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GLOBAL STABILITY OF NONLINEAR FEEDBACK SYSTEMS WITH
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The global (absolute) stability of nonlinear systems with fractional positive and not necessarily asymptotically stable linear
parts and feedbacks is addressed. The characteristics u = f(e) of the nonlinear parts satisfy the condition kie < f(e) <
koe for some positive k1 and ko. It is shown that the fractional nonlinear systems are globally asymptotically stable if the
Nyquist plots of the fractional positive linear parts are located on the right-hand side of the circles (—1/k1, —1/k2).
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1. Introduction

In positive systems inputs, state variables and outputs
take only nonnegative values for any nonnegative inputs
and nonnegative initial conditions (Farina and Rinaldi,
2000; Kaczorek, 2002). Examples of positive systems
are industrial processes involving chemical reactors, heat
exchangers and distillation columns, storage systems,
compartmental systems, water and atmospheric pollutions
models. A variety of models having positive behavior can
be found in engineering, management science, economics,
social sciences, biology and medicine, etc. Positive
linear systems are defined on cones and not on linear
spaces. Therefore, the theory of positive systems is more
complicated and less advanced. An overview of state of
the art in positive systems theory is given in the works of
Berman and Plemmons (1994), Farina and Rinaldi (2000),
Kaczorek (2011b) or Kaczorek and Borawski (2017).

Positive linear systems with different fractional
orders were addressed by Kaczorek (2010; 2011a)
and Sajewski (2017b). The stability of standard and
positive systems was investigated by Kaczorek (2019a;
2015b; 2017) and Kudrewicz (1964), and that of
fractional systems by Bustowicz and Kaczorek (2009),
Farina and Rinaldi (2000), Kaczorek (2015a; 2016;
2019b; 2015b; 2017), Kaczorek and Borawski (2017)
or Mitkowski (2008). The stability and stabilization

problems of positive fractional descriptor system were
investigated by Ruszewski (2019) and Sajewski (2017a;
2017b). Descriptor positive systems were analyzed by
Borawski (2017) and Kaczorek (2012). Linear positive
electrical circuits with state feedbacks were addressed
by Borawski (2017) as well as Kaczorek and Rogowski
(2015).  The global stability of nonlinear systems
with negative feedbacks and positive, not necessarilily
asymptotically stable linear parts was investigated by
Kaczorek (2019b).

In this paper the global stability of nonlinear
feedback systems with fractional positive linear parts will
be addressed. The paper is organized as follows. In
Section 2 the positive fractional linear systems and their
transfer matrices are considered. The main result of the
paper is given in Section 3 where sufficient conditions
for the global stability of the fractional positive nonlinear
feedback systems are established. Concluding remarks are
given in Section 4.

The following notation will be used: R, the set of real
numbers; R™"*™ the set of real n X m matrices; R’_ﬁxm,
the set of real n X m matrices with nonnegative entries
and R"} = Riﬂ; M,,, the set of n x n Metzler matrices
(real matrices with nonnegative off-diagonal entries); I,
the n x n identity matrix.
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2. Positive fractional linear systems and has positive coefficients.
their transfer matrices The hypothesis is true for n = 1 since
In this paper the following Caputo definition of the [s% + a]_l = — 1 (6)
fractional derivative of a order will be used (Kaczorek, s*+a
2011b; Kaczorek and Rogowski, 2015; Ostalczyk, 2016; and forn = 2
Podlubny, 1999): [Lps® — A2]—1
a —1
o7 f(t) = S _[soran —an
dte —a91 $% + aso (N
.
-1 / 04 ) I S
Fl—-a)fy (t—1)" $2% 4+ a1 + ag as s% 4+ an
where 0 < a < 1, where a1 = a1 + a2 > 0, agp = ai1a22 —
aigaz; > 0. It is well-known (Kaczorek, 2016)
f(T) _ df(7) that the positive continuous-time linear system (2) is
dr

and -
I'(z) = / t*“te7tdt, Re(x) >0
0

is the Euler gamma function.
Consider the fractional continuous-time linear
system

dez(t)

dte
y(t) = Cz(t) + Du(t), (2b)

= Ax(t) + Bu(t), (2a)

where z(t) € R", u(t) € R™, y(t) € RP are the state,
input and output vectors, respectively, and A € R"*",
B e R™™ C e RP*™, D e RPX™,

Definition 1. (Kaczorek, 2011b; Kaczorek and Rogowski,
2015) The fractional system (2) is called (internally) pos-
itive if z(t) € R’ and y(t) € RY, ¢ > 0 for any initial
conditions z:(0) € R’} and all inputs u(t) € R, ¢ > 0.

Theorem 1. (Kaczorek, 2011b; Kaczorek and Rogowski,
2015) The fractional system (2) is positive if and only if

AeM, BeRY™ CeRY™", DeRP™.
3)

The transfer matrix of the system (2) is given by
T(s*) = C[I,s* — A]"'B + D. 4)

The matrix A is called Hurwitz if the matrix is asymptoti-
cally stable.

Theorem 2. [f the matrix A € M, is Hurwitz and B €
Rix moC e Rﬁ_xn, D e Rﬁ_xm in the fractional linear
positive system (2), then all the coefficients of the transfer
matrix @) are positive.

Proof. First we shall show by induction with respect to n
that the matrix

[[,5% — A7t € R™ " (s) 5)

asymptotically stable if and only if all coefficients of its
characteristic polynomial are positive.

Assuming that the hypothesis is valid for n — 1 (the
matrix [I,,_15% — A, _1]~1) we shall show that it is also
true for n (the matrix [I,,s® — A,,]~1). It is easy to check
that the inverse matrix of the matrix

[I,s" — Ay
| Ip—1s* = Ap U, (3)
o Up, s+ ann |’
where
a1n
Uy = — s
An—1,n
Up = —[ [e2%%1 an,n—1 ]

has the form of Eqn. (9), in which

an = (8% 4 ann) — On[In—18% — An_l]_lun. (10)

By assumption, the matrix [I,, ;5% — A,,_1]~! has
all positive coefficients and the rational function (I0) has
positive coefficients. Taking into account that u,, and v,
have nonnegative entries, we conclude that

. [In—lsa - An—l]ilun

(429

and
. Un[In—lsa - AAn—l]_1

(429
are respectively column and row rational vectors with
positive coefficients. By the same arguments, the matrix

[In—lsa - An—l]_lunvn[ln—lsa - AAn—l]_1

Qp

(1)

has also all rational entries in s“ with positive coefficients
and the matrix (3) has positive coefficients. Therefore, if
B e R, C € RE*", D € RE*™ then all coefficients
of the transfer matrix (@) are positive. |



Global stability of nonlinear feedback systems with fractional positive linear parts

[[,5% — A,]*

[In—lsa - An—l]_lunvn [In—lsa - An—l]_l

[In—lsa - An—l]_l +

an
= o )
vn[In_lso‘ — An—l] 1
Qp, Gn,

Example 1. Consider the fractional positive linear p =0 =g
tem (2) with the matri o € u )
system (2) wi € matrices f(e) 2 T_(S) >

-2 1 1 +
S R 1 RN
c=[2 1], D =[2]. (12)
Fig. 1. Fractional nonlinear feedback system.
The matrix A is Hurwitz. Using (@) and (12), we obtain
u
T(s%) = Clls* — A]"'B+ D A
-1
- 5% 42 -1 1 ke
=12 1][ 1 s“+2] {1}”2]
28204+ 11s* + 15 fle)
s 45+ 3 » €
(13)
The transfer function (I3)) has positive coefficients. ¢
3. Asymptotic stability
Consider the fractional nonlinear feedback system shown
in Fig. 1 consisting of the fractional linear part described Fig. 2. Characteristic of the nonlinear element.
by the equations
dex and a nonlinear element with the characteristic f1(e) =
FrEa Az + bu, (14a) f(e) — kye satisfying the condition (Fig. 4)
Yy = cx, (14b)
fi(e) _
f1(0), k1 < ——= <hy =k — ki, (18)
wherex = z(t) e R, u=u(t) eR,y=y(t) e R, A€ e

R " b € R”, ¢ € R'*", and of the nonlinear element
with the characteristic u = f(e) (Fig. 2) satisfying the
conditions

f(e)

e

f(0)=0 and 0< <k, k<-+4oco. (15
It is assumed that the fractional linear part (14) is positive,
ie.,

AeM,,

beRT, ceR", (16)

but not necessarily asymptotically stable.
In many cases, if the linear part is unstable, then by

a suitable choice of the gain k£; we may obtain (Fig. 3) an

asymptotically stable positive linear part with the transfer

function

T(s™)

Tl(Sa) = 1+ le(SO‘)

(17)

e.g., the characteristic is located between the straight lines
kle and k‘2€.

Definition 2. The fractional nonlinear system is
called globally (or absolutely) asymptotically stable if
limy_,c2(t) = 0 for any 2(0) € R’}

Definition 3. The circle in the plane (P(w), Q(w)) with
center at point
< k1 + ko 0)
2k1ky '

ko — k1
2k1 ko

will be called the (—1/k1, —1/k2) circle.

and radius
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v

Fig. 3. Nonlinear feedback system with a gain.

U koo

Fig. 4. Characteristic of the nonlinear element with the gain &1 .

Theorem 3. The fractional nonlinear feedback sys-
tem (Fig. 3) consisting of a positive linear asymptoti-
cally stable part with the transfer function T1(s) and
of a nonlinear element with the characteristic satisfying
the condition (I8) is globally asymptotically stable if the
Nyquist plot of T1(jw) = P(w) + jQ(w) of the lin-
ear part is located on the right-hand side of the circle
(=1/k1,—1/k2), (e.g., the plot Ty (jw) does not cross the
asymptote P(w) = —1/ko).

Proof. 1t is based on the application of the Lyapunov
method to the fractional positive nonlinear system
(Kaczorek, 2015b; 2017; Lyapunov, 1963; Leipholz,
1970). As the Lyapunov function we choose the time
function

V()= ANTE (Ait*)b >0, te0,+00), (19a)
where AT = [ \; An |7 is a strictly positive
vector, i.e., Ay > 0,k = 1,...,n, Ay is the state matrix
of the linear part with 7 (s) and

o St A tka
o (Art?) Zol‘(ka—i—l (19b)

is the Mittag-Leffler function.

The function V() > 0 for ¢ € [0, +o00) since A; €
M,, is asymptotically stable and b € R"}.

From (19) we have

deV(t)

=\TA
dte !

Eo(A1t%)b < 0 (20)

for t € [0, +00) since AT A; < 0 for the Hurwitz matrix
A1 € M, and

cEL(A1t*)b > ceth > 0 (1)

fort € [0,400),0 < a < 1.

Therefore, by the Lyapunov theorem the fractional
positive nonlinear system is asymptotically stable if the
conditions (19a) and (20) are satisfied.

Note that

Ti(s) = cLleMb = c[I,s — A ] 7', (22)

where L is the Laplace transform operator. From (19) and

@2) we have

1
Re T (jw) + z >0 (23)
for w > 0 and k = ko — k1 > 0. Taking into account that
. 1 T(jw) 1
ReT; =
eTi(jw) + —, = Re [1 FhT(w) | ks -k

- 1 1+ kQT(]W):|
ke —h e [1 + k1T (jw)
(24)

and that the border of asymptotic stability is the jw axis,
we obtain

L+ ko[P(w) +jQ(w)]
L+ ki [P(w) +7Q(w)]

jw = (252)

or

jo{l + ki [P(w) +7Q(w)}
=14 k[P(w) +jQ(w)] (25b)

From (25b) we have
—wk1Q(w) =1+ kaP(w), (26a)
wll + k1 P(w)] = k2Q(w) (26b)

and after elimination of w we obtain
[1+ k1 P(w)][1 + ko P(w)] + k1k2Q?*(w) =0 (27a)

or

1 " k1 + ko
k1ko k1ko

P(w) + P*(w) + Q*(w) = 0. (27b)

Note that (27b) can be rewritten in the form of the
equation

k1 + ko 2 2 (k2 k1 2
[P(w)+ iy ] + Q% (w) = < ik ) (28)

which describes the circle (—1/k1, —1/kz) (see Fig. 5).
This completes the proof. |
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This theorem can be considered an extension of the
fractional nonlinear systems with positive linear parts of
the Kudrewicz theorem (Kudrewicz, 1964) for nonlinear
systems with standard linear parts.

Example 2. Consider the fractional nonlinear system
with the unstable linear part with
L(s%) s*+5.5

T(s%) = = 2
(s%) M(s®)  s2*4+18s—0.1 29)

and the nonlinear element with the characteristic u = f(e)
shown in Fig. 6.

To obtain the nonlinear system with an
asymptotically stable linear part we choose k; = 0.2 and
obtain

_ T
1+ ki T(s?)
_ L(s%)
M (s) + ki L(s%)
5% +5.5
s2@ +1.85* — 0.1 +0.2(s™ + 5.5)
5% +5.5

T1 (Sa)

(30)

Note that the characteristic of the nonlinear element u =
f(e) (Fig. 6) satisfies the condition

0.2 < @ < 2. 3D

In this case, for (30) we have

ey (Jw)* +5.5
Tl((]w) ) - (jw)Qa + Q(jw)a +1 (32)
= P(W) +]Q(W),

where P(w) and Q(w) are given by (33).

The circle (—5, —0.5) and the Nyquist plots for o =
0.5 and o = 0.8 are shown in Fig. 7. By Theorem 3 the
fractional nonlinear system is globally stable.

4. Concluding remarks

The global stability of nonlinear systems with fractional
unstable positive linear parts has been analyzed. The
characteristics u = f(e) of the nonlinear element
satisfy the assumption (I3) and the fractional linear
parts described by the equations (14) are not necessarily
asymptotically stable. The gain k; of the positive linear
part has been chosen so that the transfer function (IZ)
is asymptotically stable and the characteristic u = f(e)
satisfies the condition (I8).

It has been shown that the fractional nonlinear
systems are globally asymptotically stable if the Nyquist
plots of the linear parts are located on the right-hand

A O(w)

1
3 o= @=0 Plo)

Fig. 6. Characteristic of the nonlinear element of Example 2.

Pla)

Fig. 7. Circle (—5,—0.5) and the Nyquist plots for « = 0.5
and o = 0.8.

side of the circles (—1/ky,—1/ks). This theorem is
an extension of the Kudrewicz theorem (Kaczorek and
Borawski, 2017) for nonlinear systems with standard
linear parts.

The discussion has been illustrated by numerical
examples. It can be extended to the fractional nonlinear
systems with positive descriptor linear parts.
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Pw) =

(12w + w3 cos wa) (% )

5.5 4 2w?® + 5.5w% cos(ma) + w3 sin(ra) sin (o) +

14wt + 4w?e 4 202 cos(ma) + 4w sin(ma) sin (Fa) + (4w + 4w3e cos(ma)) co

)
—~
w|=1
\_/

—5.5w2 sin(7ar) — w3

sin(ma) cos (

) (10w — w3* cos(ra)) sin (3 a)

Qw) =

14wt + 4w 4 202 cos(ma) + 4w sin(ra) sin (Fa) + (4w + 4w3* cos(ra)) cos (Fa)

(33)
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