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The Weierstrass—Kronecker theorem on the decomposition of the regular pencil is extended to fractional descriptor time-
varying discrete-time linear systems. A method for computing solutions of fractional systems is proposed. Necessary and
sufficient conditions for the positivity of these systems are established.
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1. Introduction

A dynamic system is called positive if its trajectory
starting from any nonnegative initial condition remains
forever in the positive orthant for all nonnegative inputs.
An overview of the state of the art in positive system
theory is given by Farina and Rinaldi (2000) as well
as Kaczorek (2001; 2011; 1998a; 2015b; 1997). Models
having positive behavior can be found in engineering,
economics, social sciences, biology and medicine, etc.

The Lyapunov, Bohl and Perron exponents as well
as stability of time-varying discrete-time linear systems
were investigated by Czornik (2014), Czornik et al.
(2012; 2013; 2014a; 2014b), Czornik and Niezabitowski
(2013a; 2013b; 2013c) as well as Niezabitowski (2014).
Positive standard and descriptor systems and their stability
were analyzed by Kaczorek (2001; 2011; 1998a; 2015b),
along with positive linear systems with different fractional
orders (Kaczorek, 2011; 2012) and singular discrete-time
linear systems (Kaczorek, 1998a; 2015a). Switched
discrete-time systems were considered by Zhang et al.
(2014a; 2014b) and Zhong (2013), while extremal norms
for positive linear inclusions by Rami er al. (2012).
Positivity and stability of time-varying discrete-time
linear systems were addressed by Kaczorek (2015c¢).

In this paper the  Weierstrass—Kronecker
decomposition theorem will be applied to fractional
descriptor time-varying discrete-time linear systems with
regular pencils to find their solutions, and necessary
and sufficient conditions for positivity and sufficient

conditions for stability will be established.

The paper is organized as follows. In Section 2
the Weierstrass—Kronecker decomposition theorem is
applied to find solutions to standard fractional descriptor
time-varying discrete-time linear systems. Necessary and
sufficient conditions for the positivity of descriptor
systems are established in Section 3. The solution of
fractional positive descriptor systems is analyzed in
Section 4. Concluding remarks are given in Section 5.

The following notation will be used: R, the set of real
numbers; R"*™ the set of n X m real matrices; Rﬂ;xm,
the set of n X m matrices with nonnegative entries and
R} = Rﬁ“; I,,, the n x n identity matrix.

2. Standard fractional descriptor systems

Consider the fractional
discrete-time linear system

descriptor  time-varying

E(i)AO‘xiH = A(Z)(El + B(i)ui,
iEZ+={O,1,...}, (1a)
yi = C (i), (1b)

where x; € R", u; € R™, y; € R? are the state, input
and output vectors, respectively, A(i) € R"*", B(i) €
R™*™ C(i) € RP*™ are matrices with entries depending
on i € Zy, and the fractional difference of the order « is
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defined by and using (@), we obtain
o _ ! T i1
e ;)( . (j fe (1o Frivt = Ara(D)Z15 + Y ¢T1i—j41
— =
@ .
( ) T Bi(i)us, (62)
J i+1
1 forj =0, NZyip1 = (Na + In, ) T2 + Z ¢;NZTai ji1
= -1 ... (ax—3j 1d —
afa—1) ,|(0‘ i+1) forj—12,... 9 i=2
J: + Bg(i)ui, (6b)
It is assumed that det E(i) = 0,4 € Z,, and where
Ao (i) = A1(4) + al,, € R™ ™
det[E(i)A — A(§)] # 0 @) teli) = 4(0) +aln,
. N Bl (Z)
P@BG) = | 211
for some A € C (the field of complex numbers) and Ba(i)
i €Zy. Bi(i) e R™*™ By(i) € R™*™, (6¢)

Substituting (1c) into (1a), we obtain
i+1
E(i)wit1 = [E(i)o — A(i)|zi + > ¢;E()zioj
j=2

+ B(i)u;, (3a)
where

J

It is well-known (Kaczorek, 2015b; 1998b) that if
@) holds, then there exists a pair of nonsingular matrices
P(i),Q(i) € R™ " such that

o= (7). (3b)

P@)[E@)A - A@)]Q(1)

[ L, o Ai(i) 0
_{0 N})‘_[ 0 Im}’ )

i € Zy, where uy = degdet[E(i)\ — A(3)], A1(@) €
R™>m N e R™*"2 jg a nilpotent matrix of index
(i.e., N* = 0and N*~1 £ 0).

The matrices P(i),Q(i), A1(¢) can be found for
example, with the use of elementary row and column
operations (Kaczorek, 1998b).

Premultiplying (1a) by the matrix P(7), introducing
the new state vector

(&)

To; = . )

Theorem 1. The solution T ; of Eqn. (6a) for a known
admissible initial condition T19 € R™ and input u; €
R™, ¢ € Z, is given by

i—1
T1, = (I)l(i, 0)2?1’0 + Z (I)l(i, k4 1)B1(k)uk,
k=0
(7a)
1 € Z4,where
(I)l(i, k + 1) = Ala(k)@l(k‘, 0)
k+1
+) @i (k—j+1,0),
=2
®(0,0) = I,,, (7b)
and c; is defined by (3b).
Proof. Using (6¢), (7a) and (7b), we obtain
i+1
A1a())Z1,; + B1(d)u; + Z CjT1i—jy1
j=2
k+1
= A1a(i) [@1(i,0)T10 + Y ®1(i, k + 1) By (k)u
k=0
it+1
+ Bi(1)u; + Z CiT1i—j+1
j=2

=0y(i+1,0)T10+ »_ Pi(i + 1,k + 1) By (k)ux
k=0

= T1,i+1-

]
To simplify the notation, it is assumed that the matrix
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N in (6b) has the form
0O 1 0 0
0O 01 ... 0
N=| ot erme @)
0 0 O 1
0 0 O
From (6b) and (§), we have
0 1 07 .
00 1 0 T21,i+1
. . . . x227i+1
00 0 .
00 0 0 F2nz,i+1
1 aa 0 ... O -
0 1 0 T21,:
. 22,4
00 0 o ||
00 0 1 T2z
0 Cj 0 e 0 7
‘ 0 0 0 T21,i—j+1
A K T22,i—j+1
+ Z R .o :
=100 0 oo ||
0 0 0 0 F2nz,i=j+1
Ba1 (i)
+ Ui, 7 e Z+,
Ban (Z)
)
and
0 = Zan,,i + Bon, (1w,
Tong,itl = Tony,—1,i + QT2n, i
it1
+ Z CjTany i—j+1 + Ban,—1(1)ui,
=2
T22i+1 = T21,i T T22,;
i1
+ Z €jT22,i—j+1 + Bo1(i)u;, 1€ Zy.
=2
(10)

Solving Eqns. (I0) with respect to the components of

the vector Z» ;, we obtain

Tong,i = —Ban, (1)ui,
Tony,—1,i = —Ban, (1 + 1)uit1 + aBan, (1)u;
i+l
+ ) ¢jBany (i — j + Dui—jp
j=2

— Bopy—1 ()i,

To1,i = —Bop, (1 + N2 — D) Ujjny—1
+ OZBQ(i + ng — 2)ui
i+1
. _ (11
+ Z ¢jBan, (i +n2 — j — Dui—jt1
=2
+ - = Bo1(7)u.

The admissible initial conditions for the system (6b)
are given by () for i = 0.

The solution of Eqn. (6b) for known u; € R™ and
admissible initial conditions Too € R is given by ().
The discussion can be easily extended to the case when
the matrix /V in (6b) has the form

N = blockdiag[Ny,...,Ny|, ¢>1, (12)

and Ny, for k = 1,2, ..., q has the form ().

Example 1. Consider the fractional descriptor
time-varying system described by Eqn. (la) with the
matrices

r o2
0 00 o
_ _ (i42)(sin(i)+1) 0 €2 (eT+1)
E(Z) = er-gl cos(i)+2 ,
" 0 0
I 0 0 0 0
i 1
cos(i)+2
. eii J— Lﬂ
B(Z) = cos(i)+2
0
i 0
0
27,(1-1—2)(cos(g,zr—iil)(mn(z)j—‘l) o bln(Z) (sm(z) + 1)
Sll’l(l) . 2z(z+2)i(icis(z)+1) 5
2i(i+2)
i+1
0 0 ais(d) 0
. agl(i) agg(i) (L23(i) (L24(i)
A(i) = . . 13
(Z) agl(l) 0 0 a34(z) ’ ( )
0 0 0 a44(i)

&
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where e’ =2 1+ Sisl(l) 0 0
— 0 " 2%sin(3) 0 0
1 0 0 1 0|’
)= ——————— 0 0 0 1
W)= iz i 0 (16)
(i +2)(i+2cos(i) + 2sin(i) o
as (i) = (i + 1)(sin(i) + 2) { 28 ] = P(i)B(i) = ? su(l)(z) 7
isin(i) + cos(i) sin(i) + 3) 0 2

(i +1)(sin(i) +2)
GQQ(i) =1- Zeia

- e +1
as3(i) = g o2
a2a(i) = €?1(i + 2)(cos(i) + 1)(sin(i) + 1)

i+1

: i+ 2
=" Gm +
azq(i) = — €' (i + 2)(cos(i) + 1)

i+1 )
o2i(;

aq4(1) = %

The condition (2)) is satisfied since

det[E(i)A — A(i)]

)

(i +2)%(2e* + Ae? — 1)(2\ + i + Asin(i) + 1)e?

(1 + 1)2(cos(z) + 2)(sin(i) + 2
£0.

In this case,

L+e® 1 1-+sin(4) 0
N 0 0 1 1+ cos(?)
P(i) = 2+cos(i) 0 0 0
0 0 0 w
0 5 0 0
e 0 0 0
QUI=1"% o 1 o
L 0 0 0 e
and
100 0
L, 07 . o100
R RO OO
000 0

)

(14)

15)

(n1 =ng =2).

Equations (6) have the form

Tii+1 | _ et =2 1+ cos(i) T11i
T12,i41 =10y T12,
it+1 .
11,i—j+1
+ ci | -
; J { L12,i—j5+1 }
et 0 UL,4
+ [ 0 sin(7) } { Uz ] (172)
and
0 1 Zo1,i+1
0 0 T22,i+1
_ 1 « T21,i
101 Tog
it+1 _
0 1 T21,i—j+1
T2 0 0| maiy
= 22,i—7+1
1 0 Ui
+ [ 0 2 ] { o ] . (17b)

The solution of (17a) is given by (7a) and (7b) with
the matrices A (i) and By (i) defined by (T6).

From (17b), we have
To2,; = —2iu27i,
To1; = —2(1 + 1)ug 11 + a2iug,
i+1
+ 370200 — j+ Dz g1 —uri, i€ Zy.
=2
(18)
The solution of Eqn. (1a) with (I3) is given by
z1(1) 11,
: 2(1) . 12, .
(1) = . = 0) e , = Z , 19
(@) x3(7) @) T21,i + (19
z4(i) T22,i

where Q(1) is defined by (I4) and the components of the
state vector Z(4) by (7a) and (7b) with A; () and By (i)
defined by (186). ¢

3. Positive systems

Definition 1. The fractional descriptor time-varying
discrete-time linear system (1) is called (internally) po-
sitive if and only if 2; € R and y; € R", i € Z, for



Positivity and stability of fractional descriptor time-varying discrete-time linear systems

any admissible initial conditions zo € R’} and all inputs
u; € R, 1€ Zy.

The matrix Q(i) € R"*™, ¢ € Z., is called mono-
mial if in each row and column only one entry is positive
and the remaining entries are zero fors € Z.

It is well-known (Kaczorek, 2001) that Q' (i) €
R’}FX”, i € Z, if and only if the matrix is monomial.

It is assumed that for the positive system (1) the
decomposition () is possible for a monomial matrix Q(%).
In this case,

v =Q(i)r; eRY & x; e RY, i €Zy. (20)

It is also well-known that premultiplication of
Eqn. (1a) by the matrix P(z) does not change its solution
1'7;,7: S Z+.

From (L) it follows that Zo; € R'?, i € Z, for
u; € R, 1 € Zy, if and only if

— Bo(i) e RI2*™ for i€ Zy. 21
Therefore, the following theorem has been proved.

Theorem 2. Let the decomposition (@) of the system be
possible for a monomial matrix Q(i) € R}*", i € Z.
The substitution (6b) is positive if and only if the condition

1) is satisfied.

Theorem 3. Let the decomposition (@) of the system be
possible for a monomial matrix Q(i) € R}*", i € Z.
The substitution (6a) for 0 < o < 1 is positive if and only

if

Ao (i) e RP™ 0 By(i) e RP*™, i€ Zy. (22)

Proof. As for sufficiency, if 0 < o < 1, then from (3b)
and (1d) we have

ala—1)

Cy = (—1)3 B)

>0 (23a)

and

¢jpr = (1) <j j— 1> -8-9) ¢ >0,

j=2,3,.... (23b)

From (7) and (23), it follows that 7, ; € R"", i € Z, for
zo € R and u; € R, i € Zy, if the condition 22)) is
satisfied. The necessity can be shown in a similar way as
for standard descriptor systems in the work of Kaczorek
(2015b). [ ]

Theorem 4. Let the decomposition (4) of the system be
possible for a monomial matrix Q(i) € R}*", i € Z.
The system (1) for 0 < a < 1 is positive if and only if

1. the conditions (22) are satisfied,
2. (ZD) holds,

3. C(i) e RE*" fori € Zy.

Proof. By Theorems 3 and 2 the solutions (6a) and (6b)
are positive if and only if the conditions 21) and (22) are
met. From (1b) and (5), we have

yi = C([HQMHQ ' (i)x; = C(i)T;, i €Ly, (24a)
where
C(i) = C()Q(>). (24b)

For a monomial matrix Q(¢) € R’*", from @22) we
have

C(i) e RE*", i€y
& C>i) e R, i€Zy, (25)
and
y €RL, i€Zy,&C6)eRY", i€Zy. (26)
]
Example 2. Consider now the fractional descriptor

time-varying system described by Eqn. (1) with the
matrices

1

0 0 2sin(i)+4
(s 1 )
E@i)=| — 00551) S 6)+2 8 _2:i8(i)+4
0 0 0 0
1
sin(4)4-2
—1q e "+2
B(iy=| ¢ T 2
0 27)
0
—(cos(i) + 1)(e~% +sin(i) + 2)
e~ +sin(i) + 2 '
-1
, 0 wmrm 0 05
C(Z) =S i+2 0 et 0 )
i+l e T+1
0 0 a13(i) 0
A(i) az1 (i) aza(i) a3(i) a4(i)
agl(i) 0 0 a34(i)
0 0 0 Cl44(i)

aamcs
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where et 0
Bi(i . 0 1+sin(s
| ! RO R R
a13(1) = —— A ) 2(%) A
(51n(z) +2)(e7"+1) | 0 —zi—é
a91(i) = —e™" — cos(i) — sin(i) — e~ " cos(i), _ ‘ 1 0 0 1
: Cli) = C(HRQM) = 2 i
4] i+1 0 22 i g
22(2) = - )
2 2
i+ )(COE(Z.Z) +2) The descriptor system is positive since the tree
a3(i) = — —— e’ +2 : , conditions of Theorem 3 are satisfied. The matrix Q(z)
(sin(@) +2)(e~" + 1) defined by ([29) is monomial, the conditions 1) and (22))
(i +2)(cos(i) +1)(e" "+ 1) are met,
ag4(i) = . :
200+ 1) 1o -
a31(i) = e_i + 1’ _BZ(Z) = 0 li_é :| € RJrX s
‘ (i+2)(e”?+1) [l 1 —sin(d)
agq(i) = ——————, AN 2%2
34(i) 20+ 1) Al(z)__ 0 p e ]E]R+ :
142
)= —— — and
Cl44(Z) 2(Z+ 1) . .
. (& 2%92 .
Bi(i) = o ]ER , 1 E€Zy
The condition (@) is satisfied since 0 14sin(i) *
and
det[E(i)\ — A(i)]
» ) ‘ 0 1 0 05
(e =A+1(E—-22 - i+1) cl)=| . cos(i)+2 - c R2%4
= L , 28) T N
2(i + 1)(cos(i) 4+ 2)(sin(i) + 2)(e~* + 1) i1 e 1
# 0. for Z .
. The solution to Eqn. (1) with the matrices E(¢), A(7),
In this case, B(i) given by 27) can be found in a similar way as in
~ Example 1. ¢
24+e 1 1+cos(i) 0
0 0 1 14+e . . . .
P=14 sin(i) 0 0 0 ; 4. Stability of fractional positive descriptor
0 0 0 itl systems
- e (29) , , .
0 1 0 0 First we shall recall the basic definition and tests on
2+cos(i) 0 0 0 stability of positive time-varying linear systems described
Q= 0 0 14+e® 0 by the equation (Kaczorek, 2015b)
0 o 0 2
Ti41 = A(Z)J?z,
and

A(i) e RP*™, i€ Zy ={0,1,...}. (30)

Definition 2. The positive system (30) is called asympto-
tically stable if the norm [|21 || of the state vector ; € R},
i € Z, satisfies the condition

1 0 00
{01 00 .
oo o0 1" Jim [} = 0 G
0000 for any finite xo € R}.
Theorem 5. The positive system (30) is asymptotically
A(i) 0 stable if the norm ||A(7)|| of the matrix A(i), i € Zy,
0 I = P(i)A(i)Q(i) satisfies the condition
na
;i—% 1—sin(i) 0 0 Al <1 for i€ Zy, (32a)
_ 0 l+e™ 0 0 where
0 0 1 01’ . .
0 0 0 1 ”A” > Ogmz%)éo HA(Z)H for 1€ Z,. (32b)
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The proof is given by Kaczorek (2015b).
Theorem 6. The positive system (30) is asymptotically
stable if its system matrix A(i) = [a;(i)] € R satis-
fies the condition

Jnax. Z a;p(1) <1 forieZy (33a)
or
[max Z a;p(1) <1 forieZy. (33b)

7j=1
The proof is given by Kaczorek (2015b).

Theorem 7. The positive system (31)) is asymptotically
stable if its system matrix

0 1 0 . 0
0 0 1 e 0

A(i) = : : : . :
: : : . : 34
0 0 0 e 1 (34)

ap(i) a1(i) ao(i) an—1(1)
c Ri)(n
satisfies the condition

n—1
> arli) <1 fori€Zy. (35)
k=0

The proof is given by Kaczorek (2015b).
Consider the fractional descriptor system (1) for
B(i)u; = 0,1 € Zy.,
E(i)Aal‘H_l = A(Z)Jﬁz,l S Z+ = {O7 1,... } (36)
If the assumption (2) is satisfied, then the system can be
decomposed into the subsystems

i+l
T1i41 = A1a(0)T1 + Z CjT1i—j+1, (37
=2
i+1
Nz 41 = (No + In,)Z2, + Z ¢iNZa; j11, (38)
=2
where Ty ;, T2; and A1, (i) are defined by (5) and (6c),
respectively.
Note that Zo; = 0 for ¢ = 1,2,..., and the

stability of the fractional descriptor system (36) depends
only on that stability of the subsystem (37). Therefore, the
following theorem has been proved.

Theorem 8. The positive system (36) is asymptotically
stable if its system matrix

[Aiall <1, (39a)
where
el > max [ AG)| foricZy.  (39b)

Proof. By Theorem 8 and Definition 2, the fractional
descriptor positive system (38) is asymptotically stable if
and only if

hm H‘ilﬂn = hm ||(I)1(Z,O)j310||
71— 00 1—.>OO . (40)
= lim ||®1(z,0)|| =0
1—> 00
for any finite Z1¢.
From (40), it follows that
lim [[®1(2,0)]| =0
1— 00
if (39a) holds since
L i =2,3 41
cj<ga J=4,9,..., ( a)
and
[@1(i + 1,0)|| < [[Ara (@) [|[@1(2)]
i+1

1 o
+> — 1P =5+ 1,0)] . (41b)
j=2

To check the asymptotic stability of the fractional
descriptor positive system (36)), Theorems 5—7 can be used
in the condition (39a).

Example 3. Consider now the fractional descriptor
time-varying system (36) with the matrices

- 0 1

0 0 2sin(i)+4
- 1 "' 42
E@@)=| " cos(i) — 1 cosrz 0 _2:in(z—'§+4 ,
1 0 0 0
| 0 0 0 0
I 0 0 alg(i) 0
N agl(i) a2 (Z) a23 (Z) a24(i)
A(Z) B agl(i) 0 0 a34(i) ’
L 0 0 0 (L44(i)
(42)
where
1

aa(i) = (sin(i) + 2)(e 7 + 1)

az1(4) = 0.1 — 0.1 cos(i) — 0.2sin(7)
—0.03e " cos(i) — 0.03e ™,
0.1(i +1)
i+ 2)(cos(i) +2)’

a2 (Z) = (

aamcs
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azi) = — T2
BT T sin(i) + 2)(e i+ 1)
amali) = (i 4+ 2)(cos(i) +1)(e”t+ 1)
24 — 2(Z ¥ 1) )
az1(i) = 0.03e~% + 0.1,
L i+ 2)(et+1)
asa(i) = 2(i+1)
aaa (i) = i+ 2
Ty
and o = 0.5. ¢
The condition () is satisfied since
det E (1)
1
"y e "2
= COS(Z) -1 cos(t)+2 0 - 25in($+4
1 0 0
0 0 0 0
-0 (43a)
and

det[E(i)A — A(3)]
—10(i 4+ 2)A? 4 [0.6e7 " +i(0.3e 7" + 2) + 3]\

" (ei+1)(i+1)(10sin(2i)+40 cos(i) + 40 sin(i) +80)
[0.03¢7% 4-4(0.03e~* +0.1) 4 0.1]

(e=?4+1)(i41)(10 sin(2¢)+40 cos(i)+40 sin(z) +80)

£0. (43b)

In this case,

24+e % 1 1+cos(i) 0
P 0 0 1 1+e
| 2+sin(i) 0 0 0 ’
0 0 0 wl
; o (44)
0 10 0
0= 2+cos(i) 0 0 0
- 0 0 1+e? 0
0 0o 0 2
and
1000
Lo 07 . o100
KRR N
0000
A0 0 p)amQG)
0 I,
0.145  02(1—sin(i)) 0 0
- 0  0.1(1+03e7%) 0 0
- 0 0 10
0 0 0 1

(45)

Note that the matrix ()(¢) is monomial and the matrix

Ay(i) = {01;15 0.2(1 — sin(i))

2%x2
0 0.1(1+0.3¢e7) } eRYT (@6

for i € Z, satisfies the condition (39a) since, by (33a),
we have

||AlozH
= [|A1 (i) + In, o]

H[011+1+05 02(1—5111

47)
01 £ 03e ) Los |

<1 forieZ,.

Therefore, the fractional descriptor system is
asymptotically stable.

5. Concluding remarks

The  Weierstrass—Kronecker =~ theorem on  the
decomposition of the regular pencil were extended
to fractional descriptor time-varying discrete-time linear
systems. A method for computing solutions of fractional
systems were proposed. Necessary and sufficient
conditions for positivity were established. Sufficient
conditions for asymptotic stability and some simple tests
for checking stability were proposed. The discussion was
illustrated by examples of fractional descriptor positive
systems. The findings can be extended to fractional
descriptor time-varying continuous-time linear systems.
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