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In this paper, we consider the problem of tracking a solution of a reference parabolic equation by a solution of another
equation. A stable algorithm based on the extremal shift method is proposed for this problem. The algorithm is designed to
work on a sufficiently large time interval where both equations operate.
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1. Introduction

In this paper, the problem of tracking of a trajectory a
parabolic equation subject to an unknown disturbance is
considered. Tracking control problems for distributed
parameter systems has attracted considerable attention
recently. They have been investigated, for example, by
Grimble and Johnson (1988), Sontag (1990), Pandolfi
and Priola (2005), or Prodan et al. (2013). Methods
for solving similar problems are presented, in particular,
within the theory of positional control (Krasovskii and
Subbotin, 1988).

Here, we study the tracking problem on an infinite
time interval. The framework considered has one
peculiarity. It is assumed that the current states of a
given control system and an etalon system (influenced by
an uncontrollable disturbance) are observed with small
errors. This assumption implies the impossibility to
track precisely the trajectory of the etalon system by that
of the given control system. Taking into account this
aspect, we construct a feedback control algorithm stable
with respect to informational noise and computational
errors. This algorithm is based on the method of extremal
shift from the theory of positional differential games.
Prototypes of the tracking problem on an infinite time
interval for dynamical systems described by ordinary
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differential equations have been considered by Maksimov
(2011) or Kryazhimskiy and Maksimov (2011). In the
present paper, in contrast to the works mentioned above,
we investigate a distributed parameters system.

2. Problem statement and the solution
method

In a Hilbert space (X,| - |x), we consider a parabolic
equation of the form

x(t) = Ax(t) + Bu(t) + f(t),

teT=[0,+00), z(0)=umg, (1)

where A is the infinitesimal generator of a strongly
continuous semigroup of bounded linear operators
Xit): X - X (t eT), f(r) € Lo(T; X) is a
given disturbance, B is a continuous linear operator (B €
L(U; X)), U is a Hilbert space with norm | - |7 and inner
product (-, )y -

A weak solution of Eqn. (I) corresponding to a
control u(-) € Loo(T;U) and an initial state x(0) = z¢
is a continuous function z(t) : T — X defined by the
formula

z(t) = X(t)zo +/X(t — 7){Bu(r) + f(r)}dr. )
0
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Asisknown, forany 2o € X,and u(-) € Loo(T;U), there
exists a unique weak solution x(-; 0, zg, u(-)) € C(T; X)
of Eqn. (@) of the form (@).

The problem under consideration may be formulated
in the following way. Equation () is influenced by
an unknown control u(t) € P. Here, P C U is
a bounded closed set, some control resource (a set of
instantaneous restrictions on the control). At discrete,
frequent enough times 7; € T (¢ = 1,2,...), the phase
state z(7;) of (0 is inaccurately measured. The results of
these measurements, i.e., elements §£’ € X, satisfy the
inequalities

& — (i) x < vy 3)

where v € (0, 1) stands for a level of informational error
at the moment 7;, and the number i € (0, 1) characterizes
the measurement accuracy. Along with Eqn. (@), there is
an additional equation of the same form,

y(t) = Ay(t) + Bu(t) + (1),

with an initial state y(0) = yo. In what follows, we call it
the etalon equation. The solution y(-),

teT, (@)

y(t) = X(t)yo + / X(t— ) {Bo(r) + f(r)} dr,

of this equation is generated by a control

() € P(-) = {v() € Lo(T5 V) :
v(t) € Pforaa.teT}.

The etalon control v(-) and the corresponding
solution y(-) = y(+;0,y0,v()) of Eqn. (@) are unknown.
At discrete times 7; € T (¢« = 1,2,...), along with
x(7;), the state y(r;) = y(73;0,y0,v(-)) of Eqn. @) is
inaccurately measured. The results of measurements are
elements ¢! € X,i = 1,2,... satisfying the inequalities

h h
ly(ri) — ¥i'lx < v (5)
We assume that the initial states x, yo satisfy the relation

lyo — xolx < h. (6)

The problem considered in the paper consists in the
following: It is necessary to design a real-time algorithm
that, using the results of measurements flh and z/zf, forms
a control u = u”(-) allowing us to track the solution
y(-) of Eqn. @) by the solution z(-) of Eqn. (@) in
such a way that the deviation of y(-) from x(-) (on the
interval T') is arbitrarily small provided the measurement
accuracy h is small enough. We assume that the algorithm
should be stable with respect to informational noise and
computational errors. In what follows, the solution of
Eqn. (I) generated by the control u = u”(-) is denoted
by the symbol 2" (-) = z(-; 0, zg, u"(-)).

For a bounded interval, this problem can be solved
using the constructions from the works of Osipov (2009),
Maksimov (2002; 2012; 2013), Blizorukova et al. (2001),
or Kapustyan and Maksimov (2014). Note that the
algorithms proposed in these works are oriented to a
finite time interval. As its length is increased, the
computational and measurement errors are accumulated.
Algorithms that are free from this disadvantage were
considered by Maksimov (2011) as well as Kryazhimskiy
and Maksimov (2011) for systems of ordinary differential
equations, and by Maksimov (2014) for a parabolic
equation. A functional-analytic representation of the
solution was used in the latter case. Here, we apply the
semigroup representation of solutions.

Let for every h € (0,1) a family Ay, of partitions of
the half-axe [0, +-00) by times 74, ; be fixed:

Ap = {mh:}i20, Thit1 = Th,i + 6i(h),

(7
“+00
§i(h) € (0,1), > 8i(h) =400 Vhe (0,1).
1=0

Th,o = 0,

Here, 0;(h) is the diameter of the i-th step of the family
Ap, i.e., the distance between the times 7y, ;41 and 7y, ;.
Note that the latter equality in (7)) shows that the moments
Th,i cover the whole interval T'.

In what follows, by Z(z(+), h) we denote the set of
all piecewise constant functions £"(-) : [0, +00) +— X,
§h(t) = é_lh fort € [Th,i77'h,i+1)7 i >0, 53 = o,
satisfying the inequalities (). In turn, by Z(y(-), h) we
denote the set of all piecewise constant functions " (-) :
[0, +00) = X, wh(t) = wzh fort € [Th,iaTh,i-i-l), 1> 0,
Yl = yo, satisfying the inequalities ().

Below, we assume that the following condition is
fulfilled.

Condition 1. The norm |- |2 (equivalent to the norm | -|x )
is introduced in the space X :
cal -2 <[ [x <eaf 2,
1, co = const € (0,400), ¢1 < ¢g;
with this norm, the semigroup X (t) is w-dissipative, i.e.,
|[X(t)z)2 < exp(wt)|zle forany ze€X. (8)
The norm | - |2 is generated by some inner product (-, -)a.

Below, as is often done, we identify the space X with
the dual space X*.

As a criterium for the deviation of the solution " ()
of Eqn. () from the solution y(-) of Eqn. (@) on a bounded
time interval [0, ], we consider the value

W (" (), y()1v)

= O?T?%(ﬂ exp(—2wﬂ') Iy(ﬂ-; 0, yo, U())

2
— a"(13;0,20,u" ()], T =Tha
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3. Solution algorithm

Before describing an algorithm for solving the problem in
question, we formulate two conditions.

Condition 2. The family of partitions Ay, given by (7)

and the values of measurement errors v* are such that the

following relations are valid:
ug < ch  (cx = const > 0),

vl e (0,1) foralli=0,1,... andall h € (0,1),

Z(s vl <pi(h) >0+ ash—0+.

Condition 3. The inequality

252 ) < ¢2(h)
holds as h — 0.

Condition 2 substantially means that the noise signals
implemented in the observation channel are subject to the
constraints of smallness of their mean values over the
whole time interval 7.

Remark 1. Conditions 2 and 3 hold, for example, if

Sih) = vl = Sty
(it Dr

i=0,1,...,

€ (0.5;1], do = const > 0.

In this case

p1(h) = a(h)

= 2h%d3 Yy i,
i=1

and the inequalities (3) take the form

doh

(i + 1)1

Before the algorithm starts, we fix a value h € (0, 1),
a family {u o, and a partition Ay, (see (7). The work
of the algorithm is decomposed into identical steps. At
the i-th step carried out on the time interval [, 7;11), the
following operations are fulfilled. First, at the time ¢t = 7,
the phase states 2" (7;) and y(7;) of Eqns. (I) and (@) are
measured; i.e., the elements £ € X and ¢! € X with the
properties (3) and () are found. Then, a function u"(-)
(Lebesque measurable or piecewise continuous) satisfying
the inequality

&l — (i) |x <

(B*X*(Ti_H — T)gi,uh(T))g
S inf{(B*X*(TH_l — T)§i,u)2 :

+dvl foraa. T € [m,Tit1),

u€ P} (9)

is calculated. Here d = const > 0 is an a priori fixed
constant and B* is the adjoint operator,

§i=X(riy1 —mi)si, s =& —

Then the control u"(t) is fed onto the input of Eqn. ()
during the interval [7;, 7;41). Thereby, at the moment 7;,
the program control u”(7), 7 € [7;,Ti11), is calculated.
Under the action of this control, the phase trajectory
of Eqn. (1) passes from the state 2"(7;) to the state

xh(Ti+1) = x(Ti+1;Ti»$h(Ti)»Uh('))-
Theorem 1. Let Conditions 1-3 hold. Then
W (2"(-),y()19) < w(h) (10)

for all 9 > 0, where v(h) = b1(h? + ¢1(h) + @2(h))
and by is a constant which is independent of ¥ and whose
closed form can be written explicitly.

Proof. Let&'(-) € E(a"(),h), () € Z(y(-), h). Let
us estimate the variation of the functional

en(t) = exp(—2wt)|a" (t) — y(t)[3 (11

on the time interval T'. For t € ¢;, we have

() = (t-m)a" (r)+ [ (-7 {Bul (1)+£(7)} o

y(t) = X(t —7)y(rs) + / X(t - ){Bu(r) + f(r)} dr,

see ). Thus, by virtue of ®), for all i = 0,1, ..., the
estimate

5h(ﬂ'+1)

= exp(~207:11) [ X (0:(h) (@ () — ()

Ti4+1

+ / B{u"(7) — v(r)} dTE

Ti

= eXp(*2Wi+1){IX(5i(h))(frh(Ti) —y(m))l3

+2(X (6 () " () — () (12)
/ B{u"(t) —v(r)} dT)2

Ti+1

+‘/B{uh(7')—v(7')}d7’z}

< exp(—2wTit1)| X (8:(h)) (=" (7;)
+ Xi + i,

—y(m))l3

aamcs
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is valid. Here
Ti+1
Ai = 2(51-, / X (i1 — 7)B{u"(1) — 'U(T)}dT) ,
2
Tit+1
i = c10i(h) exp(—2wrss1) / B{o(r)—ul (1)} |2 dr,

5z(h) = Ti+1 — T4,
Si = exp(—2wTi1) X (6;(h)[z" (:) — y(7:)]-

Ti = Th,i,

In addition, by taking into account the w-dissipativity of
the semigroup X (t), for all ¢, we have

exp(—2wri41)| X (8; (h) (2" (m3) — y(m)[5 < (7).
It is easily seen that
pi < c26; (h). (13)
In turn, by virtue of the inequalities
|5; — Sila < esvl, i=0,1,...,
we get

Ai < 2exp(—2wTiy1)
X (s ]HX(TM — 7)B{u"(1) — U(T)}dT)

+ C4Vl-h(()‘i(h),

2
i=0,1,....
(14)

Taking into account the rule of forming the control
u”(+) (see (@), we obtain

exp(—2wTi+1)(B*X* (Ti+1 — 7')51‘, uh(T))Q
< inf { exp(—2wTir1)(B* X" (Ti41 — T)8i,u)2 :
u € P} +dvt foraa. 7€ [m,Tin),

where d, > 0 is a constant whose closed form can be
written explicitly. From (I4) and the last inequality, we
get
i < esvlds(h). (15)
Combining (12)-(13), we conclude the estimate
€h(T i+1)
S Eh(Ti) + 62512(h) =+ C5I/Zh5i(h)
SEh(TZ)+6651(h)(ulh+51(h)), ZZO,].,

Thus, forall: = 0,1, ..., we get

Eh(Ti) < Eh(O) + C6i§l(h){ulh + 5i(h)}. (16)

Therefore, by (@)—(I1), we have
Eh (O) < C7h2.

From (16), by taking into account Conditions 2 and
3 and the latter inequality, we obtain (forallz = 0,1, ...)

en(7i) < bi(h* + ¢1(h) + pa(h)),

which implies (IQ). The proof of the theorem is complete.

]

Let the set of instantaneous restrictions on the control
have the following form:

m
P:{uEU:u:ijuj, wj e,
=1

uj € R, u={u1,...,un) € P CR™},

where P is a given bounded and closed set. Let also the
control v(t) on the right-hand side of Eqn. (@) have the
following structure:

v(t) = Z w;v; ().

In this case, it is natural to choose the control © =
u”(-) on the right-hand side of Eqn. () of the same
structure as the control v(-). Thus, the controls are
finite vector functions with values in the m-dimensional
Euclidean space. Set

ul(t) = Zu?iwj fora.a. te€[n,Tit1). (17)
j=1

Here, the vector u?' = {u,,... ul.} € P; satisfies the
inequality
D uf(X(6)[6 — P, Bw;)s
=1
I 18
< inf {Zvj(x(@)[ﬁf—w?]ﬂwj)zi (18)
=1

v={v1,...,Um} EPl}—i—duf’,

where, as above, §; = §;(h) = Thit1 — Thy-

Remark 2.  As can be seen from the above rule of
forming the control u"(-) (see (I'Z) and (I8)), this control
is a piecewise constant function with discontinuities at the
nodes of the partition Ay,.

Let the solution of Eqn. (@) generated by the control
v(+) remain in a bounded domain; i.e., let the following
condition be fulfilled.

Condition 4. sup{|y(¢; 0, yo, v(:))|x : t € T} < 0.
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Theorem 2. Assume that the conditions of Theorem 1
and Condition 4 are fulfilled. Let also

Z(s

)—=0 ash— +0,

where

= sup |X ZBwJ ZBwJ|2

te[0,0]

Then the assertion of Theorem 1 holds if the control u"(-)
is calculated by formulas (I7) and (I8). In this case,

v(h) = ba(h* + @1(h) + @2(h) + w3(h)).
Proof. Taking into account Condition 4, we conclude that

Ti+1

/ (Ei, X(Tig1 — T)Buh(T))2 dr
— ] (éi,X(TH_l — T)BU(T))2dT

i

Ti+1

< / (gi,Buh(T))2dT

i

Ti+1
— / (51-, BU(T))2 dr + K(O),u((si)csi,

Here, §; = 6;(h). In what follows, KU) = const > 0,
7 =0,1,2. Hence we have

Ai < 2exp(—2wTiy1)

Ti+1

[ Bt

Ti

+ KO @] + p(3)d:.

X (51,

—o(r)}dr)s (19

From (19), using (I7), we obtain
i < KOWE 4+ 1(8,))8;. (20)

Thus, instead of the inequality (I3)), we have the inequality
@0). Consequently, in lieu of the inequality (I6), we
obtain

en(ri) < en(0 +K<2)Z§ vl +6;(h)
+p@;(h)} G=12,....
Hence, we derive the assertion of the theorem. The proof
is complete. |

Under some additional conditions on the semigroup
X(t), the calculation procedure for the control u"(7),
T € |7, Tit1), can be simplified. Let us proceed with
the description of these conditions.

Condition 5. The semigroup X (t) possesses the follow-
ing property. For any bounded set X, C X, there exist
numbers 6, € (0,1) and ko = ko(X,) € (0,+00) such
that

[(X(0)x, X (61)Bv)s — (x, Bv)a| < koy(0),

uniformly with respect to all x € X., § € (0,0,),
51 € [0,8], and v € P, where v(-) : [0,6,) — Risa
nonnegative function continuous at zero and ~y(0) = 0.

Theorem 3. Let Conditions 4 and 5 be satisfied and
the assumptions of Theorem 1 hold as well. Let also the
function u”(-) be determined by the rule

ul(t) = ul' foraa t e, i), (21)

3

where
(i, Bul)y <inf{(s;, Bu)s : u € P} +dvl.  (22)

Then the assertion of Theorem 2 is valid if
Z 5i(

Proof. Indeed, by Condition 5, we get

) —0 ash— +0.

Ti41

/ (51, X(7iy1 — 7)Bu" (T)) , dr
— ] (Ei, X(Tig1 — T)BU(T)) , dr

Ti+1

< / (g;l— ?,Buh(T))2dT

Ti

Ti+1
- / (& = vl Bu(n) | dr + Kor(6:)3:.

Here 6; = 6;(h) and Ky = const > 0. Hence, instead of
the inequality (19), we have

)\i < 2 exp(—2wn+1)

Ti+1

X (51‘, /
Ti

+ K1 (0] +7(81))0i-

Blu"(r) —v(r)}dr)  (23)

aamcs
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From (22) it follows that
exp(—2wTi41)(s:, Bul')s
<inf { exp(—2w7i11)(s;, Bu)a : u € P} (24)
+ KQVih.

Therefore, on account of (23) and (24), we get

en(r) <en(0) + Ks iéj(h){y;-b + 5](h)
=0

+v(05:(h)}, i=1,2,....
Hence, we obtain the assertion of the theorem. This
completes the proof. |
4. Example

Consider the differential-functional equation

; 0
y(t) = kZ:OAky(t — )+ / A (s)y(t+ s)ds 25)

-y

+ Bou(t), teT,

with the initial condition y(tg) = ©°, y(to + s) = ©'(s)
fora. a. s € [—1,0].

Here y(t) € R", u(t) € R™, ¢° € R", ¢!(-) €
Lo([-v,0R™), 0 = vy < 11 < ... < y < 400,
ye(-) s = y(t+s), —v < s <0, Ak, k €[0:1],and By
are constant n X n and n X m matrices, respectively. The
elements of the matrix function s — A.(s), s € [-1,0],
belong to the space Lo ([—v1, 0];R), U = R™.

Denote by X = R™ x Ly([—v,0]; R™) the Hilbert
space of pairs x = {2, x!(s)} with the inner product

0
(2, 9)x = (2%, s )mn + / (21(5), 4" (5))rn ds

-

and the norm | - | x induced by this inner product.

Equation (23) (see Banks and Kappel, 1979; Bernier
and Manitius, 1978) generates the Cjp-semigroup of
bounded linear operators X (¢), t > 0, defined as follows.
Let so(-) be the unique solution on 7' of the matrix
equation

dSo (t

!
T ) = Apso(t) + Z Aiso(t +vy)

i=1

0
+/A*(3)so(t+s)ds fora.a.teT

—uy

with the initial condition so(t) = E (the n X n identity
matrix) for ¢ < 0. Assume that B, : La([—1;,0); R™) —

Lo ([, 0]; R™) is an operator of the form

l
(B.p)(7) = Z AiX[—v;,0/(T)p(=vi = V)
0

+ / AL(E)ple — 7)de

-

for almost all 7 € [~1/4,0], X[q,4)(-) is the characteristic
function of the interval [a, b], and the operator F' : X —
X is defined by the rule

(Fe)’ =¢° (Fo)' = Big' (0= {¢" ¢'(s)} € X).
Then (Bernier and Manitius, 1978, p. 903)
X(t)p = G Fo+ S(t)e, (26)
where G; : X — X, S(t): X — X,
(St)p)" =0, (S®)' (1) =t + T)X[-11.—1)(7),
(Grp)’ = (Gi) ' (0),

(Gr) (1) = so(t +7)¢°
0

+ / solt+ 7+ € (€) de,
T E [—Ul,O].

In this case, the operator A is given by the relations
(Bernier and Manitius, 1978, Assertion 2.1)

D) = {p={¢"¢' ()} X :
') € WHE([=u, O RY), ¢1(0) = &},

Alp) ={L(¢").¢'}, o={¢" ¢ ()} € D(A).
Here W12([a,b]; R™) means the space of R™"-valued
absolutely continuous functions with derivatives from the
space La([a,b]; R™). Denote by O the zero element of
the space La([—, 0]. Let the linear continuous operator
B : U — X have the form

Bu = {Byu,0} € X
(weU, O¢€ Ly([—u,0);R™)).

Let y(0,{¢" ©'(-)},u(-)) be the unique solution
of Eqn. 23) in the sense of Caratheodory, and let
2(+;0,20,u(-)) be the weak solution of the abstract
differential equation (), where x9 = {°, o' ()} € X.
Then, for all zp = {¢%, »' (")} € X, u(") € Lo(T;U)
and t € T, we have

210,20, u()) = {y(t:0,{", ' ()}, u()),
w04 9" (L ()} @D
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is valid.
In the space X, we define the norm | - |2 as follows:

0
% 6 ()2 = (%2 + / 01 (1) B g(r) dr) /2,

vy

{e%¢' ()} € X,
where g(7) = j for j € (—vi_jy1,—v—j), j € [1:
I]. The inner product corresponding to this norm is of the
form

{0 O 12" B ()]s
0
= () + / ()@ (), B (7)) .

—uy

In this case (Bernier and Manitius, 1978, Lemma 2.3,), the
semigroup X (t), t € T, of form (28)) is w-dissipative. In
addition,

[+1
2

w =

1 0
1 2 1 2
Fl g g [ Ao
-

Here, the symbol | - |, denotes the Euclidean norm of a
matrix. It can be easily verified that (Maksimov, 2002,
see Lemma 2.1.8,), the semigroup X (¢), t € T, of the
form (26) satisfies Condition 5 for () = §'/2.

In addition, in the inequality 22) we have

(si, Bu)z = (y(1i) — &(7))' Bou,
where

si = {y(ri) —&(n), O} € X, O € Lo([-w1, 0;R™).

Here, £(7;) € R™ is the result of measurement of the state

y(7) = y(r {e%, 0" (V1 ul)s ly(m) — (i) lrn < v
and the prime stands for transposition.

5. Numerical example

In this section we present a numerical example. Consider
the equation

inQ=0xT, (28)
2(0,t) =0, z(1,t)=0 inT,
x(v,0) = 20(v) inQ,
where Q2 = (0,1), T = [0,9], Az = 0%z(v)/0v?, 9 =
10. As is well known, this equation can be written in the
form (D). It is assumed that we have the second (Eqn. ()

9 h,t) = Ay, t) = (1, t)

5 in @, (29)

e z"(y)

0 5 10

Fig. 1. h=0.5.

Fig.2. h =0.1.
134
. ="(y)
t
0 5 10
Fig. 3. h = 0.01.

y(0,t) =y(1,t) =0 inT,

y(v,0)=y(r) inQ

influenced by the action of an unknown disturbance v =
v(v,t) € P. The problem is to design a control

u(t) =u(t) =U(r;, &) C P
fort € [1;,7i+1) (30)

yielding small values of
W (@ (50,20, u"(-)), (50,9, v())|9).

Here z"(-) = z"(;0,20,u"(:)) is the solution of
Eqn. (28) corresponding to a control u(-) = u”(-).
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In the experiment, we set
P={n(v)u:|ul <1},
w(v) =0.5v(v—1), vel01].

The control on the right-hand part of Eqn. @8) is
calculated by the formulas (3Q), (IZ), (I8) under the
assumption that

L if (& =t ), <0,
h t) = 2
o) {1 (&P — P, )y > 0.

Equations (28) and 20) are solved by the set method with
the step Aw in the domain 2. In Figs. 1 and 2 the results of
computer modeling are presented for the following case:

1 h 3
Aw = 0 0;(h) = m, w= T
zo(v) = 25jAw(l = jAw), yo(v) = zo(¥) + h,
7j=0,...,n; n=10,
v(v,t) = 0.5v(v — Do(t), wv(t) =|sint|.
During the experiment, we have assumed
& (vj) = 2" (v, 7i) + h,
Ui (vy) = y(vj,m) + hy

where v; = jAw, j = 0,...,1/Aw. Figure 1
corresponds to the case when h = 0.5, Fig. 2 to the
case when h = 0.1, and Fig. 3 to the case when

h = 0.01. In these figures the solid line represents the
function 2" (t,v) = x"(t,v;0,2,u"()) and the dotted
line represents y(t,v) = y(t, v; 0, yo, v(-)) for v = 0.5.

Acknowledgment

The work was supported in part by the Russian
Foundation for Basic Research under the grant
17-01-00042a.

References

Banks, H.T. and Kappel, F. (1979). Spline approximation for
functional—differential equations, Journal of Differential
Equations 34(3): 406-522.

Bernier, C. and Manitius, A. (1978). On semigroups in R"™ x LP
corresponding to differential equations with delays, Cana-
dian Journal of Mathematics 30(5): 897-914.

Blizorukova, M., Kappel, F. and Maksimov, V. (2001). A
problem of robust control of a system with time delay, In-
ternational Journal of Applied Mathematics and Computer
Science 11(4): 821-834.

Grimble, J.M., Johnson, M.A. (1988). Optimal Control and
Stochastic Estimation: Theory and Applications, John
Wiley & Sons, Chichester.

Kapustyan, V. and Maksimov, V. (2014). On attaining the
prescribed quality of a controlled fourth order system, In-
ternational Journal of Applied Mathematics and Computer
Science 24(1): 75-85, DOI: 10.2478/amcs-2014-0006.

Krasovskii, N.N. and Subbotin, A.I. (1988). Game-Theoretical
Control Problems, Springer Verlag, New York, NY/Berlin.

Kryazhimskiy, = A.V. and Maksimov, V.I. (2011).
Resource-saving tracking problem with infinite time
horizon, Differential Equations 47(7): 1004-1013.

Maksimov, V.I. (2011). The tracking of the trajectory of a
dynamical system, Journal of Applied Mathematics and
Mechanics 75(6): 667-674.

Maksimov, V.I. (2002). Dynamic Inverse Problems of Dis-
tributed Systems, VSP, Utrecht/Boston, MA.

Maksimov, V.I. (2012). On tracking solutions of parabolic
equations, Russian Mathematic 56(1): 35-42.

Maksimov, V.I. (2013). Regularized extremal shift in problems
of stable control, in D. Homberg and F. Troltzsch (Eds.),
IFIP Advances in Information and Communication Tech-
nology, Vol. 391, Springer, Berlin, pp. 112-121.

Maksimov, V.I. (2014). Algorithm for shadowing the solution of
a parabolic equation on an infinite time interval, Differen-
tial Equations 50(3): 362-371.

Osipov, Yu.S. (2009). Selected Works, Moscow State University,
Moscow.

Pandolfi, L. and Priola, E. (2005). Tracking control of parabolic
systems, Proceedings of the 21st IFIP TC7 Conference
on System Modeling and Optimization, Sophia Antipolis,
France, pp. 135-146.

Prodan, 1., Olaru, S., Stoica, C., and Niculescu, S.-I.
(2013).  Predictive control for trajectory tracking and
decentralized navigation of multi-agent formations, Inter-
national Journal of Applied Mathematics and Computer
Science 23(1): 91-102, DOI: 10.2478/amcs-2013-0008.

Sontag, E.D. (1990). Mathematical Control Theory, Springer
Verlag, Berlin.

Marina Blizorukova received her PhD degree in
differential equations from the Institute of Math-
ematics and Mechanics (Yekaterinburg, Russia)
in 2001. Currently, she is a staff scientific re-
searcher of the Institute of Mathematics and Me-
chanics, Ural Branch of the Russian Academy of
Sciences, and an associate professor in the De-
partment of Economics and Management, Ural
Federal University, Russia. She is an author or a

E co-author of several papers in the field of inverse
problems mathematical modeling, optimal control and their applications
in various areas.



On an algorithm for the problem of tracking a trajectory of a parabolic equation

Vyacheslav Maksimov graduated in mathemat-
ics and mechanics from the Ural State University,
Yekaterinburg, Russia, in 1972. He received the
PhD and DSc degrees from the Institute of Math-
ematics and Mechanics, Ural Branch of the Rus-
sian Academy of Sciences, in 1978 and 1992, re-
spectively. Since 1972, he has been with the In-
stitute of Mathematics and Mechanics, Yekater-
inburg, Russia. Since 1994, he has been the head
of a department at the same institute and a pro-
fessor at the Chair of Controlled Systems Modeling of the Ural Federal
University, Yekaterinburg. He is the author of more than 100 techni-
cal publications, including three monographs. His research interests are
primarily focused on control theory, distributed parameter systems, and
mathematical modeling. Dr. Maksimov is a member of the American
Mathematical Society and of the IFIP WG7.2. He has been on editorial
boards of several journals.

Received: 30 November 2016
Revised: 13 March 2017
Accepted: 4 May 2017



	Introduction
	Problem statement and the solution method
	Solution algorithm
	Example
	Numerical example


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [597.600 842.400]
>> setpagedevice




