Int. J. Appl. Math. Comput. Sci., 2019, Vol. 29, No. 3, 527-539

DOI: 10.2478/amcs-2019-0039

REALIZATION OF 2D (2,2)-PERIODIC ENCODERS BY MEANS OF 2D
PERIODIC SEPARABLE ROESSER MODELS

DIEGO NAPP ¢, RICARDO PEREIRA “*, RAQUEL PINTO %, PAULA ROCHA"

“CIDMA, Department of Mathematics
University of Aveiro, Campus Universitario de Santiago, 3810-193 Aveiro, Portugal
e-mail: [{diego, ricardopereira, raquel}@ua.pt

®SYSTEC, Faculty of Engineering
University of Porto, R. Dr. Roberto Frias, 4200-465 Porto, Portugal
e-mail: mprocha@fe.up.pt

It is well known that convolutional codes are linear systems when they are defined over a finite field. A fundamental issue
in the implementation of convolutional codes is to obtain a minimal state representation of the code. Compared with the
literature on one-dimensional (1D) time-invariant convolutional codes, there exist relatively few results on the realization
problem for time-varying 1D convolutional codes and even fewer if the convolutional codes are two-dimensional (2D). In
this paper we consider 2D periodic convolutional codes and address the minimal state space realization problem for this
class of codes. This is, in general, a highly nontrivial problem. Here, we focus on separable Roesser models and show
that in this case it is possible to derive, under weak conditions, concrete formulas for obtaining a 2D Roesser state space
representation. Moreover, we study minimality and present necessary conditions for these representations to be minimal.
Our results immediately lead to constructive algorithms to build these representations.
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1. Introduction

Since the 1960s it has been widely known that
convolutional codes and linear systems which are defined
over a finite field are mathematically identical (Rosenthal,
2001). In the last decades there has been a new and
increased interest in this connection, and many advances
have been made using the system-theoretical framework
when dealing with convolutional codes. This approach
has led to significant progress in fundamental issues in the
area (Gluesing-Luerssen and Schneider, 2007; Rosenthal
and York, 1999; Rosenthal, 2001; Kuijper and Polderman,
2004).

Multi-dimensional  convolutional codes (nD
convolutional codes, where n stands for the dimension)
are a natural generalization of one-dimensional (1D)
convolutional codes. Standard 1D convolutional codes
deal with the transmission and storage of data that evolve
over time. Instead, nD convolutional codes are suited for
dealing with n dimensional data, e.g., pictures, storage
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media, etc. (see Basu and Swamy, 2002). However,
while the 1D convolutional codes have been thoroughly
understood, little research has been done in the area of
nD convolutional codes and much more needs to be done
to make it attractive for applications.

The literature on nD convolutional codes is limited,
but some important fundamental results have already
been obtained. The algebraic theory of 2D and nD
convolutional codes has been laid out by Valcher and
Fornasini (1994), Fornasini and Valcher (1998; 1994),
Gluesing-Luersen et al. (2000), Lobo et al. (2012) and
Weiner (1998); see also the references therein. They
introduced the general theory for the study of nD
convolutional codes constituted by sequences indexed
on Z™ or N™, and discussed issues such as the
characterization of such codes in terms of their internal
properties and input-output representations.

A fundamental issue that arises in this context
is the so-called minimal realization problem: How to
derive a state-space representation of the code with the
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minimal dimension (properly defined below) (see Napp
et al., 2010; Fornasini and Pinto, 2004; Jangisarakul
and Charoenlarpnopparut, 2011; Charoenlarpnopparut
and Bose, 2001). This representation is essential as
it represents a blueprint for an actual physical device,
typically built from shift registers. These representations
are also of paramount importance for deriving efficient
decoding algorithms using trellis diagrams, e.g., the
Viterbi decoding algorithm.

The minimal state space realization problem plays
a particularly important role in the analysis and design
of multi-dimensional convolutional codes because of
the large amount of data involved. @ However, the
general problem of a minimal state space realization of
multidimensional systems has not been solved even for
2-dimensional systems. Nevertheless, for some special
cases, minimal state space realization methods have been
derived; see the works of Zerz (2000), Pinho et al. (2014),
Pinho (2016), Napp et al. (2010), Galkowski (1996; 2001)
and the references therein.

The state space formulation of convolutional codes
can easily be extended to the time-varying case. The
system matrices describing the convolutional code are
typically regarded to be constant over time. However,
one can also consider time-varying linear systems in
which the matrices representing the code also depend
on time. The idea of considering 1D time-varying
and, in particular, periodically time-varying convolutional
codes has attracted considerable attention of many
researchers.  After Costello (1974) conjectured that
time-varying convolutional codes can achieve better
properties than time-invariant ones, many researchers
have investigated such codes. The research in this
area has focused on finding concrete encoders that yield
1D periodic convolutional codes with good distance
properties (Mooser, 1983; Palazzo, 1993; Felstrom and
Zigangirov, 1999; Guardia, 2019) and on state space
representations of time-varying systems (Napp et al.,
2019; Climent et al., 2009; Aleixo et al., 2011; Kuijper
and Willems, 1997).

In this paper we continue this thread of research
by considering periodic 2D convolutional codes and the
corresponding minimal state space realization problem.
Although some results have been obtained in the
context of time-invariant 2D convolutional codes (Pinho
et al., 2014; Fornasini et al., 2015) and 1D periodic
convolutional codes (Climent et al., 2009), this problem
remains unexplored in the context of periodic 2D
convolutional codes. Here we aim at deriving state
Roesser 2D state space representations (Aleixo and
Rocha, 2017; Kaczorek, 2001) from a (2,2)-periodic
two-dimensional generator matrix. This is, in general,
a highly nontrivial problem and one needs to assume
additional conditions to be able to build minimal state
space representations. In this work we study the case

of separable (2,2)-periodic two-dimensional generator
matrices, i.e., the encoders G(z1,22) that can be
decomposed as G(z1,22) = V(z2)H(z1), where V(z2)
and H(z1) are polynomial matrices with periodically
time-varying coefficients of period 2.  Specifically,
both V(z2) and H(z;) are constructed based on two
alternating invariant encoders Vp(z2) and Vi(z2), and
Hy(z1) and Hi(z1), respectively. We first show that
one cannot expect to obtain a realization of the periodic
2D convolutional code by realizing independently the
time-invariant encoders on which V' (z2) and H(z,) are
based. However, we provide certain conditions that
allow obtaining a minimal state Roesser 2D state space
representation. Moreover, our results are constructive
in the sense that we provide explicit formulas for the
realization and a concrete methodology for obtaining such
representations.

2. Prelimiaries

2.1. Time-invariant convolutional codes. Let [F be
a finite field and F[z] the polynomial ring. In a module
theoretic point of view, we define a convolutional code as
follows.

Definition 1. Let F be a finite field and n, k positive
integers with k& < n. A time-invariant convolutional code
C of rate k/n is a submodule F"[z] described as

C={w(z) e F"[z] : w(z) = G(z)u(z), u(z) € Fk[z]},

where G(z) € F"*k[2] is a full column rank n x k
polynomial matrix over F, called the encoder, u(z) taking
values in F¥[2] is the information vector and w(z) is the
codeword.

The encoders of a code C are not unique; however,
they only differ by right multiplication by unimodular
matrices over F[z]. An encoder G(z) is called column re-
duced if the sum of its column degrees attains the minimal
possible value among all the encoders of the same code.

If G(z) € F"**[z] has column degrees v, . . ., v, it can
be written as
zV1 s
G(Z) = th + Grem(z)a

2k

where Grem(2) is a polynomial matrix such that the degree
of column 7 is less than v, = 1,. .., k, and Gy € F***
is a matrix whose i-th column contains the coefficients of
z¥# in the i-th column of G(z). Gj. is called the leading
column coefficient matrix and G(z) is column reduced if
and only if Gy is full column rank.

We define the degree § of a convolutional code as the
sum of the column degrees of one (and hence any) column
reduced encoder. Note that the list of column degrees (also
known as Forney indices) of a column reduced encoder is
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unique up to a permutation. A code C of rate k/n and
degree ¢ is said to be an (n, k, §) code.

2.2, Periodically time-varying 1D convolutional
codes. In this section we consider 1D convolutional
codes C with 2-periodic encoders. The definition of such
encoders (or encoding maps) is introduced next, together
with the definition of the corresponding 2-periodic
(time-varying) convolutional codes see (Costello, 1974;
Palazzo, 1993).

Definition 2.  Given two polynomial matrices G(z),
G'(z) € F"*F[z], the periodic encoding map induced by
GY and G' is defined as

| FR2] — F 2,
o {u(z) — w(z),

where w(z) = j:og w; 2" with the abbreviated notation
warre = (GN2)u(2))y,,, t = 0,1, £ € Ny. Here
(G'(2)u(2)),,, , represents the (2( +t)-coefficient of the
polynomial G*(2)u(z).

The corresponding periodic convolutional code C,, is

Cp ={w(z) € F"[z] : w(z) = o g1 (u(z)),
u(z) e rr). D

Such codes will be called 2-periodic convolutional codes.

2.3. State-space realizations. In systems theory,
input-state-output models are mainly used to describe
the time evolution of the system signals, which, in the
discrete-time case, are time sequences. Therefore, in
the sequel, we sometimes identify an element a(z) =
Zﬁvzo a;z* € F[z] with the finite support sequence ag =
(a(2))o, a1 = (a(2))1, - .., an = (a(2))n formed by its
coefficients, and also use the notation a(¢) to write ay =
(a(z))e. The same applies to vectors with components in
A state-space system

{ x({ +1) = Az(f) + Bu(?),
w(l) = Cxz(f) + Du(f),

¢ € Ny, denoted by (A, B, C, D), where A € FO*% B ¢
Foxk ¢ e F**9 and D € F»*k is said to be
a state-space realization of the time-invariant (n,k,J)
convolutional code C if C is the set of codewords w(z) €
F"[z] identified with the finite support output sequences
w corresponding to finite support input sequences v (i.e.,
to information sequences u(z) € F*[z]) and zero initial
conditions, i.e., z(0) = 0.

If G(z) € F***[z] is an encoder of C, (A, B, C, D)
is a state-space realization of G(z) if

G(z) =C(I — Az)"'Bz+ D.

If G(z) = Y,cn Giz', with G; € F*¥, then

Go=D, G;=CA"'B, i>1. 2)

Note that G(z) admits many realizations. It is well
known that a state-space realization (A, B,C,D) of
G(z) is minimal, i.e., has a minimal dimension among
all the realizations of G(z), if (A, B) is controllable
and (A, C) is observable, i.e., the polynomial matrices
[z7'I—A | B] and [Zflé*A] have, respectively,
right and left polynomial inverses (in z~!). The minimal
dimension of a state-space realization of G(z) is called
the McMillan degree (Kailath, 1980) of G(z) and it is
represented as (1(G).

The next proposition, adapted from the works of
Fornasini and Pinto (2004) or Gluesing-Luerssen and
Schneider (2007), provides a state-space realization
for a given (not necessarily column reduced) encoder.
Moreover, it states that state-space realizations of a code
can be obtained from minimal realizations of column
reduced encoders.

Proposition 1.  Let G(z) € F"**[2] be a polynomial
matrix with rank k and column degrees vy, . .. ,v;. Con-
sider § = Zle v;. Let G(z) have columns g;(z) =
Siogeizt i = 1,...,k where go; € F". Fori =

1,..., k define the matrices
0o --- .- 0 1
1 : b »
A; = . . e Fvi*"i B, = e Fi,
10 0
C;, = [gl,i gw,i] c Fxvi,

Then a state-space realization of G is given by the matrix
quadruple (A, B, C, D) € FO%0 x [FOXF x X0 x Fnxk,

where

Ay
A= ;
. Ak—
B, _
B= )
- Bk:_
C = [01 Ck] ,
D = [goa go,k] = G(0).

In the case where v; = 0, the i-th blocks of A and C are
void and in B a zero column occurs.

In this realization, (A, B) is controllable and, if G(2)
is a column reduced encoder, (A,C) is observable and
therefore the realization of G(z) is minimal. Thus, the
McMillan degree of a column reduced encoder is equal to
the sum of its column degrees.
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2.4. State-space realizations of 1D periodic convolu-
tional codes.

Definition 3. LetX; = (A;, B;,C;, D;), i = 0,1, be two
state-space systems with the same dimension. We define
a periodic state-space system Y, as

{ x(l+1) = A(0)z(0) + B(0)u(¥), 3)

w(l) = C()x(f) + D()u(l),

¢ € Ny, where A(-),B(-),C(-),D() are periodic
functions with period 2, such that

(A(24), B(25),C(25), D(2])) = (Ao, Bo, Co, Do)
and
(A(2j +1),B(2j +1),C(2j +1),D(2j + 1))
= (A1, B1,C41, Dy),

The dimension of ¥, is defined as that of the state vector
2. In this case we say that ¥, is obtained from X and ¥;.

Moreover, Y, is a realization of a periodic encoding
map P01 if the output of X, that corresponds to an
input u(z) is equal to ® o ;1 (u(2)), for all u(z) € F*[2].

Let ¥ and X; be two state-space realizations (of the
same dimension) of two encoders G°(z) and G*(z). It is
possible to show that the 2-periodic system 3., obtained
from X and X; is not always a state-space realization of
Doogr.

However, in the next theorem (Napp et al., 2019) we
provide a sufficient condition for a periodic state-space
system to be a realization of a periodic encoding map.

j € No.

Theorem 1. Consider two encoders G°(z) € F"*F[z]
and G*(z) € F"*¥ (2] with the same column degrees, and
let ; be the realizations of G'(z),i = 0, 1, obtained by
Proposition [l Then the periodic state-space system ¥,
obtained from ¥y and ¥ is a realization of the periodic
encoding map ® o 1.

When the encoders given in the previous theorem are
column reduced, then the realization of the corresponding
encoding map is minimal, as stated next (Napp et al.,
2019).

Theorem 2. Let G°(2),G(z) € F"*F[z] be two col-
umn reduced encoders with the same column degrees, and
let ; be the realizations of G'(z),i = 0, 1, obtained by
Propositionlll Then the 2-periodic state-space realization
of the periodic encoding map ® .o o1 obtained from X
and X1 is minimal.

3. 2D (2,2)-periodic convolutional codes

In this paper we consider 2D convolutional codes C with
(2,2)-periodic encoders. Analogously to the 1D case, we
introduce the definition of a periodic encoding map.

Definition 4. Given four 2D polynomial matrices
GOO(Zl, 22), Glo(zl, 2’2), GOl (2’1, 22), Gll (Zl, 2’2) S
F>*k (21, z5], the (2,2)-periodic encoding map induced by
G G110 GOl and G is defined as

® Rz, 2] — Bz, 20,
G00 10 501 11 !
u(z1, 22) > (21, 22),

_ i ,J
where w(z1, 22) = > (; jene Wi,j7123 and

W2ti 2m+j = (Gij(zlv22)u(21722))2e+i’2m+j7
iajzovla ‘gvmeN()?

the quantity (G%(z1, 22)u(z1, 22)) represents

20+4,2m+j
the (2¢ + 4,2m + j)-coefficient of the polynomial

G (21, z2)u(z1, 22).

The corresponding 2D (2,2)-periodic convolutional
code Cp, is

Cp = {w(z1,22) € F™[z1, 22] :
Ju(z1,22) € F¥[21, 22] such that (@) holds},

’U}(Zl, 22) = @GOO’GIU’GOI’GII (u(zl, 22)) (4)

Such codes will be called 2D (2,2)-periodic convolutional
codes.

We consider a special class of 2D polynomial
matrices G/ (21, z2) that can be factored as

Gij(zl, 2’2) = Vj(ZQ)Hi(Zl),

where H(z1) € F*¥[2] and V7 (22) € F"*4[2y] are 1D
polynomial matrices, 7 = 0, 1.

Therefore, the previous 2D
convolutional code C,, can be defined as

(2,2)-periodic

Cp = {w(z1,22) € F™[z1, 22] :
Ju(z1, 22) € F¥[21, 20 such that () holds},

w(zl, 2’2) = @VOHOYV0H17V1H07V1H1 (u(zl, 22)) (5)

4. 2D state space realizations

Here we focus on the state space realizations of the special
class of 2D periodic convolutional codes introduced in
the previous section by means of 2D periodic Roesser
models. In general, this is a nontrivial matter, mainly
due to the fact that a 2D periodic state space realization
cannot be obtained by independently realizing each of
the invariant polynomial operators G = VJH? (Aleixo
and Rocha, 2017). However, in this paper we show
that under certain conditions this problem does not arise,
i.e., combining independent realizations of the invariant
operators G does yield a 2D periodic realization of the
corresponding 2D periodic convolutional code. Before
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presenting our result, we first consider the invariant 2D
case.
As in Section 23] we sometimes identify an element

Ni Na ‘
a(z1,22) = Z Zai,jZiZ% € Flz1, 22]
i=0 j=0
with the finite support sequence apo = (a(z1,22))o0,0,
al,O = (a(zlyzQ))l,Ov sy aNl,Nz = (a(zl722))Nl>N2

formed by its coefficients, and also write a (¢, m) to denote
ag,m = (a(z1, 22))e,m. The same applies to vectors with
components in Fz1, z3].

4.1. Invariant 2D case. As is well known, in the 2D
invariant case, a separable Roesser model realization for a
code

C={w(z1,22) € F"[z1, 22] :
w(z1,22) =G (21, 22)u(21, 22), u(21, 22) € F¥ 21, 2]},

where
G(Zl, 22) = V(ZQ)H(Zl),

can be obtained as the series connection of the
1D state space realizations of H and V. Indeed,
if (A", B" C" D") and (AY,BY,CY,DV) are
respectively state space realizations of H (z1)
and V (z2), then the separable Roesser model
¥ = (Al Av AYh B B Ch CY, D):

ah(i 4+ 1,7) = APal (i, ) + Bhu(i, 5),
a®(i,j + 1) = A*"al (i, j) + AY2* (i, ) + B u(i, j),
w(i, j) = Crah (i, §) + C*z (i, j) + Du(i, j),
(6)
with A"" = B*C", B® = B"D", C" = D'C" and D =
DV D", is arealization of C in the sense that the codewords
w in C coincide with the outputs of (&) produced by the
same input u with zero initial conditions, i.e., z(0, j) =
0 and 2”(¢,0) = 0, i,j € Np. Moreover, we assume
that the dimensions of the horizontal and vertical states,
x"(i,§) and 2% (i, 5), are 05, and §,,, respectively.
In the sequel the minimality of separable Roesser
models will be studied. We start with some preliminary
definitions and results.

Definition 5. The horizontal and vertical controllability
matrices of the separable Roesser model (@) are defined
respectively as

G fam |t ]
c Féhxk6h7
€= | B, | 4By, |- | (47 By, | ©

Oy X0ypk(0n+1
€ Fovx0uk(Ontl),

with Bs, = [ BY | A%, | € Fowxk(n+),

Definition 6. The vertical and horizontal observability
matrices of the separable Roesser model (@) are defined
respectively as

Oy
[ e | e a7 ]
€ Frdexse,
©)
Oh
_ [ 57 (C(;UA’L)T ‘ (Cév (Ah)éh—l)T ]T
eFéhn(éﬁl)x&h’

(10)

with ,
_ C n(8u-+1)X5p
C(SU — |: ﬁvAvh :| S F .

The following proposition is well known][l
Proposition 2.

1. The pair (A", B") is controllable if and only if
rank cgh = 6h~

2. The pair (A", Bs,) is controllable if and only if
rank €, = 0.

3. The pair (AY,C") is observable if and only if
rank O, = 6,.

4. The pair (A", Cjs,) is observable if and only if
rank ﬁh = 5h-

For separable Roesser models, separable
controllability and separable observability are defined as
follows.

Definition 7. The 2D separable Roesser model (6) is said
to be

1. separately locally controllable if (A" B") and
(A", By, ) are controllable;

2. separately locally observable if (AY,C") and
(AR Cj,) are observable.

Hinamoto (1980) presented a necessary and
sufficient condition for the minimality of a separable
Roesser model, which we state in the next result using the
language of codes.

Theorem 3.  Let G(z1,22) € F™"*F[2q, 25] be an en-
coder of a convolutional code C. Then the separable
Roesser model ¥ = (A Av, Avh B BY . C" CV, D)
given by (@) is a minimal realization of the encoder
G(z1, 22) if and only if is separately locally controllable
and separately locally observable.

Note that previously (before stating Proposition [[}) we gave an alter-
native definition of a controllable and observable pair.

aamcs
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In the next theorem we provide a simpler
characterization for the minimality of a separable
Roesser model.

Theorem 4.  Let G(z1,22) € F"*F[21, 25] be an en-
coder of a convolutional code C. Then the separable
Roesser model ¥, = (A" Av, Avh B BY . C" CV, D)
given by (@) is a minimal realization of the encoder
G(z1, 22) if and only if the following conditions hold:

1. (A", B")and (A*,[ BY | A*" ) are controllable.

h
2. (AY,C") and (Ah, { ,g)h }) are observable.

The next two auxiliary lemmas immediately prove
the previous theorem.

Lemma 1. The 2D separable Roesser model (@) is sep-
arately locally controllable if and only if (A", B") and
(A”, [ BY | Avh ]) are controllable.

Proof.

(Necessity) By definition of separately locally
controllable, we have that the matrices 45, and %,
have full row rank. Defining the matrices

Is, o]

R e A

we have that

Bs, = [ B* | A%, | = M,

and, in turn,
6= Bs, | By, |- | (47 By, | =T
with

G = [ M| AM || (At M }

Since_ %1, has full row rank, clearly both matrices

%, and %, also have full row rank. Moreover, by
hypothesis, %, has full row rank, which implies that
Z must also have full row rank. This means that
(Av, M) = (A°,[ B" | A" ]) is controllable.

(Sufficiency) Assuming the hypothesis, it suffices to prove
that the pair (A", Bs, ) is controllable, i.e., that the matrix
%, has full row rank. Adopting the notation of the
necessity part, we have that

(gv :?v?h

Since (A“,[ BY | Avh ]) is controllable, %, has full

row rank. Furthermore, %, has full row rank because
%, also does so by the hypothesis of controllability of
(A", B"), and the result follows. ]

Lemma 2. The 2D separable Roesser model (@) is
separately locally observable if and only if (AY,C") and

n [ C"
Al Avh are observable.

Proof. The proof is analogous to the one of the previous
lemma. [ |

4.2. Periodic 2D case. Analogously to the invariant
2D case, under certain conditions, in the 2D periodic
case, a periodic separable Roesser model realization can
be obtained as a series connection of two 1D periodic state
space realizations of periodic operators H***? = H* and
V2 =Vi i j=0,1,k1€Z.

Consider the (2,2)-periodic encoding map
(I)VOH“,VOHl,VlHO,VlHl )

and let further X! = (AP B! CP DI and ¥¥ =
(A3, BJV, C¥,DY) be state space realizations of the
invariant operators H* and V7, i,j = 0, 1, respectively.
Assume that 37 and X% have the same state dimensions
and that the same happens for X§ and X7. Combining
these realizations yields the following (2,2)-periodic 2D
separable Roesser state space system EgD :

rh(zu i+1,2m+5)

V(204 i,2m+ 5+ 1)

Al 0 | [2"(20+14,2m + j)
- vh v v ; :
Apr AT U2+ 0, 2m + )
Bh
+ w(20 4+ i, 2m + j),
o] ) o

w(2+i,2m + j)
(20 44, 2m + §)

- [} o]

V(20 +4,2m + j)
+ D;ju(2¢ +i,2m + j),

with Ay = BvCh, By, = BYD!, Cl: = DYCl, and
D;; = D!D!.
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Note that for each pair of fixed values of 7 and j
this periodic 2D system is an invariant separable 2D state
space system

ij 150 g0

Similar to what happens in the 1D case, we say that 27
is obtained from X(¢ ), ¥(1,0)» %(0,1)> and we X 1y and
write EE,D = (E(O,O)a2(1,0)72(0,1)a2(1,1))~

As shown in the following example, the
2D (2,2)-periodic Roesser state space system
2P = (20,00, X(1,05 X(0,1)» X(1,1)) is not necessarily a
realization of the (2,2)-periodic encoding map

@VOHOYV0H1YV1H07V1H1 .

Example 1. Consider the (2,2)-periodic encoding map
(I)VDHO,VOHI,VlHO,VlHl )
with

HY(z1) = H) + HYz + H2?

1+ 2% 1 0
B 22 14+ 2 1
1+ 2z 1 1 ’
1 1 142

H'(z1) = H} + H{z + H3 2}
142 1 0

1+2f 142z 1
B! 1+22 1|
0 1 1

VO9(22) = (1+22) Iy V' (z2) = (1+229) L.

Realizing H (z1) as in Proposition [l we obtain the
state-space realization 2 = (AR, Bl Cl, Dl with

00 00 1 0 0
|1 0 0 0 n_ |0 0 0
AO_OOOO’BO_Olo’
0 0 0 0] 0 0 1
[0 1 0 0] 1 1 0]
~n |01 10 R |01 1
00_1000’D0_111'
0 0 0 1] 11 1]

Proceeding in the same way, we obtain a state-space
realization X = (A%, Bb CI DY) for H' (21) with

0 0
A =

oo = O
jevilevilen Bl en)
S oo
o= o o
o O O o

0
0
1

;

OO O =
O = =
— ===

As for VO (z2) and V! (z2), it is easily seen that they
can be realized by ¥ = (Af, By, Cy, D) and XY =
(47, BY, CY, DY) with
Ay =04, By =Cy=Dy=1

and
Ay =04, B =

o =11, C§=2I,

where 04 denotes the 4 x 4 zero matrix.

For every to € Ny, consider

0 0
U(O,tz) = {0 s ’U,(l,tg) = {0

1 0
u(tl,tg) = 0, tl Z 2

From (@) it follows that, for m € Ny, j = 0, 1,

w(l,2m+j) = (V7 (22) H' (21)u(z1, 22)) (1, 2m+j)
= (Vj(ZQ)ﬂ(Zl, 2’2)) (]., 2m+j),

where
u(1,2m + j)
= Hgu(1,2m + j) + H{u(0,2m + j)
1 1 0 1 0 0 0
|1 11 8+010 8_0
111 0 0 0 0 1 ol
0 1 1 0 0 0 0
Thus
0
. 0 .
w(172m+]): ol’ meNOa ]:Oal
0
or simply
0
0
w(l,tQ): 0 for t5 € Np.
0
On the other hand, using (II), we have
z"(1,0)
w(1,0) = [Cfy C§] + D1ou(1,0).
x¥(1,0)
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Note that, since the initial conditions must be zero
(according to our definition of realization), z¥(1,0) = 0
and z"(0,0) = 0. Moreover,

2"(1,0) = Al2"(0,0) + Blu(0,0)
1 00 0 0
_ 00 0] 10
o1 0 . ~lol”
0 0 1 1
Hence
U)(].,O) = C?Oxh(]-v 0)
= DyCraM(1,0)
1 0 0 0] o 0
_ |01 1 opjo] _ o
“o oo o 1| |o] |1
0 0 0 0f |1 0

i.e., the output w of the 2D (2,2)-periodic Roesser state
space system EZ%D corresponding to v is different from
the trajectory w corresponding to u according to (3). ¢

However, the next theorem shows that it is possible to
obtain periodic 2D separable Roesser model realizations
for 2D periodic encoding maps (3) by independently
realizing the operators VO, V1, and H, H', provided that
V0 and V! have the same column degrees and the same
happens for H° and H*.

Theorem 5. Consider the polynomial matrices
HO (z1), H' (21) € F*k [21], and assume that they have
the same column degrees. Let X be the realizations
of H (z1),i = 0,1, obtained by Proposition [l Con-
sider further the polynomial matrices V° (z2) , V! (22) €
F9%™ [25], and assume that they have the same column de-
grees. Let 37 be the realizations of VI (z3),5=0,1, ob-
tained by Proposition[ll Define the 2D periodic Roesser
separable model EZD obtained from 2? and X7 as in (.
Then Ef,D is a state space realization of the 2D periodic
encoding map given by (3).

Proof.  Note that, since H%(21) and H'(z1) have the
same column degrees, it follows that the corresponding
realizations X2 = (A, B, CP, DI'), i = 0,1, are such
that A} = Ah and BY = B}. Let us consider A" :=
Al = A} and B" := B} = B! For the same reason the
realizations ¥} = (A;-’,B;-’,C}’,D}’),j = 0,1, are such
that Ay = AY and By = BY. Let A” := A} = AY and
BY := By = BY}.

Then, after simple, but cumbersome computations,
one concludes that the output w of 2P =
(20,00, 21,00 2(0,1)> X(1,1))» With

S = (A" A, APk = BYCl, B", B, = B*DY,
h __ v h v .
Cl = Dy ,cj,D”),

which corresponds to the input w and zero initial
conditions (2" (0,¢2) = 0,z"(t1,0) = 0), is such that, for
éam € N09 Z?] = 07 1,

w(20 +1i,2m + j)
— Dvnh ; ;
= D} Djv(2¢ +i,2m + j)

+ > CH(AM)N I BMu(20 + i — t1,2m + j)
t1>1

+ 3 CY(AY)> ' BLw(20 +i,2m + j — ta)

to>1

+ Z C;;(Av)tgflA?Jh(Ah)tlfl
t1,ta>1
X BM(20 40 —t1,2m + j — ta).

Let us now show that the codeword
W = (VI (z2)H' (21))u
equals w. For that purpose, note that, since nh =
(AR B" Cl, D) is arealization of H?, we have that
HO(z1) = Df+ > CH(AM)"—1B"24.
t1>1
In the same way,
H'(z1) = Dl + 3 Cl(AM) 1 B2,

t1>1

VO(z) = D§ + Y Cy(A")> "' Bz

ta>1
and
Vi(z) =Dy + ) CY(AY)> ' BY2f.
ta>1
Thus

(20 +,2m + j)

= > G u@l+i—t,2m+j—ty),

0<t<2k+i
0<t2 <2045

where G(i, ) is the coefficient of 2!z} of the polynomial
matrix in z1 and 2z, V7 (20) H!(21).
It is not difficult to check that

V7 (22)H'(21)
=DYD!'+ ) DyCl (AT BR
t1>1

+ Z C;)(Av)tz_lBUDihZ?

ta>1

+ Z C};(Av)tg—lgvéih(Ah)tl—1Bh2§12§2_

t1,t22>1
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Taking into account that Cihj =Dy C~’lh, B;; = B“D? and
A;’jh = B”C‘ih, this allows us to conclude that w = w.
L]

In order to study the minimality of the 2D state space
realization (L), we start by defining its lifted version.

4.3. Lifted 2D realization. Following the ideas

of Aleixo and Rocha (2017; 2018), consider the

(2,2)-periodic 2D separable Roesser state space system

32P given by () and define the lifted versions of the
horizontal and vertical states as

h [ oah(2e,2m)

XEEm) = [mh(2€,2m+ 1)]

and

" | 2v(2¢,2m)

X (&m) = |:x'u(2£+ 172m):| )
respectively; define also the lifted versions of the input
and the output respectively as

u(2¢,2m)
w(20+1,2m)
w(20,2m + 1)
u(20+1,2m + 1)

ul(t,m) =

and
w(24,2m)
w(20+1,2m)
w(2¢,2m + 1)
w(20+1,2m + 1)

wh (0, m) =

This yields the following 2D invariant separable Roesser
model:

X"l +1,m) X"(e,m)
=P be
[X”(Z,m—f— ) x(em)] + Qu~ (¢, m),
(12)
g ]
wh(¢,m) =R (£,m) + Suk (¢, m),
_X”(E,m |

where the matrices P, ), R and S are constant and can be
decomposed as follows:

Qh
) Q_ lQU

P00
th Pv

, R=[R" RY],

(13)

with the dimensions of the blocks determined by the
dimensions of X" and X" and, moreover, where

P AlhAl 0 _ AYAy 0
0  ArAkl’ 0 AvAyl’
ot — AYBYCh  BYCY
AVBYCP AL BYC Al
(14)
o ABE B0 0
| o 0o AB: BM’
o AYBY D} 0 BYD} 0
~ |AvByChBh  AvByDh BYChBEF BUDh
(15)
[ DyCh 0
B DyCh Al 0
CYByCy  DYCh
[CYBECT AL DYCT AR
[ Cy 0
0 cy
R = ; (16)
CrAy 0
0 CypAy
DyD} 0 0 0
g DYChBE DYDY} 0 0
CyByDh 0 DYDY 0
CYByChBY CyByDh DYCPB} DyD}
a7

We denote this 2D invariant lifted model by
¥t = (P,Q,R,S).

5. Minimality
Theorem 6. Let HC(z1),H' (z1) € TF9F*[2] be

two column reduced encoders with the same column de-
grees, and let VO (z3),V1(22) € F9*" (2] be also
two column reduced encoders with the same column de-
grees. Let further ¥l = (A" B" CP D) and XY =
(A”, BY,C}, DY) be respectively 1D state space realiza-
tions of H' (of dimension 81,) and V7 (of dimension 6.,),
1,5 = 0,1, obtained as in Proposition[ll Define the 2D
periodic Roesser separable model EZD obtained from %!

and X33 as in (T0). If the matrix

Ch D0

M= .
GhAh Ghph ph

@amcs
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rank{ [A"B" B ‘ [(Ah)33h (Ah)2Bh] ‘

[y e a2 pr] <o as)

has full row rank and the matrix

Dy 0
N=|C'B* D
A'B" BV

has full column rank, then EgD is a minimal state
space realization of the 2D periodic encoding map
q)VUHO,VUHl,VlHU,VlHl given by (ﬂ)

Proof. The proof of this theorem is a direct consequence
of the next four lemmas. |

The next lemma follows immediately from the
definition of the lifted system.

Lemma 3. EZD is a minimal state space realization if
and only if ©¥ is minimal.

As a consequence of the previous lemma, to prove
Theorem 6] we just need to prove that the lifted realization
»E = (P,Q,R,S) given by (I2) is separately locally
controllable and separately locally observable. We start
with the proof of the separate local controllability of ¥%.

Lemma 4. In the conditions of Theorem (6} the realiza-
tion X = (P, Q, R, S) given by (1Q) is separately locally
controllable.

Proof. By Lemma [[l we just have to prove
that the matrices (P", Q") and (P”, [ Q" | pvh ]) are
controllable, where the involved matrices are defined
by (I4) and (I3) with A} = Ak = A", AV = A3 = AY,
Bl = Bl' = B" and BY = By = B".

By Proposition Bl we have that (P" Q") is
controllable if and only if

rank[ Q" ‘ phQh ‘ ‘ (Ph)%rl o } — 26,

which is equivalent to (18), and this last equality is true
because (A", B") is controllable by Proposition [I] (note
that the matrix in the expression contains all the column
blocks of the controllability matrix C* of (A", B")).

In order to prove the controllability of
(Pv,[ Q" | P*"]), note that PV, P"" and Q" are
given by

AV 0
po_ (A7) 2
0 (4Av)
Pt _ A”B“ié’(’} Bié{;
AYBYChAh BYCh AN
AvBv D} 0 BYD} 0

Q"=

A'BYC}BM A*B'DY B'CPB" BUD!

Applying block column permutations and defining the
matrix

M:{é{; Dl o}

ChaAh Chph Db
the pair (P”, [ Q" | pvh ]) becomes

( (A4)* 0
0 (4v)?
(AY) (19)
BY 0 ABY 0
M M .
0 B 0 A'BY
Therefore, by Proposition [2] we have that

(P",[ Q| P ]) is controllable if and only if
(20), holds or, equivalently, (21) which is clearly true
since the matrix M has full row rank and (AY, BY) is
controllable by Proposition Il [ |

To prove that the realization XX = (P,Q, R, 95)
given by (I2) is separately locally observable, we will first
prove the next auxiliary lemma.

Lemma 5. Let vq, 19, . .., v, be nonnegative integers and

define the matrix A = diag(A1, Aa, ..., Ag), where
0 -+ - 0
A = ! . e Fvixvi,
o

In the case where v; = 0 the i-th block of A is void.

Consider two matrices Cy,Cy € FXVe  ywith
— N C_
Ui = > v, j = 1,...,k such that [00]31,32 ..... -
and [C1],, ., 5. have full column rank, where
[ 1-]71 ..., Tepresents the submatrix of Ci, 1 =0,1,
with columns U1,Va, . .., V.

Then the matrix

Co
Ch1A
CpA?

CTAU_l

where v = maxv;, i =1,...,kandr = (v — 1) mod 2,
has full column rank.

Proof. Define ﬁg-") =7v; —nifv; — n > 0 (otherwise
75-") is not defined). By assumption, [Co|;, 5, . 5, has
full column rank. Note that the columns 7, Uy, . .., Uy of
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BY 0 A°B* 0 (A")* BY 0 (A)’ BY 0
rank M ) 3 .
BY 0  A"BY 0 (A)" BY 0 (Av)” BY
=26, (20)
B* 0] [A'B* 0 (A")* BY 0 (A")’ BY 0
rank ) 5 -+ | diag(M)
0 B 0 A'BY 0 (AY)* BY 0 (A°)°B

A are zero, which implies that the columns of the same
index of

ChA
CpA?
C, A3
are also zero. Moreover,
[ClA]U§1)7U§1)7.-.,7§C” - [01]71,727---,7k
has full column rank.

In the same way, the columns
ﬁl,ﬁgl)ﬁz,ﬁgl) . ,ﬁk,ﬁ,(:) of A? are also zero and
therefore the columns of the same index of

CpA?
C, A3
2 _
are also zero, and [CpA ]ng),vgz) _____ oo = (Coly,

has full column rank.

Proceeding analogously, it is easy to check that

Co
ChA
CpA?

Cr Au—l
has full column rank. |

Lemma 6. In the conditions of Theorem[8 the realiza-
tion X = (P, Q, R, S) given by (1Q) is separately locally
observable.

Proof. By Lemma ] it is sufficient to prove that
the matrices (P, R¥) and (Ph, [ Iihh' D are observable,

where the involved matrices are defined by (I4) and (18)

with A} = Al = A" AV = Ay = A*, B} = Bl = B"
and BY = Bj = B".
The observability of (P?, R") follows immediately

by Proposition[2] and Lemmal[3]

In order to prove the observability of (Ph, [ lfvhh D

note that this pair is equal to

DyCh 0o
DyCr Al 0
(4" 0 CyBeCy  DYCY
0 (am?]’ CYBUCrAM  DYCP AN
ABGl BUCH
| AvBUCP Al BUCPAM |
(22)
Applying block row permutations and defining the matrix
Dy 0
N = |CYBY DY
A'BY B

that has full column rank, by assumption, the pair 22) can
be written as

ch o
( Ah)2 0 0 C‘@
a2 R
0 (4") chah 0
0 Char
The rest of the proof is analogous to the final part of the
proof of Lemma] taking in account Lemma[3 ]
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