the set k U {0}, and
by k* the set k — {k} if k € N, otherwise k* = k.

Occasionally, we will consider sets, say { P, }, where
some of the elements are “copies of each other” meaning
that they are distinguished by their index alone, e.g., P, =
S x {k} and P; = S x {j} for some set S. By abuse of
notation, we indicate this by writing P, = S, i = k, j.

Given a subset U of a topological space X, by
clx (U), intx(U) and bdx (U), we denote respectively
the closure, the interior and the boundary of U in X. The
notation cl(U), int(U) and bd(U) is also used if the space
X is clear from the context.

The disjoint union of a family of topological spaces
{X;} is the space | |, X; = J,(X; x {i}) with the
topology making each X; x {¢} open and closed, and each
inclusion X; x {i} — |]. X; a homeomorphism to its
image. By abuse of notation, we sometimes write X; in
place of the subspace X; x {i} C ||, X;. Moreover, an
element (z,7) € | |, X; will sometimes be written as (x; 7)
or simply z.

2.1.1. Polyhedral complex. Let K = {P;|j € I} be
a collection of polyhedral sets for some index set I. We
define |K'| = |J,; P» C R™, with the subspace topology.

We say that K is a (polyhedral) complex if (i) P €
K implies that any F' < P is also an element of K, (ii)
P,Q € K impliesthat PN @Q < Pand PNQ < @, and
(iii) any point of | K| has a neighborhood intersecting only
finitely many elements of K. If I is finite, as assumed
in the following, then the last condition is automatically
satisfied. Let E' be any polyhedral set (R” inclusive). A
piecewise linear partition (or, for short, partitioning) of
E is a complex K such that E = |K|. Note that any
polyhedral set P induces, in a canonical way, a (convex)
complex { F' | F < P}. This and other standard facts from
the theory of convex polytopes (Griinbaum, 2003) will be
used throughout without further mentioning.

Let K be a complex with index set I. We define I/ =
{i eIl dim(P;)=j}and K/ = {P, € K|i€ I'}.

3. Switched systems with state-dependent
switching

In this section, we discuss a special class of hybrid
systems called switched systems with state-dependent
switching.  Such systems were studied by Leth and
Wisniewski (2012) under the name of switched systems.
The purpose of introducing them will become clear in
Section [3} where it is shown that some hybrid systems

can be modeled locally as a switched system with
state-dependent switching.

Definition 1. (Switched system with state-dependent
switching) A switched system with state-dependent
switching (of dimension n) is a triple (Q, K, F), where

e () is a polyhedral set in R™,

o K ={P;|j € I}isa(piecewise linear) partition of
(Q with finite index set I,

o F={fi: P, — R"|ie I"}is afamily of smooth
functions.

We use the word “smooth” in the above definition in
the following sense: f; is the restriction of a smooth map
R™ — R". In the sequel, we usually write “switched
system” in place of the more cumbersome “switched
system state-dependent switching”.

Analysis of a switched system is cast in the
framework of differential inclusions. The dynamics of the
switched system (Q, K, F) are governed by the following
differential inclusions:

@(t) € Fe(x(t)), (M

where & = dxz/d¢t and F* is the convexification of the set
valued map F' defined by

F:Q—2% z—{veR"|v=fi(z)ifz e P},

with 28" being the power set of R”.

Now, let (Q, K,F) denote a switched system of
dimension n. From the theory of ordinary differential
equations, we conclude that at any interior point x of
() there exists a solution at z, i.e., there exist 0 <
T < oo and an absolutely continuous function [0,7] —
E'; t — x(t), which solves the Cauchy problem &(t) €
Fe(x(t)) a.e. for x(0) = x.

Moreover, if x is interior to a P € K", then the
solution is a classical one, i.e., there exist 0 < T <
oo and a continuously differentiable function [0,7] —
E'; t — x(t), which solves the Cauchy problem &(t) €
Fe(z(t)), (0) = a.

After Leth and Wisniewski (2012, Proposition 1 and
Theorem 1(b)), we conclude the following.

Proposition 1. Let (Q, K, F) denote a switched system
of dimension n, and T¢(x) the contingent cone to Q) at
z, i.e., the closure of the convex cone of QQ — {z}. For
each unbounded P; € K™, assume that f;(P;), f; € F,
is bounded. Then at any x € Q) there exists a solution
defined on [0, c0)

(i) if Q@ =R",

(ii) iff F(x) N Tg(x) # 0 for all x € Q, in the case
Q # R™
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Recall that an equilibrium z,, i.e., 0 € F¢(z.), is
F“-stable (resp. weakly F'“-stable), if for each € > 0 there
exists § > 0 such that

|z —z.| <6 = Jz(t) —x <e VEE[0,00),
for each (resp. some) solution at z. An equilibrium point
which is not weakly F'“-stable is called F'°-unstable. An
equilibrium point x, is called asymptotically F'“-stable
(resp. weakly asymptotically F'°-stable) if it is F'“-stable
(resp. weakly F°-stable) and x(t) — x, for t — oo.
We remark that F'°-stable is called stable by Leth and
Wisniewski (2012). This change in nomenclature is to
avoid confusion with the notion of stability presented in

Section[.1.11

Proposition 2. Assume that 0 € F¢(0). If there exists
r > 0 and continuous positive definite and negative defi-
nite functions v : R™ — Rand w : R"™ — R, respectively,
such that for each x, with |x| < r,

DT v(z)(u) = limsup v(z+ h1;L) —v(@)
h—0T

’
u —u

w(z),

Sorall u € F¢(x), then the equilibrium point 0 is asymp-
totically F¢-stable. Moreover, the equilibrium point 0 is
F¢-stable if w is negative semi-definite.

The following example, borrowed from Leth and
Wisniewski (2012), illustrates that a solution can converge
to an equilibrium point in finite time (which cannot
happen for solutions of ordinary differential equations
with a Lipschitz continuous right-hand side). Moreover,
it will serve as a motivation for concepts introduced later
in Section [l

Example 1. Consider the switched system (Q, K, F)
where Q = R?, K? = {P,};er> with 1?2 = {1,2,3,4}
and P; being the i-th quadrant. Let F = {f;} with fi,
f2, f3 and f4 being the constant vector fields (—2,1),
(=1,-1),(1,—1) and (1, 1), respectively.

It follows that the unique solution ¢ +— x(¢) to
() at x = (2,0) is defined on [0, 8], that it “spirals”
towards the origin (lim;sx(f) = 0), and that it
switches infinitely many times from f; to f;11 (here
faz1 = f1). That is at each time instant ¢;,; =
457 _,1/2% 5 € {0,1,2,...}, with the corresponding
state instant z(t;41) = (1/27,0), the system switches
from f4 to fl, and Tfj+1 — 8, x(tj+1) — (0,0) as
j — oo.

Since each solution can be extended trivially to
[0,00) at the origin, it follows that z, = 0 is
an asymptotically F'“-stable equilibrium point. Note,
however that before the convexification (replace F'° by F'
in (1)) z. was not even an equilibrium point; in fact, no
solution exists at =, = 0. ¢

4. Hybrid systems

We introduce a class of hybrid systems defined on a
family of polyhedral sets. Each such system consists of
a family of dynamical systems equipped with a collection
of reset maps realizing discrete transition between these
dynamical systems. Formally, we consider the class of
hybrid systems expressed as a triple (P, S, R), where

e P =P; is afinite family of polyhedral sets:

P = {P; C R" | P;being a polyhedral set,
dim(P;) =n, j € J},

with J as a finite index set;

e S is a (finite) family of smooth vector fields:
Sz{fjtpj—ﬂRn|Pj€'P,j€J};

e R = Ry is afinite family of polyhedral maps, called
reset maps:

R={R:F—>F|F<PeP, FF<P eP,
dim(F) =dim(F’')=n—1, 1€ L},

with L being a finite index set.

In what follows, we refer to elements of this class
simply as hybrid systems instead of the more precise but
awkward name: hybrid systems on polyhedral sets with
state-dependent switching. Note that a such a system
can be regarded as an automaton with discrete modes
corresponding to affine systems living on polyhedral sets.

The formalism of a hybrid system allows for
the existence of facets where no transition occurs.
Furthermore, a hybrid system (P, S,R) has in a natural
way associated a di-graph (P, £), where an edge e =
(P, P") € £ C P x P exists whenever there is a reset map
R:F — F'inRsuchthat F < Pand F/ < P’. Asa
consequence, the definition of a hybrid system presented
here is a special case of that presented by Goebel et al.
(2009) and Haddad et al. (2006), where each vertex of a
transition system has assigned a dynamical system.

In the rest of this paper, it is assumed that for each
j € J and each x € P; the solution to the Cauchy
problem ' (t) = £(x(t)), 2(0) = x does not exhibit blow
up behavior, i.e., 0 < T" < oo does not exists such that
t — x(t) is defined on [0, T), and lim;_,7 |2(t)| = oo.
Note that this assumption is irrelevant if P; is a polytope.

For a hybrid system (P;,S,R), let ~C X x X
with X = | |, ; P; be the smallest equivalence relation
containing the relations p ~" R(p) for points p € dom(R)
and a reset map R € R. The equivalence class containing
N C X will be denoted by [N], and 7 : X — X*, with
X* = X/ ~, denotes the canonical (quotient) map.
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We now turn to some basic properties of reset maps
and show how these are related to the equivalence relation
~. To this end, we fix a hybrid system (P, S, R) with P
consisting of polytopes only. Let R = R U R~! with
Rt ={R'| R € R}. By Lemmal[AT] in Appendix,
RY consists of polyhedral maps. If Ry, Ry € RY and
V = im(R3) Ndom(R;) # 0, then we define Ry ¢ Ry :
Ry (V) — Ry(V) by Ry o Ra(x) = Ry(Ra(x)). Since
the reset maps are polyhedral, dom(R; ¢ R2) and im(R; ©
R5) are faces of some polyhedral sets in P. We proceed
inductively and define a set R! of finite compositions of
maps belonging to R?:

RceR'©R=Rio...0oR,, keN, (2

where R; € R? fori € k, and im(R;;1) Ndom(R;) # ()
fori € k*. Hence the map R in @) is injective. Moreover,
it follows that the relation between the elements of R* and
the equivalence relation ~ is x ~ y if and only if there is
R € R such that R(z) = y.

In the next lemma, we prove that it is also polyhedral
if P consists of polytopes.

Lemma 1. Let (P,S,R) be a hybrid system with P
consisting of polytopes only. Any map R € R is polyhe-
dral. Furthermore, dom(R) and im(R) are faces of some
polytope in P.

Proof. We prove Lemma[ll by induction on the length k
in @). By definition, the reset maps are polyhedral, and
by Lemmal[ATlso are their inverse maps. Furthermore, by
the same lemma, the domain and the image of a reset map
are facets of some polytopes in P. Thus, the lemma is true
fork = 1.

For the inductive step, let R = R1¢...0 Ry ¢ Ry 1,
where dom(R) C P € P and im(R) C P” € P. By the
induction hypothesis, R = R; ¢ ... o Ry, is a polyhedral
map, and dom(R) and im(R) are faces of P’ and P” in P,
respectively. Let V = im(R1) N dom(R) # ). Hence,
V < im(Rg+1) and V < dom(R) since P’ is a complex.
We show that the map R o Ry : R,;il(V) — R(V)is
polyhedral.

By Lemma[ATl the map R/Z-L is polyhedral; hence,
R, (V) < dom(Rjy1). Let F < R; [, (V) then F <
dom(Ry4+1). Therefore, by the inductive assumption,
Rpy1(F) < im(Rg41). Since Ri11(F) C V, we have
Riy1(F) 2 V. Now R(F) = R(Ry41(F)) is a face of
im(R), by the induction hypothesis; thus, it is also a face
of R(V) and P". The dimensions of F' and R(F) are the

same since R is an injection. [ ]

Corollary 1. R! consists of a finite number of distinct

maps.

Proof.  The corollary follows from the following two
observations: The sets P and R are finite, and the family
of faces of a polyhedral set is finite. [ ]

4.1. Trajectories of a hybrid system. We need the
following technicality in order to introduce the concept of
a hybrid system trajectory. Let & € N U {oo} be fixed.
A subset 7;; C Ry x Z will be called a k-time domain
(or simply a time domain) if there exists a non-decreasing
sequence {%; }ick, in Ry U {oo} such that 7y, = | |,., 77,
where T; = [t;—1,t;] if either i € k* ori = k and ¢, <
00, otherwise Ty, = [tr—1,00) = [tr—1, k).

In particular, 7; = [t;—1,¢;] for all i € k
whenever k = oo; see Example Bl The sequence
{ti}iex, corresponding to a k-time domain will be called
a switching sequence, a name justified by Definition

Now, we introduce the concept of a trajectory of
a hybrid system. It is the concatenation of trajectories
induced by vector fields of the hybrid system by means
of its reset maps. A similar definition was put forward by
Goebel and Teel (2006).

Definition 2. (k-trajectory) A k-trajectory, or just a
trajectory, of the hybrid system (P;,S,Ry) is a pair
(7%, 7y), where k € NU {00} is fixed, and

e 7, C Ry x Zi is a time domain with the
corresponding switching sequence {t;}ick,, such
that intg (7;) # () for at least one T; € 7y;

e v: Ty — | ;e P is continuous and satisfies:

(i) Foreachi € k*, there exists a pair {j,5'} C J
with j # j’ and such that v(¢;;7) € bd(F;),
and y(t;;4+ 1) € bd(Pj);

(ii) for each ¢ € k, there exists j € J such that
v(t;i) € Pjforall t € T;, and %fy(t;i) =
&i(v(t;4)) for almost all ¢ € T5;

(iii) for each ¢ € k*, there exists [ € L such that
Ri(y(ti;1)) = y(ti;3 4+ 1).

A trajectory at (x;j), j € J, is a trajectory (7, ) with
Y(to; 1) = (23 ).

In the above definition, property (ii) is vacuous
whenever t;_; = t;. Furthermore, & — 1 is the number
of discrete transitions that a k-trajectory makes. To
avoid purely discrete behavior, that is, trajectories with
only discrete transitions, we have imposed the premise
intg(7;) # 0 for at least one T;. Note that the exclusion
of this premise does not change the results of this paper,
and it would make the formulations and proofs awkward
with separate treatment in this case; reckon for instance,
Proposition Nonetheless, if a precise analysis of the
space of trajectories is to be conducted, it is important
to include such trajectories due to the completeness
property: the limits of trajectories have to be trajectories.
This subject is not the matter of study in this paper.

Unless explicitly mentioned otherwise, we let, in the
sequel, to = 0 and write * instead of g—z, and ~y(t) instead
of ~(t; j) whenever the index j is irrelevant. Moreover,
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we will always assume that trajectories are maximal, that
is, if (7, y) is a trajectory, then there exists no trajectory
(7,,,7) suchthat k < k', T, C T/, and v(7) = ' (7).

4.1.1. Local and global stability. Now, we define the
notion of stability for hybrid systems. A point z, €
X =] ;e Pj is called an equilibrium point of the hybrid
system (P, S,Rr), if {(x.) = 0 for some & € S (recall
our notation convention, z, = (x;1)).

An equilibrium z, is said to be locally stable (resp.
locally weak stable) if for each open neighborhood V' C
X of x, there exists an open neighborhood U C V of
x, such that for each x € U and for each (resp. some)
trajectory (7y,~) at « we have y(t) € V forall t € 7.
An equilibrium point which is not locally weak stable is
called locally unstable.

An equilibrium point =z, is called locally
asymptotically stable (resp. locally weak asymptotically
stable) if it is locally stable (resp. locally weak stable) and
~v(t) — x, for t — oo.

Example 2. Let (P, S, R) be a hybrid system with P =
{P1, P2}, where P, = Ry xR, i = 1,2, and § =
{€1, &}, where & (z) = (=21, —22) and & (2) = (1,0).
Suppose that there is one reset map id : bdg2(P;) —
bdgz (P,), the identity.

The origin z, = 0 = (0;1) (in Py) is clearly an
equilibrium point, and for each open neighborhood V' C
X of x, there exists an open neighborhood U C V of x,
(take U = V' N Py) such that for some trajectory (7, ")
atz € U we have y(t) € V forallt € 7, = [0,00),
and y(t) — x, for t — oo. Hence, the origin is locally
weak asymptotically stable; however, it is not locally
asymptotically stable since at each x € bdgz(P;) there
exists a trajectory which immediately jumps to P, and
stays there.

Note that the origin becomes locally asymptotically
stable if the reset map is replaced by id : bdgz2(P) —
bdg: (P1). ¢

Due to the topology on X and the reset maps, local
stability is not always adequate for describing the behavior
of a hybrid system, as the next example illustrates.

Example 3. Let J = {1,2,3,4}, and let (P;,S, R ;) be
a hybrid system with P = {P;};c s, where P, is the i-th
quadrantin R?, S = {¢;}, where ¢; is the restriction of the
asymptotically stable system « +— (—x1 — z2, 21 — x2) to
P;,and R = {R;}, where

{z € bdz(P1) | 21 = 0} 22 {z € bdge (Py) | 71 = 0},
{z € bdgz(P2) | 22 = 0} 253 {2 € bdga (Ps) | 32 = 0},
{z € bdgz(P3) | 21 = 0} 22 {2 € bdge (Py) | 21 = 0},
{z € bdga(Py) | 22 = 0} U= {2 € bdga (P1) | 22 = 0}

Then the equilibrium =, = 0 = (0;4), i € J, is
locally unstable, since we may take as V' the intersection
of P; with any open neighborhood of 0 in R?. However,
globally the dynamical behavior of the hybrid system
exhibits a kind of asymptotically stable behavior, in that
if U is any open neighborhood of z, and (7,7) is a
trajectory then for any ¢’ € 7}, there exists / > ¢’ such
that v(t") € U.

We remark that the (global) asymptotic behavior
would not occur if just one of the reset maps were replaced
by its inverse, for this situation, see Example[6] ¢

We stress that if solutions are not unique one
distinguishes weak and strong local stability, as is the
case for differential inclusions. For hybrid systems the
introduction of reset maps makes the definition of stability
more subtle, as equilibrium points can lie on the boundary
of a polyhedral set. In this case, the examples identify two
types of non-equivalent stable behavior: the local version
where stability is confined to a single polyhedral set due
to the “directions” of reset maps, and the global version
where “directions” of reset maps do not play a role. The
latter corresponds to the standard definition of stability
(Goebel and Teel, 2006; Lygeros et al., 2003).

There are non-equilibrium points which possess
properties similar to that of x, in Example[3l For instance,
define a hybrid system (P, S, R) based on the data from
Example[[lby P = K2, S = F, and R being a family
of four identity maps such that Q = R? can be identified
with the quotient space X/ ~. We see that for any open
neighborhoodU C X ofz € O = {(0;5)|j =1,2,3,4}
every trajectory (7, ) will frequently belong to U, i.e.,
for any t' € T, there exists t”” > ¢’ such that v(¢") € U.

Note that if z € O in the above is replaced by the
four points making up O, i.e., [(0; j)] € X/ ~ forany j €
{1,2,3,4}, then we obtain a stronger stability property.
More precise, for any open neighborhood U C X of O,
any trajectory (7x,~) will eventually belong to U, i.e.,
there exists ¢’ € 7Ty, such that v(¢) € U fort > t’. Note
that the set O constitutes a single point in the quotient
X/ ~, and it has the structure of an a-limit set as known
from the theory of ordinary differential equations.

The above illustration shows that a stability analysis
must also include non-equilibrium points. Moreover, it
indicates that such an analysis could be carried out in
the quotient. This will be taken up in the next section,
where we consider stability related to points which are not
necessary equilibrium points.

4.2.  Trajectories in the quotient. Any trajectory
induces, in a natural way, a curve in the quotient space
X* = X/ ~. Formally, we have what follows.

Proposition 3. Any trajectory (7, ) induces a continu-
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ous curve iy completing the diagram

'];?L)X ,

pJ :Y J

i.e., yopry =mor,

with pry as the projection on the first factor, and J C
[0,00) its image. The curve 7 will be called a quotient
trajectory.

Two trajectories inducing the same quotient
trajectory can be very different. For instance, their
images may be contained in two different facets which
are identified by ~. However, we have the following
“minimal” trajectory result with respect to number of
discrete transitions.

Proposition 4. Let w denote a quotient trajectory. Then
there exists a minimal trajectory (7;, ) inducing w, that
is, if (T, 7y) is any trajectory inducing w then | < k and
there is an injection v : T; — Ty, such that « = y o 1.

Proof. Let (7),7v) be as above and define L =
{i € k| intg(T;) # 0}. Note that L is non-empty by
Definition[2l Let [ be the cardinality of L, and v : 1 — L
be the order preserving bijection. Note that [ < k.

The trajectory (7;, @) is now defined by

T={UaS|S=Twc Tk} G
and

aft;i) = y(tv(i)). (3b)

Now, if we let ¢ = id X v, we obtain, by construction, a
commutative diagram

pri
T
J ...... w> X* .
Thus « also induces w, hence completing the proof. W

The proof above is constructive in the sense that,
given any trajectory inducing w, Eqn. (B) constructs, out
of this trajectory, a minimal trajectory inducing w.

4.2.1. Quotient stability. We are in a position to define
concepts which relate stability to non-equilibrium points.
A pointx € X will be called quotient stable (resp. weakly
quotient stable) if it is stable in the quotient, i.e., if for each
open neighborhood V' C X* of (x) = [z] there exists an
open neighborhood U C V of w(x) such that for each

z € U and for each (resp. some) quotient trajectory v at
z we have J(t) € V forall t € 7;. A point which is not
weakly quotient stable is called quotient unstable.

A point x € X is called asymptotically quotient
stable (resp. weakly asymptotically quotient stable) if it is
quotient stable (resp. weakly quotient stable) and () —
m(x) fort — oo.

Example shows that a locally (weakly)
asymptotically stable equilibrium point can be quotient
unstable. On the other hand, Example [3] shows that an
asymptotically quotient stable equilibrium point can be
locally unstable. Therefore, the two notions of stability
do, in general, not imply each other. However, from the
definition of the equivalence relation ~, we immediately
obtain the following proposition.

Proposition 5. Let x. € intgn (P), for some P € X, be
an equilibrium. Then x. is locally asymptotically stable
iff it is asymptotically quotient stable.

Moreover, if in Example 8 we replace one of the
reset maps, say R;, with its inverse, the point m(x.)
remains quotient stable. The point 7(z.) will not
be asymptotically quotient stable since each quotient
trajectory is induced by a trajectory and no trajectory has
asymptotically stable behavior (each trajectory terminates
on the domain of R;, see also Example [6). This also
illustrates that the change of a reset map can leave the
topology of the quotient space unaltered, but at the same
time alter the behavior of the quotient trajectories.

The following result gives a necessary and sufficient
condition for an equilibrium point to be asymptotically
quotient stable.

Proposition 6. Let .. € X be an equilibrium. Then x, is
(weakly) asymptotically quotient stable iff for each open
neighborhood V. C X of the ~-equivalence class [x.]
there exists an open neighborhood U C 'V of [x.] such
that for each x € U and for each (resp. some) trajectory
(T, 7y) at x we have y(t) € V forall t € Ty,

Proof. We prove the “if” direction while the “only if”
direction can be proven by similar arguments. Let V' be
an open neighborhood of 7 (.. ), and write V = 7~ 1(V").
Let U C V be an open neighborhood of [x.] such that for
any x € U and any (resp. some) trajectory (7,7) at x,
~(t) € V forallt € Ty, and limy_, o y(t) = x.

Let U’ C V' be an open neighborhood of 7(x.) such
that 7=1(U’) C U. Then for any z € U’ and any (resp.
some) quotient trajectory 7y at z, J(t) € V' for all t €
[0,00). Otherwise, there would be a trajectory (7, ) at
x € m1(z) C U, inducing ¥, and leaving V. Moreover,
lim; o J(t) = m(x.) since, if not there would exist an
open neighborhood O of [z.] such that () ¢ O for all
t € Ty, where (7, ) is a trajectory at x € 71 (2) C U,
inducing 7. This proves the “if” direction. [ |
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A more throughout analysis of quotient stability will
be taken up in future works. Such an analysis will most
likely be based on techniques similar to those of Blanchini
and Miani (2008).

5. Local analysis of hybrid systems

Inspired by the theory of (differentiable) manifolds, we
introduce the notion of a chart. This concept will
enable a local analysis of hybrid systems and aid in the
classification of “well behaved” hybrid systems such as
regular and omnidirectional hybrid systems introduced in

Section[5.1]

Definition 3. (Charr) Let (P;,S,R) be a hybrid system
of dimension n, and (U, Q, ) a triple where U C X =
Ll;cs P has a non-empty interior, and {U N Pj};ey is
a family of polyhedral sets, ) C R™ is a polyhedral set,
and ¢ : U — ( is a continuous surjection. The triple
(U, Q, ) will be called a chart on (P, S, R) if

(i) forany z,y € U, ¢(x) = ¢ (y) if and only if = ~ y;

(i) forany P € P with PNU # ), the restriction ¢|ynp
is injective and the restriction of a linear map R" —
R™;

(i) if € U, then [¢] C U, where [z] denotes the
~-lence class containing x.

A quasi chart is a chart fulfilling conditions (i) and (ii).

In general, the linear extension of ¢|ynp from
condition (ii) above is one among many linear extensions
of ¥|ynp. However, if intg- (U N P) # (, then the linear
extension is unique and injective.

To reduce technicalities in the exposition, we have
chosen to formulate condition (ii) with a linear extension
of ¥|unp; nevertheless, the linear extension can be
substituted by an affine extension, and all the results
presented in this paper are still valid.

The basic properties of charts will now be presented.

Proposition 7. Let (U, Q, ) denote a quasi chart on a
hybrid system (P,S, R) of dimension n. Then Q has di-

mension n.

Proof.  On the outset, let us remark that, since U has a
non-empty interior in X, there exists at least one P € P
such that intgn (PNU) # 0. Let P denote such an element
of P, and choose = € intg- (P N U). Hence, there exists
an open neighborhood U, C R" of x such that U, C
(PNU). Since ¢|ynp is continuous and injective, we
may apply Brouwer’s theorem on invariance of domain to
the map ¢ : U, — R™, and conclude that ¢)(U,) is open
in R™. This concludes the proof since ¥(U,.) C Q. [ |

Proposition 8. Ler (U, Q,%) denote a quasi chart on
a hybrid system (P,S,R) of dimension n. Then v is a
quotient map.

Proof. By continuity, v»"1(V) C U is open whenever
V' C @ is open. Hence, we need to prove that V' is open
whenever 1) ~1(V) is open.

Let 2 € V and # € ¢~1(z). Therefore, z € P
for some P € P. Since ¢~ 1(V) is open in U, we have
by definition that 1~ *(V) N P N U is open in P N U.
Hence, there exists an open neighborhood B, C R”
of o such that (B, N PNU) C (~%(V)NUN P).
Now, let ¥ : R" — R"™ denote any continuous injective
extension of ¢|ynp, e.g., a linear injective extension. By
the invariance of domain (or the open mapping theorem in
the linear case), we conclude that ¥ (B, ) is open in R™.
In particular, Q N ¥(B,) is an open neighborhood of z in
@, which is contained in V' since

QNU(B,)=¥(UNP)NY(B,) =V (UNPNB,),
and
VUNPNB,) CU¥(p ' (V)NUNP)CV.

Hence, z is interior to V' proving that V' is open since z
was arbitrary. [ |

Lemma 2. Let (U, Q, ) denote a quasi chart on a hybrid
system (P,S,R) and U* = U/ ~ the quotient space. The
map v induces a map g completing the diagram

ULM/J(U), le,gom =1,

T
g

U+

with m as the canonical map. Furthermore, g is a homeo-
morphism.

Proof. By condition (i) of Definition 3] we have U* =
{1 (v) | v € ¥(U)}. Hence, g is a homeomorphism by
Munkres (1975, Corollary 22.3). [ |

Standing hypothesis. The following will be in force
throughout the rest of this paper. For any hybrid system
(P, S, R) the family P is assumed to consist of polytopes
only.

Requiring that P consist of polytopes only is a
consequence of the implicit use of Lemma [AT] (via
Lemma [A3)) in the proof of Theorem [I] below. However,
we do conjecture that this requirement can be dropped
without effecting the conclusion of the theorem (and
therefore that the hypotheses can be removed altogether).

The next result shows that locally a chart can be used
to make a hybrid system resemble a switched system.

Theorem 1. Let (U, Q, 1)) be a chart on a hybrid system
(Ps,S,R), and

JWU)={jeJ|intgn(P,NU) #0, P € P}. (4
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Let Qj = L/J(Uﬂpj), K" = {QJ |j S J(U)} and
K ={F|F 2Qj, Q; € K"}. Let ; = Ylunp,,
Jy = s 0y Q; — R and F = {f; | j € J(U)}.
Then (Q, K, F) is a switched system.

Before beginning the proof, we remark that the
differential d¢); is indeed well defined since j € J(U)
and 1; has a unique (linear) extension.

Proof.  (Proof of Theorem [I) By Definition Bl we
immediately conclude that (); is a polytope; hence, K
(and K™) is a family of polytopes (of dimension n). To
prove the theorem, we need to show that K is a partition
of @ (see Section 2. 1.1)).

We prove that K is a complex. Let Fy,Fy € K.
Since F; € K, i = 1,2, there is Q; € K™ such that
F; < Q;. By LemmalA3l Q1N Q> is a face of Q7 and Q-.
By Lemma[Ad] F} N Fy < Q1 N Q2. So Fy N Fy is a face
of both Q1 and -, thus also of F} and F5. This proves
property (ii). Therefore, K is a complex since property (i)
is trivial.

We will show that Q = UJEJ(U) @;; hence, Q =
| K|, which will complete the proof. For any point x €
@ and any open neighborhood V of z in Q, ¥~ 1(V) is
open in U. Hence, there is j € J such that P; Ny~ 1(V)
has a non-empty interior, thus j € J(U) and z € Q;.
Therefore, Q@ C |J jea) @;, which completes the proof

since clearly U,c ) Q) C U,y @) = Q. ™

The construction in Theorem [I] gives rise to the
following definition.

Definition 4. Let (U,Q,%) be a chart on a hybrid
system (P;,S,R). The switched system (Q,K,F)
defined in Theorem [I] will be called a switched system
(with state-dependent switching) generated by the chart

U,Q,¢).

A switched system generated by a chart is obtained
by “gluing” together (images of) subsets from a hybrid
system. A local representation of a hybrid system is
particularly nice in that it always produces a polytope.
Therefore, more complex structures will be absent in a
chart. More precisely, there are hybrid systems containing
open sets which can not be represented in any chart. We
illustrate this in the next example.

Example 4. Let (P;,S,R) with J = {1,2,3} be a
hybrid system of dimension 1, where S is left unspecified,
P = {Pl =S [071]}i€J’ and R = {Rl : F1 — FQ, R2 :
Fy — F5, Ry : F3 — Fy} with F}, i € J, being a facet
of P;. Hence X* has a “Y” shape. Therefore, if p € Fj,
no open neighborhood of [p] in X can be contained in a
chart. ¢

As seen above, hybrid systems can contain structures
which cannot be represented in a chart. For a global
analysis this property is highly undesirable. Therefore,

a class of hybrid systems is introduced, whose structure is
well behaved in the sense that for any point there exists
a chart which gives a correct local representation of some
open neighborhood of that point. To this end, we define
the notion of a regular hybrid system.

Definition 5. (Regular hybrid system) A hybrid system
(Ps,S,R) is regular if there is a family of charts
{(Uq, Qa,a)| a € A} such that

() m(Va), with V, = ¢, (int(Q,)), is open in X * for
alla € A;

(i) X =U,ea Va

A chart fulfilling (i) above will be called regular, and if
x € V, then (Uy, Qu, 1, will be called a regular chart at
x.

The next example illustrates the concept of a regular
hybrid system.

Example 5. Let (P;,S,R) with J = {1,2} be a hybrid
system of dimension 2, where S is left unspecified, P =
(P = I?licy with T = [0,1], and R = {R; = id :
Fi — Filie, with F} = I x {0} < P,, i € J, and
F?=1x {1} < P, i € J. Hence X* is a “cylinder”.

The hybrid system (P,S,R) becomes regular by
introducing the following two charts: (Uy, Q1,1) and
(UQ, QQa 1/12)’ where

Uy =1x1[0,0.75] x {1} U I x [0,0.75] x {2},
Uy =1 x1[0.25,1] x {1} UT x [0.25,1] x {2},
Q1 =1 x[-0.75,0.75],

Q2 =1 x[0.25,1.75],

and

wl(xayvz) = (Z‘, _y)a
Va(z,y:2) = (2,2 — y).

Yi(z,y;1) = (2, y),
Yo(z,y;1) = (2, y),

¢
A regular hybrid system of dimension n induces the
structure of a topological n-manifold (Lang, 1999) on X*
via the family of charts {(7(V3,), ga) }aca, with g, being
the map induced by 9, as in Lemmal[2l In particular, for
a regular hybrid system, (X*, {(7(Va), ga)}aca) is a PL
space as defined by Hudson (1969), and if the vector fields
fi all are linear we obtain a PL system as in the works of
Sontag (1981) as well as Rantzer and Johansson (2000).
Note that the hybrid system in Example 4] is not regular
since X * is not a topological manifold.

5.1. Omnidirectional hybrid systems. Up to now, we
have been concerned with how to obtain a precise local
representation of the structure (or geometry) of a hybrid
system, and ended with the concept of a regular hybrid
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system. A natural question is now whether or not locally
the dynamics of a hybrid system can be represented by
those of a switched system generated by charts. As we
have seen above, this may fail for general hybrid systems
since there can be an open neighborhood that has no local
representation.

The next proposition states that each trajectory of a
hybrid system which is contained in a chart is related to a
trajectory of a switched system generated by this chart.

Proposition 9. Let (U,Q,v) be a chart on a hybrid
system (P;,S,Ry) and (Q,K,F) be a switched sys-
tem generated by (U, Q, V). If (T,7) is a trajectory of
(Ps,S,R) such that ~(t;i) € U for all (t;i) € Ty, then

n(t) = ¥(v(t;4)) (5)

is a solution of the Cauchy problem 1) € F(n), n(ty) =
¥(y(to: 1)), where F - Q — 28" is given by

Fla) = {v € R v = J;(z)
ifv € QjforjeJU), fj € F} (6)
with J(U) as in @).

Before beginning the proof, let us remark that the
proposition would be false if in the definition of a
trajectory (Definition2)) the requirement intg (7}) # () had
been excluded. Indeed, if intg (T;) = () for all ¢ € k, then
the induced trajectory (3) would have a singleton set as
the domain, but any solution to 7 € F'(n) is by definition
required to have a domain with a non-empty interior.

Proof. (Proof of Proposition @) Let {t;};ck, be the
switching sequence corresponding to 7. For each i € k
there exists j € J(U) such that ¥(¢;4) = &;(y(¢;4)) for
allt € [ti,h ti].

The vector fields f; € F and §; € S are 9;-related.
Thus, ~ and the solution 7 of the Cauchy problem
n(t) = fi(n(t)), n(ti—1) = ¥(y(ti-1;4)) commute in
the following sense: ¥ (y(t;7)) = n(t) fort € [t;—1,t;].

This completes the proof since (v(t;;i)) =
¥(vy(t;;4 + 1)) by point (iii) in Definition 2] ]

There are hybrid systems for which there exists a
solution of 17 € F'(n), but there is no trajectory (7,~y)
such that i and ~ are related by (@). This is the context of
the next example.

Example 6. Let C = [-7,7]? for some r > 0.
Consider the hybrid system from Example [] with each
P; replaced by P/ = P; N C, and the reset map Ry
replaced by R, ie, R = {R;' Ro, R3,Ry}. We
use the chart (C’,C,v), where C' = | | P/ and ¥|P] =
id. Any trajectory of the hybrid system is defined on a
bounded time domain; it terminates on the boundary of
P;. However, the solutions of 77 € F\(n) are defined on
[0,00) and exhibit an asymptotically stable behavior (in

O). ¢

Now, if, in Example[dl R = {R;, R7:_1| i=1,...,4}
had been used instead, then for any 7 there is a y such that
(@ holds. This leads to the following definition.

Definition 6. (Omnidirectional hybrid system) A hybrid
system (P, S, R) is omnidirectional if R = R°.

For omnidirectional hybrid systems we have the
following converse to Proposition[9]

Proposition 10. Ler (U, Q,) be a chart on a omnidi-
rectional hybrid system (P;,S,Ry) and (Q, K, F) be a
switched system generated by (U, Q, ). Then for any so-
lution n of 1 € F(n) with F defined by @) there is a
trajectory (T, ) of (Py,S,Ry) such that 3) holds.

Proof. Let n satisfy 1(t) € F(n(t)) a.e. on [0, 7], with
0 < T < oo, and define j(¢) € J for almost all ¢ € [0, 7]
by
Jt) =3 iff () = dy;& o vt (n(t),

with the notation as in Theorem [[l Let {¢;};ck,, with
k € N U {oo}, be an increasing sequence of points in
[0, T, where j(t) is undefined. Hence, to = 0, tr, = T,
and j(t) is constant on I; = (t;_1,t;) fori € k. We
assume, without loss of generality, that j(-) is not constant
on each open neighborhood of each ¢;. Moreover, let j; =
Ji(t) denote the obvious extension of (the constant) j(t)
to cl(1;).

Now, for each i € k, define the map ~; on I; by
~i(t) = wj_(:) o 7)(t) and extend it to a continuous map on
cl(Z;). Hence ~; is differentiable on I; with the derivative

Yi(t) = &y (v (2))- (7

The trajectory (7j,~y) is now defined by 7, =
||;cx c1(Z;) and y(t;3) = (7i(t); j:). Indeed, since 0 < T,
we must have int(7;) # () for at least one ¢ € k; hence,
7T, is a time domain. Moreover, v : 7, — |—Ij6J Pj is
continuous by construction, and, to complete the proof,
points (i)—(iii) of Definition 2 need to be verified. To this
end, point (iii) is a consequence of (7), and points (i) and
(iii) follow from Definition[3las j; # j;.1 foreachi € k*.

|

For omnidirectional hybrid systems there is a local
correspondence between trajectories of the system and
trajectories generated by charts. For this observation
to have any significance in stability analysis, we need
to verify that the behavior of these two systems agrees.
Indeed, the next theorem provides necessary and sufficient
conditions for an equilibrium point of an omnidirectional
hybrid system (P,S,R) to be asymptotically quotient
stable in terms of conditions imposed on a switched
system generated by a chart on (P, S, R).

For the next theorem, recall the notion of G-stability
as described below Proposition[I]in Section 3
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Theorem 2. Let (P, S, R) be a regular omnidirectional
hybrid system. Then the equilibrium x, € X is (weakly)
asymptotically quotient stable iff 1(x.) is a (weakly)
asymptotically F-stable equilibrium, where (U, Q, ) is
a regular chart at x.,, and F is defined by (6)).

Proof. We prove the “only if” direction. Since
(Ps,S,R) is regular, a regular chart (U, @, 1) at x exists.
Let O be an open neighborhood of () in int(Q), and
let W = ¢~ 1(O). Since the equilibrium x, is (weakly)
asymptotically quotient stable, we use Proposition [6] to
conclude that there is an open neighborhood W’/ C W
of [z.] such that for each € W’ and for each (resp.
some) trajectory (7, ) at x we have v(t,7) € W for all
(t,1) € Ty, and y(t,1) — x, ast — oo.

Let O’ C O be an open neighborhood of ¢ (z..) such
that »~1(0’) C W’. By Proposition we conclude
that for any (respectively some) solution 7 of ) € F'(n) at
y € O' wehaven(t) € Oforallt > 0,and n(t) — ¥(xs)
ast — oo.

The proof of the converse is analogous, with
Proposition[9 used instead of Proposition[TQ0l [

The aim of our work was to restrict the definition
of hybrid systems in such a way that development of
tangible methods for stability is feasible. In conclusion,
we have defined a locally switched system, which is a
relatively restrictive hybrid system, but allows analyzing
using standard methods of dynamical systems and, in
particular, differential inclusions. That is, Theorem
together with Proposition 2] may be used to conduct a
stability analysis as described in Section[3] Nevertheless,
some care should be taken when using Proposition [2|as it
deals with relaxed solutions.

6. Conclusion

We have introduced various notions of stability for a
hybrid system on a polyhedral set with state-dependent
switching. In particular, the concept of stability has
been extended to non-equilibrium points via a quotient
system. It has been shown that for such systems an
equilibrium is asymptotically stable if and only if it is
asymptotically stable in the quotient system. Moreover,
necessary and sufficient conditions have been provided for
an equilibrium point of a regular omnidirectional hybrid
system to be asymptotically stable. These conditions
have been formulated in terms of a switched system (with
state-dependent switching) generated by a chart on the
system. As methods for stability analysis of switched
systems are already available, this work establishes
tangible means for stability analysis of hybrid systems.
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Appendix

Al. Notation and terminology. If S C R", then
aff(S) denotes the affine hull (or span) of S and by the
dimension, dim(.S), of S we mean the affine dimension
of aff(5), i.e., dim(S) = afdim(aff(S)) = dim(aff(5) ©
aff(S)), where, in generic notation, A B={a—b|a €
A, b € B} with A and B being affine subspaces.

Let N € R”, o € Rand (-, -) denote an inner product
in R™. We write H(N, ) = {z € R" | (z, N) = a},
HY(N,a) ={z € R" | (x,N) > a} and H (N, a) =
{z € R" | (z,N) < a}. We occasionally suppress the
notation and simply write H, HT, and H ™.

A2. Polyhedral sets and polytopes A polyhedral set P
in R™ is the intersection of a family of closed half spaces.
A polytope is a bounded polyhedral set. Whenever a
polyhedral set P in R™ is considered a topological space,
it will be understood that P carries the relative topology
from R™. A subset F' of a polyhedral set P is a face if
either F = @ or F = P, or there exists a supporting
hyperplane H of P such that F' = P N H. Note that
a face is again a polyhedral set. A face F' of dimension
n — 1 is called a facet, and a face of dimension O is called
a vertex. We write I’ < P to indicate that F' is a face of P
and F' < P if and only if F' < P and F' # P. Note that
the relation < is a partial order relation on the set K (P)
of all faces of P.

For a nonempty U C P with P being a polyhedral
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set, we say F' = P is the smallest face containing U
if U C F, and there is no other face G of P such that
U C Gand G < F. Such a face always exists. Indeed,
lete V = {L € K(P)|U C L}, with K(P) as above,
which is finite since K (P) is finite, and non-empty since
P € V. Now, F' = (. Lisafaceof any L € V,
since the intersection of a finite number of faces is a face.
Furthermore, U C F. We claim that F' is the smallest
face of P containing U. Suppose that there is G < F
with U C G, then G € V; hence, F' < @, which is a
contradiction.

Let P and P’ be polyhedral sets. A map f : P — P’
is said to be polyhedral if it is a continuous injection and if
forany F' < P thereis F’ < P’ with dim(F') = dim(F")
such that f(F) C F’. Note that if P is a polytope then f :
P — f(P) is a homeomorphism. We remark that to the
authors’ best knowledge the concept of a polyhedral map,
as presented here, is new. Nonetheless, related definitions
can be found in the works of Hudson (1969) and Sontag
(1981).

The following lemma, which is crucial for many
proofs in the main body of the text, lists some
basic properties of polyhedral maps. Note that, as a
consequence of the use of Lemma the lemma is
proven for polytopes only.

Lemma Al. Let P and P’ be polytopes and | : P — P’
be polyhedral.

(i) If F <X P, then f(F) =< P’ and dim(F) =
dim(f(F)).
(ii) If dim(P) = dim(P’), then f(P) = P'.

(iii) f~': f(P) — P is polyhedral.

Proof. We prove point (i) by induction on the dimension
k of F. For k = 0, i.e., F' is a vertex, point (i) clearly
holds. Suppose now that f(L) < P’ for any face L of P
with dim(L) = k. Let ¥ < P and dim(F') = k+1. Since
f is polyhedral, there is F/ < P’ such that f(F) C F’ and
dim(F’") = k + 1. We show that f(F) = F’, which then
proves point (i).

By induction hypothesis, f(L) < P; hence, f(L) <
F',forany L < F. Now, let L;, i = 1,...,1 be all
facets of F, L, = f(L;), and F' = ﬂ;nzl H;', where
{H j+ | 1 < j < m} is an irredundant family of half-spaces
with supporting hyperplanes H;. Hence, m > [, L} =
H;NF' i=1,...,1, after a possible re-indexing, and
bd(f(F)) = f(bd(F)) = Uiy £ (L) = Uiy L. where
the first equality follows by Lemmal[AZ]

The hyperplane H;, ¢ = 1,...,l, is a supporting
hyperplane of f(F), since f(F) C F' C H;, and
Li=H,nNnf(F)asL,c H;Nf(F)c H,NF =L,
Therefore, we conclude that

m l

F = ﬂ H} C ﬂ Hi = f(F). (A1)

J=1 J=1

Hence, f(F') = F’, proving point (i).

From point (i), we conclude that f(P) is a face of P’
with dim(f(P)) = dim(P). This proves point (ii).

First, f(P) is a polyhedral set by point (i). Secondly,
f~t: f(P) — Pis acontinuous injection since f : P —
f(P) is a homeomorphism. Finally, let F/ < f(P); then
there is a ' < P with dim(F) = dim(F") such that
f(F) = F’ (the equality follows from the proof of point
(i)). Hence, f~!(F’) = F, which proves the lemma. H

The proof of point (i) in Lemma [AT] yields the
following corollary.

Corollary Al. Let P and P’ be polytopes and f : P —
P’ be polyhedral. If F and F' are as in the definition of a
polyhedral map, then f(F) = F'.

The following lemma constitutes the essential
argument in the proof of Lemma [ATl We remark that
the proof could have been shortened by the use of simple
arguments from homology theory.

Lemma A2. Let D" C R"™ be homeomorphic to a close
disk and S"~' = bd(D"). Let f : D — D™ C R»
be a homeomorphism such that f(S™~1) C S"~ L. Then
f(Snfl) = gn—1

Proof. Following Bredon (1993, Corollary 1V.19.6),
we conclude that R \ f~1(S"~1) consists of two (n >
1) or three (n = 1) components. Let U;,U; and Us
be these components, with Us possibly empty, and let
V; = U;nint(D"™), ¢ = 1,2,3. Then f(V4 U V2 U
V3) = int(D"), since if z € int(D") then f~1(2) €
int(D™) \ f1(S""1) = V4 U V5 U V3. Moreover, since
ViUVo U Vs = f~1(int(D™)) we conclude by continuity
that precisely one V;, say Vi, is non-empty. Thus, V} =
int(D™) \ f~1(S™1). Butint(D") N f=H(S"1) = 0,
because if not, let U C int(D™) be an open neighborhood
of a point in the intersection, say x, and {z,,} C Uz be
a sequence converging to x. Then z,, € U for n large
enough, which yields the contradiction Vo # (). Hence,
Vi = int(D™), which completes the proof since f is
surjective. [ ]

The following three results have the appearance of
being standard results from polytope theory. However, the
authors have not been able to find a reference for these
results, so they are included with proofs.

Lemma A3. If Hy and Hs are hyperplanes, then HiNHo
is a face of H;" N H.

Proof. If Hy N Hy, = (), then the lemma follows.
We assume that H; N Hs # () and show that there
is a supporting hyperplane C' of H;" N H; such that
Hf nHf € Ctand HiNHy = CN H NHy.
Let H; = H;(N;, ;) for some N; € R™ and a; € R,
i = 1,2. Suppose first that 0 € H; N Ho, ie., a1 =
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ag = 0,and let C = {z € R"| (&, Ny + N2) = 0}
It is clear that H;" N Hf C C* and H; N Hy C C.
This shows that H; N Hy C C N (H N HY). We
show that C' N (H1+ N H2+) C H; N H,. Suppose that
r € CN(H NH)). Since (x, N;) > 0fori = 1,2 and
(Ny,z) = —(Na,z), we have (x,N;) = 0fori = 1,2.
Thus, H; N Hy = C N (H;" N Hy). For an arbitrary
o, 1 =1,2,letw € H; N Hy and define G; = H; — w,
i =1,2. Since 0 € G N Ga, there exists a hyperplane C'
such that Gy NG € O+ and G1NGy = CN(GTNGY).
Therefore, C,, = C + w is a supporting hyperplane of
H;F N Hy such that H; N Hy = Cy,, N (H;" N Hy). This
proves the lemma. [ ]

The next lemma classifies a face of a polyhedral set,
which is the intersection of two polyhedral sets, in terms
of intersections of the faces of the two polyhedral sets.

Lemma A4. Let P, Q be polyhedral sets. Then G is a
face of the polyhedral set P N Q if and only if there are
F<Pand L < Q such that G =F N L.

Proof. Suppose first that F < Pand L < Q. If FN L =
(), then G = 0 is an improper face of PN Q. If F = P
and L = @, then G = P N @ is again an improper face
of PN Q. Suppose F' = P, L < Qand FN L # ). Let
H be a supporting hyperplane of Q with Q € H™ and
HNQ@ =L Wehave HNQNP =LNP =G and
PNQ C HT. Thus, G is a face of PN Q.

If F < Pand L < (@, then there are supporting
hyperplanes W of P and H of @ such that FNL C WNH
and PN Q C W+ N H'. By Lemma[AJ] there is a
hyperplane C such that C N (W*T N H') = W N H and
WTNHTCCT.SincePNQCWTNHT CCT and
the following equality holds:

CNPNQR=Cn(WrNnHTNPNQ)
=WNHNPNQ=FnNL,

it follows that C' is a supporting hyperplane for P N () and
CNPNQ=FNL,thus FNLisafaceof PN Q.

We prove the converse. If G = (), then the lemma is
proven by taking, e.g., F' = (), L = Q. The lemma is also
obvious if either P or () is equal R™. It remains to prove
if G is a proper face of P N Q.

Let P = ﬂ?zl H;r and @ = ﬂj 1 H . Without
loss of generality we assume that the family {H J+ |j =
1,...m} is irredundant, otherwise we remove redundant
half-spaces from it. It follows that P N Q = ﬂ;n:l H ;r .
Suppose first that G is a facet of P N @, then G =
H; N (PnQ) for some j € {1,...,m}. Suppose
j € {1,...,k}. Then F = H; N P is a facet of P
and G = FFN Q. Likewise, if j € {k+ 1,...,m} then
G = FNP, where F'is a facet of . By Griinbaum (2003,
Theorem 2.6.5, p. 27), every proper face of a polyhedral
set is an intersection of its facets. Hence, the face G of

P N Q is the intersection of facets E; (i = 1,...,1) of P
and B! (i =1,...,l') of Q,
! v
G = <ﬂ Ei> N m E;
i=1 =
! v
= <ﬂ(HmP)mQ> n|{E n@)nP
=1 =1
! v
:<ﬂHiﬁP>ﬂ ﬂH:mQ =FnL,
i=1 i=1

where F' = ﬂl H;N P is the intersection of facets of P.

Thus, it is a face of P. In the same way, L = ﬂ7 L H! OQ
is a face of Q.

The following lemma constitutes an essential
argument in the proof of Theorem [l We note that the
proof makes implicit use of Lemma [ATl

Lemma AS. Let K" be as in Theorem|[l] and Q1,Q2 €
K™ Then Q1 N Q2 is a face of Q1 and Qs.

Proof. We prove that Q1 N Q2 =X ;. Forany = €
Q1 NQs thereare y; € Uy = UN P, yo € Up =
UNPy,and R € R' such that z = ¢(y;) = ¥(y2) and
R(y1) = yo. Furthermore, from Definition 3 if y; € U;
and there is R € R! such that yo = R(y1) € P», then by
point (iii), y2 € Us and, by point (i), ¥(y1) = ¥ (y=). Let
R? = {R € R| 3y € Uy such that R(y) € Us}. From
the above, it follows that Q1 N Q2 = UReR% (dom(R)N
Ui). By Lemmalll the set R% is finite. Furthermore, by

LemmalAd] F = dom(R)NUj is a face of U;. Therefore,
we can write (1 N Q2 = Uz 1 Y(Fy), where F; < Uj.

‘We will show that
dj € ksuchthat F; C F; Vi € k. (A2)

Thereby, Q1 N Q2 = ¥(F;), but (F;) is a face of
Q1, since F; < Qi and ¢|ynp, is a restriction of a
linear map. Moreover by point (iii) of Definition [l
R(dom(R) N U;) = im(R) N Us; hence, R(F;) is a face
of Us and thus ¢ (F, ) is a face of Q.

We prove (IEI) by contradiction, i.e., we assume that
for any j € k, there is ¢ € k such that F; \ F; # 0.
In particular, for any j € k, the set A; = Uiek\{j} F;\
F} is non-empty, and we can pick z; € A;. Let oy €
10,1[, @ € k with Zle a; = 1, and consider a point
v =Y am € comv(Uiy Fi) € 7@ N Q)N
U;. We show that = ¢ Ule F;, which contradicts with
Q1NQ2 = UL, v(F).

Fix j € k, and let H; be a supporting hyperplane
of U; with Fj = Hj NU; and U; C H;r Ify €
A; C int(H;r), then for any o € [0,1], and any z €
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+ . + . .
HP ay+ (1 —a)z € 1nt(H{ ). In particular, taking
a =ajy =xjand z = 7= e g5y @iti shows
that z € int(H;r). Since this is true for any j € k,

€ ﬂjekint(H;r), therefore = ¢ U§:1 F;. [ |
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