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The paper studies the output observer design problem for a linear infinite-dimensional control plant modelled as an abstract
boundary input/output control system. It is known that such models lead to an equivalent state space description with
unbounded control (input) and observation (output) operators. For this class of infinite-dimensional systems we use the
Cayley transform to approximate the sophisticated infinite-dimensional continuous-time model by a discrete-time infinite-
dimensional one with all involved operators bounded. This significantly simplifies mathematical aspects of the observer
design procedure. As is well known, the essential feature of the Cayley transform is that it preserves various system
theoretic properties of the control system model, which may be useful in analysis. As an illustration, we consider an
example of designing an output observer for the one-dimensional heat equation with measured controls (inputs) in the
Neumann boundary conditions, measured outputs in the Dirichlet boundary conditions and an unmeasured output at a fixed
point within the domain. Numerical simulations of this example show that the interpolated continuous-time signal, obtained
from the discrete-time observer, can be successfully used for tracking the continuous-time plant output.
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1. Introduction

The aim of this paper is to develop an efficient method of
designing output observers for linear infinite-dimensional
control systems described by an abstract boundary
input/output model. Here by an output observer we mean
an observer which makes use of available (measured)
plant inputs and outputs to track asymptotically another
plant output which is unavailable for measurement. Such
observers are also called functional observers (Trinh and
Fernando, 2012).

The output or state observer for a linear,
infinite-dimensional ~ control  system is  usually
an infinite-dimensional system and its design is
mathematically very intricate. = However, a practical
implementation of this type of observer almost always
relies on finite-dimensional approximations. The are two
main ways to approach the problem. One is to develop
an observer as an infinite-dimensional system, e.g., in
the state space or boundary input/output form, and then
apply finite-dimensional approximations, both in spatial
and temporal variables. As a starting point, this general
approach requires a sophisticated theory on how to

design an infinite-dimensional observer and one can use
various methods described in the literature. In the case
of boundary control systems or, more precisely, systems
described by partial differential equations with boundary
control and observation, the popular backstepping method
seems to be most successful (e.g., Smyshlayev and Krstic,
2005; 2008; Hasana et al., 2016). More direct methods,
exploring the relation between the boundary control
models and the more familiar state space models or
simply dealing with the latter can be found in the works
of Demetriou and Rosen (2005),Vries et al. (2010),
Demetriou (2013), Ferrante et al. (2020), Emirsajtow
(2012; 2020; 2021) and the references cited therein.
For a short survey on the observer design methods for
infinite-dimensional control systems, see the work of
Hidayat et al. (2011).

Another way to approach the observer design
problem is to start with an approximation of the
infinite-dimensional plant model, both in the spatial
and temporal variables (see, e.g., Bartecki, 2020;
Oprzedkiewicz and Mitkowski, 2018) and then design
a finite-dimensional observer using well-developed
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finite-dimensional techniques (see, e.g., the work of Trinh
and Fernando (2012) and the references cited therein).

In this paper we propose in some sense a
third way by starting with a partial approximation
of an infinite-dimensional boundary control system by
means of the Cayley transform, which leads to an
infinite-dimensional discrete-time model, and then solve
the general output observation problem for this simplified,
but still infinite-dimensional, plant. As a justification
of this approach we claim that in the digital era it
seems inevitable that all practical implementations will
eventually require algorithms that are discrete in time.

This way of simplifying an infinite-dimensional
control model is already known in the literature but
interest of researchers has been rather focused on
system theoretic properties preserved under the Cayley
transformation and not on using such models in
developing control and observation algorithms (e.g., Ober
and Montgomery-Smith, 1990; Curtain and Oostveen,
1997; Guo and Zwart, 2006; Havu and Malinen,
2007). However, recently this approach has been also
successfully used by Dubljevic and Humaloja (2020) to
handle model predictive control of infinite-dimensional
systems and by Xie et al. (2021) to handle output
regulation of fluid flow systems. The idea was also
involved in the discrete-time stabilization problem of a
heat equation by Mitkowski et al. (2017). In the present
paper we show that the approach based on the Cayley
transform as the initial step leads to a successful design
procedure of output observers for infinite-dimensional
control systems described by boundary input/output
models.

The paper is organized into five sections. Section 1 is
an introduction to the subject. In Section 2 the boundary
input/output model used for the infinite-dimensional plant
is characterized together with its relation to the familiar
state space model with unbounded control and observation
operators. In Section 3 we introduce the Cayley transform
and explain what approximation scheme is behind it and
then apply this approximation to the time-continuous
infinite-dimensional plant which results in a simplified
discrete-time infinite-dimensional plant model with all
operators in the model being bounded. Section 4 is
devoted to the discrete-time infinite-dimensional output
observer design where the so-called observer equation is
derived. The obtained general results are numerically
tested in Section 5 on an example of designing an output
observer for the plant described by a one-dimensional heat
equation with boundary inputs and outputs. The paper is
completed with Section 6 containing some conclusions.

2. Plant model

A large class of practically important infinite-dimensional
systems is described by partial differential equations

with control and observation in the boundary conditions.
For those readers who want to become familiar with
the sophisticated control theory of such systems, we
recommend the recent textbook by Curtain and Zwart
(2020) and the more specialized monograph by Tucsnak
and Weiss (2009). Since we want the above class to
be covered by our continuous-time control plant model
we choose the abstract boundary input/output system
description.  Our approach follows Emirsajlow and
Townley (2000) as well as Tucsnak and Weiss (2009).

2.1. Boundary input/output model. In order to
describe the plant mathematical model precisely, we need
to introduce the following spaces (they all are Hilbert
spaces with appropriate scalar products (-, -) and induced
norms || - || := (-,-)1/2; identified with their duals): X is
the state space of the plant, U is the space of the control
input , Y is the space of the measured output, Y, is the
space of the umeasured output. The spaces U, Y and Y,
can be infinite- or finite-dimensional, but the state space
X is always assumed to be infinite-dimensional.

The plant is described by the following abstract
boundary input/output system

Ki:gt; = ]\{:r(t), z(0) = xo,

z(t) = u(t),

xp 2(t) = Cha(t), M
y(t) = Cox(t).

where (z(t))i>0 C X is the state, (u(t));>0 C U is the
control input (available to the observer), (z(¢))i>0 C Y,
is the unmeasured output (unavailable to the observer) and
(y(t)i>0 C Y is the measured output (available to the
observer). The control input signal u(t) enters the system
at the boundary and the outputs y(¢) and z(t) leave the
system at the boundary.

Next, we impose several assumptions on the
operators involved in the model (I). These assumptions
will guarantee the existence of a strong solution to
the differential equation with boundary conditions and
this will be obtained by transforming the boundary
input/output system description to the more familiar
abstract state space model (Emirsajlow and Townley,
2000).

In the following two sections we apply the Cayley
transform to obtain a discrete-time infinite-dimensional
approximation of the obtained continuous-time
infinite-dimensional state space model (Havu and
Malinen, 2007). Then, for the discrete-time state space
model we consider the general output observation
problem which is also called the functional observation
problem (Trinh and Fernando, 2012).

First we start with imposing the following
assumptions:

1. (M, 2(M)) is a linear, unbounded and closed operator
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on X, Z = 9(M) is a Banach space equipped with the
graph norm, so M € £(Z,X) and is called the plant
maximal system operator, where £ (Z, X ) denotes the
Banach space of linear, bounded operators from Z to X.

2. K € £(Z,U) is surjective and called the plant input
boundary operator.

3. C1 € Z(Z,)Y,) is called the unmeasured output
boundary operator.

4. Cy € L(Z,Y) is called the measured output boundary
operator.

5. Ais alinear, unbounded operator on X, called the plant
system operator, defined as follows: Z(A) := ker K,
Ah = Mh, h € 2(A), A generates a strongly
continuous semigroup (T'(t))i>0 C Z(X), p(4) Cc C
denotes its resolvent set.

6. X; := 9(A) is a Hilbert space, equipped with the
scalar product (-, -) x, := ((uI—A) -, (uI—A) -) x, where
u € p(A). Part of A in X1, denoted by A;, generates
a semigroup (T41(t))i>0 C Z(X1), a restriction of
(T(t))tZO to Xl.

7. X_; is a Hilbert space, defined here as the
completion of X with respect to the scalar product
(x., = ((uI — A7 - (I — A" )x. Then
(Afl,_@(Afl) = X) and (Tfl(t))tzo C g(Xfl) are
extensions of A and (T'(¢))¢>0 to X_1.

It follows that X; C Z and it is a closed subspace of
Z. Moreover, both embeddings Z C X C X_; are dense
and continuous.

With the operators (M, K) of the plant model (1) we
associate a time-invariant abstract boundary value prob-
lem. In order to state it, we assume that u € p(A), f € X,
u € U and ask for a solution z € Z of the following
system of equations:

(sl @

One can prove (e.g., Emirsajlow and Townley, 2000;
Tucsnak and Weiss, 2009) that for every v € U and
f € X there exists a unique solution € Z which can
be expressed in the form

=R f+ G, 3)

where R(p) = (uI — A)™' € Z(X, X,) is just a re-
solvent of A and G(n) € Z(U, Z) is called an abstract
Green map. Both these operators play an important role in
our considerations and in practice R(u) can be effectively
computed by solving the problem @) with v = 0 and
G () can be computed by solving @) with f = 0.

For our purposes, it is convenient to consider a strong
solution to ().

Definition 1. Let 290 € X and u(-) € C([0,00);U).
A function (x(t))¢>0 C X is said to be a strong solution
of the initial-boundary value problem

(t) = Mxz(t), =(0)= zo,
{ Ka(t) = u(t), ’ @)

if 2(-) € C*([0,00); X), (z(t))s>0 C Z and @) holds for
every t > 0.

It is known (e.g., Emirsajlow and Townley, 2000;
Tucsnak and Weiss, 2009) that an efficient way of
characterizing the strong solution is in terms of the
associated semigroup (T'(t))i>0 C Z(X) and its
generator (A, Z(A)). This leads to the following
fundamental result concerning the state (z(t));>o and the
outputs (2(t))¢>0, (y(t))e>0 of the plant X p.

Theorem 1. (Emirsajtow and Townley, 2000) If u(-) €
C?([0,00); U), u(0) = 0 and xg € X1, then there exists
a unique function

.”L'() EC([O,OO);Z)QCI([O,OO);X), 5

satisfying @) for every t € [0, 00). This function is explic-
itly given in the form

z(t) = G(u)u(t) + T'(t)zo

t 6
+/ T(t — r)G(p)(pu(r) —a(r)) dr, ©
0

which can be simplified to the form

t
z(t) = T(t)$0+(HI*A)/ T(t—r)G(p)u(r) dr. (7)
0

Consequently, the plant outputs satisfy

(1) € C([0,00);Y2),  y(-) € C([0,00);Y).  (8)

If the assumptions of Theorem [ hold, then the
boundary input/output system X p is said to be internally
well posed. This basically means that we are working with
strong solutions of differential equations and continuous
outputs. It is also known (e.g., Cheng and Morris, 2003)
that by taking the Laplace transform of (I) and then using
the results for the abstract boundary value problem (),
we easily obtain that for y € p(A) the system Xp has a
well-defined transfer function, given by

][ G50 e[ ] o

where

YZ Py—
{Y}.—YZXY.
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2.2. State space model. It is easy to see that (7)) can be
written as

z(t) =T (t)xo

t 10
+ / Tt )il — A)C(u(ryar.
0

If we now define the operator
B:=(ul—A_1)G(p) e (U, X_1), (11)

then it is clear that the plant state trajectory (x(t))i>0 C
Z C X can be also interpreted as a mild solution of the
differential equation
(t) = A_q1z(t) + Bu(t), z(0) =9, (12)
which is understood in the larger space X_; (see
Emirsajtow and Townley, 2000) with the system operator
(A_1,2(A_1) = X) and outputs
z(t) = Cya(

)

(13)

o~
~— ~—

The last three equations (i.e. (I2) and (I3)) form the
infinite-dimensional state space model with an unbounded
control operator B and unbounded observation operators
C1 and Cs. Since it has been derived from the boundary
input/output model (1), we can easily extend the notion of
the well-posedness of the boundary input-output system
to allow for zo € X, u(-) € L2.([0,00);U), 2(-) €
L2.([0,00);Y,) and y(-) € L2.([0,00);Y). It can be
done by adopting appropriate admissibility notions for
B, Cy, Cy and the input-output maps u(-) — z(-),
u(-) — y(-) (for details, see the works of Tucsnak and
Weiss (2009), Cheng and Morris (2003), or Grabowski
(2021). One can easily see that in terms of the operators
of the state space model the transfer function (9) of Xp is
expressed in the very familiar form of

] -lal s ]

ef(U,[);j }).

3. Cayley transform and time discretization
of the plant model

The Cayley transform, which is sometimes called the
Cayley—Tustin transform, is a mapping of functions
H(s) from the complex s-domain (like continuous-time
transfer functions) to functions H d(z) in the complex
z-domain (like discrete-time transfer functions) by simple
substitution

z—1

i T

where ;1 > 0 is a parameter. This mapping is also
reversible by back substitution

pw+s
p—s

z =

Note that for a particular value of © = 1 it is also called
the bilinear transformation (e.g., Curtain and Oostveen,
1997; Ober and Montgomery-Smith, 1990). It follows
that the Cayley transform is a tool which allows us to
convert continuous-time linear time-invariant state-space
models to discrete-time ones and, what is important
for us, it also applies to infinite-dimensional systems
(e.g., Havu and Malinen, 2007; Guo and Zwart, 2006).
It turns out that if we convert a continuous-time state
space model with unbounded control and observation
operators then the obtained discrete-time state space
model remains infinite-dimensional. However, all the
operators in the model become bounded and hence the
model is mathematically easier to handle. The essential
feature of the Cayley transform is that it preserves various
system theoretic properties of the control system. For
details see the works of Ober and Montgomery-Smith
(1990), Curtain and Oostveen (1997), Guo and Zwart
(2006), and the references cited therein.

It is well known (e.g., Havu and Malinen, 2007)
that there is a simple time discretization scheme which,
when applied to the continuous-time infinite-dimensional
state space model, leads to the same discrete-time
infinite-dimensional state space model as formally
obtained by the Cayley transformation. In this
paper we apply this time discretization scheme to a
continuous-time infinite-dimensional plant modelled as
an abstract boundary input/output system and derive its
infinite-dimensional discrete-time approximation in the
form of a state-space model with all operators bounded.
It turns out that the formulae for operators in the
discrete-time model depend on the resolvent R(y) and the
Green map G(u) and for this reason they can be easily
computed by solving the boundary value problem ().
For this reason our approach is well tailored for plants
described by partial differential equations with controls
and observations in the boundary conditions.

In order to start, we assume that g € X1, u(-) €
C?(]0,00); U) with u(0) = 0, and then we have z(-) €
C([0,00); Z) N C*([0,00); X) (see Theorem[I). In order
to discretize time, we introduce a time step A > 0 and
integrate equations

Ki:gt; = ]\fx(t), z(0) = o,

z(t) = u(t),

T A = G, (1
y(t) = Cox(t).

on time intervals [(k — 1)h, kh], where k = 1,2,3,....
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Thus we obtain

kh kh
/ z(t)ydt = M x(t)dt, x(0) = xo,
(k—1)h (k—1)h
kh kh
K z(t) dt = / u(t) dt,
(k=1)h (k—1)h

kh kh
/ z(t) dt = Cl/ x(t) dt,
k—1)h k—1)h
(k1) (1) (16)

kh
/ y(t) dt = 02/ x(t) dt,
(k—1)h (k—1)h

where k =1,2,3,....
Introducing

xg = x(kh) = :zz(t)|t:kh €ZCX,

kh h
/ z(t)dt =~ —(rg—1 + ) € Z,
(

k—1)h 2

1 kh

U = — u(t)dt € U,
Vh Jk—1)n 0
1 [k
Vi J—1)n
1 kh

y(t)dt €Y,

Yk = —=
Vh (k—=1)h
A7)

where for the integral of z(¢) we used the trapezoidal rule,
we can rewrite (I6) in the form

h
T — Th—1 ~ EM(fEkfl + xk)v I(O) = 20,
h
§K(:Bk_1 —I—CL'k) ~ \/EU]@,

h
Vha ~ 501(%71 + xp),

h
Vhyy, ~ 502(%71 + ).

Replacing them by equalities and introducing a real
parameter p := 2/h > 0, with the meaning of a double
sampling frequency, we obtain
(I — M)(xp—1 + x1) = 2ux)—_1,
K(zp—1+xr) = /2pug,

1
2y = —=C1(zk-1 + x1),

V2
1

Yk = ﬁcz($k—1 + xk).

(18)

If the time step h > 0 is small enough, then i € p(A)
and we can use formula (3)) to express the sum (xp_1 +
x) € Z as a solution of the first two equations of (I8,
i.e.,

Tp—1 + Tp = 2uR(p)xp—1 + /220G ()ug.  (19)

From this equation we compute x, and also substitute (19)
into the last two equations of (I8). Finally, we get

wp = (=1 + 2uR(p)wr—1 + /2uG ()ux,
2k = /2uC R()xk—1 + C1G(p)up, (20)

Yk = \/ 2/,LCQR(M)$]€71 + CQG(‘LL)Uk

Defining the operators

A | B? —1+2pR(p) | \/2uG (1)
Cg Dg = | 2uCiR(u) ‘ CiG(p) |,
Cy | D3 V2uCaR(p) | C2G(p)

21
we arrive at the following infinite-dimensional discrete-
time state space model ¥%:

o At B
b |z | = | C7 DI [Z—kl] (22)
Yk cyd | DY

where k = 1,2,3,..., (xx)ken C Z C X is the state,
(uk)ken C U is the measured input, (yx)keny C Y is
the measured output and (zg)ren C Y, is the unmea-
sured output. The model 22) can be written shortly
as X4(A4, B, ¢, 4, DY, DY). Since we have A? €
Z(X), B* ¢ 2(U,X), C! ¢ Z(X,Y.), C§ €
Z(X,Y), D} ¢ Z(U,Y.), DI € Z(U,Y), all the
operators of ¥¢ are bounded and it is a well-defined
discrete-time state space model on X allowing states
(zr)ken C X. The model (22) is a discrete-time ap-
proximation of the infinite-dimensional continuous-time
model (I3) and, equivalently, (I12) and (I3). One can also
see that the direct feedthrough terms D{ = C,G(u) €
Z(U,Y,) and D = CoG(p) € Z(U,Y) coincide with
the continuous-time transfer functions H; (1) and Ha (),
respectively (see (@)). These terms have appeared in the
discrete-time model although there are no feedthrough
terms in the continuous-time models.

It is clear that the state (zx)reny and the outputs
(2k)ken and (yk)ken can be written explicitly as

k
Ty = (Ad)k.’L'o + Z(Ad)kide’U/j,

7=0
k=0,1,2,3,..., uo=0,
k—1
2 = CHAY g + ) CHAY T By,
= (23)
+ D%y, k=1,2,3,...,
k—1
e = C§(AN oo+ Cf (AN By,
=1
+ Déug, k=1,2,3,....

aamcs
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It is also known (Curtain and Oostveen, 1997) that if
A is an unbounded generator of an exponentially stable
strongly continuous semigroup then its discrete-time
counterpart A? cannot be power stable but if A generates a
strongly stable semigroup then A? is also strongly stable.
For this reason we restrict ourselves to the concept of
strong stability of discrete-time systems. Just for the sake
of completeness we recall the definition: we say that A¢
is strongly stable if for every € X we have

lim [|(A%)*z|x = 0.
k—o00

The operators in the model (22)) involve the resolvent
R(p) € £(X,X1) and the abstract Green map G(u) €
Z(U,Z), defined for the boundary value problem ().
As has been already mentioned, they can be effectively
computed by solving (@), which will be explored in the
example considered in Section 5.

4. Discrete-time observer design

We can now use the discrete-time infinite-dimensional
state space model (22) as an approximation of our
continuous-time boundary input/output model of the
plant and design a discrete-time infinite-dimensional
output observer. One can go further and use such a
discrete-time observer for the continuous-time plant (I3).
A similar idea has been recently used by Dubljevic and
Humaloja (2020) as well as Xie et al. (2021), where the
discrete-time infinite-dimensional models, obtained by the
Cayley transformation, have been used to develop control
algorithms for continuous-time infinite-dimensional state
space plant models. We emphasize that in our paper we
start with a continuous-time plant model in the form of
a boundary input-output system in contrast to the state
space description investigated by Dubljevic and Humaloja
(2020) or Xie et al. (2021). Our choice of the plant model
shows the advantage of using the resolvent R() and the
Green map G(11) in the discrete-time model.

4.1. Observer model. In order to describe an
infinite-dimensional discrete-time output observer, we
introduce a Hilbert space V' as the observer, state space,
and define six linear bounded operators:

Ao € Z(V), Bo e Z(Y,V),
Eo € Z(U,V), Co € Z(V,Y,),
DoEX(Y,YZ), Foeg(U,Yz).

The observer is described by the following discrete-time
state space model:

So - vk | _ | Ao | Bo Eo k=l
’ ZOk CO | Do Fo

ug,
(24)

where k = 1,23, ..., (vg)ken C V is the observer state,
(uk)ken C U and (yg)ren C Y are the measured input
and output of the plant (22)), respectively, and (zox ) ken C
Y, is the observer output. The model 24) can be written
shortly as Eo(Ao, Bo,Co, Do, Ep, Fo).

Our objective is to track asymptotically the plant
unmeasured output (zx)reny by the observer output
(zok ) ken in the sense that the observer error (e )ken C
Y, satisfies the condition

lim [[ex|ly. = lim |[zor — 2k[ly. =0, (25)
k—oo k—oco

which we call the output observation condition.

In order to characterize the required observer, we
derive the so-called observer equation. A similar idea,
but in the continuous-time context, has been used by
Emirsajlow (2021) who described the plant and the
observer by infinite-dimensional state space models with
bounded control and observation operators.

4.2. Observer equation. Collect all formulae 22),
24 and 23):
z, = Aop_1 + By,
2 = Cfap_1 + Diug,
Y = Cdxy_1 + Dyuy,

v = Aovk—1 + Boyr + Eoug,

(26)

zok = Covk—1 + Doyk + Fouy,
€L = 20k — Rk-

After some manipulations, the interconnection of the plant
Edp and the observer X can be described as

vg = Aovk—1 + BoClxy—1 + (BoDS + Eo)us,

xy = A%y + Bluy,

er = Covi_1 + (Docg — Cf)xk,1

+ (DoD3 + Fo — D{)uy,
27)

where k = 1,2,3,... and the output observation condi-
tion will say that for all initial states vg € V, 9 € X and
all inputs (ug)gen C U

lim e = lim

+ (DoD§ + Fo — D{)uy,] = 0.

In order to solve the problem under consideration, we
introduce new state variables for the interconnection (7)),

Pk . I 11 Uk
nl=l s e
where II € Z(X,V) is to be specified. It is easy to
verify that the transformation 29) is always boundedly
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invertible. Then the interconnection with new state
variables takes the form

Pk = Aopr—1 + (Aoll — TIA? + BoC)zy—y
+ (BoD§ — 1B + Eo)uk, po = o — o,
xy, = Ay + By,
er = Copr—1+ (Coll + DoCY — Cf)ay—y
+ (Do D$ — DY + Fo)uy,
(30)
and the output observation condition says that for all

vo € V,xz9 € X (po = (vg — Hxg) € V) and all inputs
(uk)ken C U we have

lim ey
k—o00

= lim [Copr—1 + (Coll + DoCY — Cf)xp_1

+ (DoD§ — D{ + Fo)uy] = 0.
(€2))

Without the loss of generality we can assume that Ep

and Fp satisfy the equalities
Eo =1BY — Bo DY,
co T (32)
Fo = DY —DoDj.

This assumption is allowed since the choice of Ap,
Bo, Co and Dy is independent of Fp and Fp. Then the
interconnection of X4 and ¥ simplifies as follows:

e = Aopr_1 + (Aol — TTA? + BoC) w1,
xp = Az g + Bluy, (33)
er = Copr—1+ (Coll + DoC§ — C{zy_1,

and the output observation condition says that for all

vg €V, 29 € X (pg = (vg — lzg) € V) and all inputs
(uk)ken C U we have

lim ||y
k—o0
= lim [Copk—1+ (Coll + DoC§ — C)ag_1]ly.
=0.
(34)
We are ready to complete the above considerations
with the following important result.

Theorem 2. Let the interconnection of the plant E‘Iip and
the observer X¢ be described by Eqn. Q). If the parame-
ters (Ao, Bo,Co, Do, Eo, Fo) of the observer are such
that the following equation, called the observer equation,

ATl — TTAY + BoCY = 0,
d d (35)
Coll + DpoCS§ — Cf = 0,
has a solution 11 € £ (X, V), and
Eo =1BY — Bo DY,
o o2 (36)

Fo = D{ — DoDJ,

then for all vg € V, xy € X and all inputs (uy)ren C U
the observer error (ex)ren C Y, is described as follows

pr = Aopr—1, po = (vo —Ilzp) €V,

37
ex = Copr—1-

If additionally, the observer system operator Ao is
strongly stable, then

lim Hek”Yz = 0, (38)
k—o00

i.e., the output observation condition holds.

Proof. If the relations (33) and (36) hold, then Eqns. (33)
simplifies to the form (@Z). If the observer is strongly
stable, then for every pg € V we have

lim [pxllv = lim [[(40)*pollv =0,
k—oo k—oco

and since Cp € .Z(V,Y,) this implies (38). [ |

Theorem provides very general conditions
characterizing the output observer Xo. In the
infinite-dimensional setup the task of choosing
both the observer state space V' and the parameters
(Ao, Bo,Co, Do, Eo, Fo) to fulfill these conditions
seems rather difficult. Nevertheless, under the assumption
that the pair (CY¢,A%) of the discrete-time plant
Yh(AY, B C¢, 05, D, DY) is strongly detectable,
where the pair (C4, A?) is said to be strongly detectable
if there exists L € L£(Y, X)) such that for every z € X we
have

lim [|((A? — LCF) ] x =0,
k—o0

Theorem provides the following rather simple
procedure of constructing a stable output observer
Yo(Ao,Bo,Co, Do, Eo, Fo):

1. Choose L € Z(Y, X) such that the operator A% —
LCY is strongly stable.

2. Choose V and an arbitrary operator II € Z(X,V)
which is boundedly invertible, i.e., II"! € . (V, X).

3. Choose Bp € .Z(U, V) such that

Bo :=1IL.

4. Choose Ap € Z(X) such that
Ao =TI(A? — LCHT 1,

which implies that Ao is strongly stable iff AY—LCY
is strongly stable.

5. Choose an arbitrary Do € £ (U, Y>,).
6. Choose Cp € Z(X,Y.) such that

Co := (—Docg + Cf)H_l.

@amcs
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7. Choose Ep € ZL(U,V) and Fp € Z(Y,Y,) such
that
Eo :=TB? - BoD{,
Fo := D% — DoD3.

One can easily check that the above operators
(Ao, Bo,Co, Do, Eo, Fo) satisfy all the conditions of
Theorem The simplest choice is to take V' := X,
II := I (identity) and Do = 0. In this case we get a
Luenberger-like output observer in the form

v = (A% — LCYvp_1 + Ly + (B¢ — LD )uy,

d d
zor = Clvk—1 + Diug,

(39)
where
A? = LCY = —I +2pR(u) — L/2uCy R(p),
B — LD§ = \/2uG(p) — LCy,G (), “0)

Cf = \/2uCiR(p),
DY = C1G(p).

4.3. Special case. In our discrete-time observation
problem we have assumed that we know the input (uy ) xen
and the output (yx)ren and we do not know the initial
state xg. The simplest situation is when the plant input
(uk)ken is zero, i.e., up = 0 for k& € N. In this case the
plant assumes the form

Zo 7& 07
2y = Clag_q, (1)

d
Yk = 02 Tk—1,

d
xp = A%xp_1,

and the observer takes the form

v = Aovk—1 + Boyr, vo =0,
k OVk—-1 OYk 0 (42)
zor = Covgp—1 + Doy,

where vy = 0 is assumed for simplicity. Moreover, in this
case the Luenberger-like output observer (39) simplifies
as follows:

v = (Ad - LCg)vk,l + Lyk, w9 =0,
d (43)
zok = Clvk—_1,

where k =1,2,3,....

5. Example

As an illustration, we consider a numerical example
of an output observation problem for the spatially

one-dimensional heat equation. We assume ¢ € [0, 7],
t > 0 and the plant model is described as follows:

ox(&,t) 0%z (&,t) B
) ot - (952 87 J?(g,O) - xO(f)v
Sp a—Z(O,t) = u0(t), 8—Z(w,t) = ™ (t),
z(t) = z(a,t),
yo(t) = .”L'(O,t), yﬂ<t) = x(ﬂvt)’

(44)
where (z(-,t))i>0 C Lo(0,7) is a state, xo(£) is an
unknown initial state,

( { Zi((i)) } >t20 R

is a measured input, « € (0,7) is a fixed point and
(2(t))t>0 C Ris an unmeasured output,

(L0 [

is a measured output. This model may describe a
temperature distribution x(£,¢) in a finite rod with an
unknown initial distribution (), known heat fluxes
© 0r T
u’(t) ) 2
CR
( L u"(t) | /=0

at both ends and with temperatures

yo(t) 2
([0 )0 R
measured at these ends. We are interested in evaluation
of a temperature z(t) = x(a,t) unavailable for
measurement.

For this plant we choose a small sampling
period h > 0 such that p = 2/h € p(A)
and then construct an approximate infinite-dimensional
discrete-time plant model in the form (22). For this
model we design a strongly stable infinite-dimensional
discrete-time observer which uses samples (y)rey C R
and (yJ )ken C R of measured temperatures and samples
(u)reny C R and (uf)rey C R of measured fluxes,
and then produces a discrete-time signal (zox)ken C R.
The signal (zor)ren C R will track asymptotically the
unmeasured output (zx)reny C R of the discrete-time
model. The rescaled samples (zor/Vh)ren can be
used to obtain an interpolated continuous-time signal
(zo0(t))e>0 estimating the temperature (z(t));>0 C R at
& =a.

For the system (@4) we introduce the spaces

X =L0,7), U=Y=R?* Y.=R,
and the operators
d? 9
M:d—éqv -@(M):Z:HQ(O?W)?
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d d T
d_f‘azo d_é’azﬂ ]

K-
(Neumann boundary operator),
(pointwise evaluation operator),

Cr = [ ( )5:0 ( )g:ﬂ }T

(Dirichlet boundary operator),

d2
- d_g‘z‘@(@ with 2(A) given by
P(A) = {=(§) : « € H3(0,m),2(0) = 0,
zg(m) = 0},

where H3(0,m) = {f() € Lo(0.7) = fi(), f2() €
L2(0,7)}. Under the above assumptions we obtain that
(A, Z(A)) generates a strongly continuous semigroup on
X with wo(T) = 0, so Ry C p(A) (e.g., Curtain
and Zwart, 2020) and the system (@4) fits into our
framework. For the continuous-time plant @4) we now
develop the discrete-time approximation (22), where an
arbitrary sampling period h > 0 is allowed.

It is known from the literature (e.g.,
Emirsajlow and Townley, 2000) that for the above
continuous-time problem the abstract Green map
G(p) € ZL(R? H3(0,m)) is explicitly given by the
formula

0
6 | 4 |
(40 7O ]| |
_ 7COSh\/ﬁ(ﬂ'7€) cosh /1§ u°
ot b e ][0

(45)
0
where { Z’T ] € R?, and from the work of Kythe (2011)

it is known that the resolvent R(u) € Z(L2(0,)) (in
fact R(u) € £(L2(0,7), 2(A))) can be also explicitly
expressed in the form

(R(u))(©) = /0”9(5,3>x<3>ds, celoal, 46

where x(-) € L2(0, 7) and the Green function g(&, s) has
the form

cosh(y/uu(m — §)) cosh(\/ms)
Ve sinh(y/p)
0< é- < s,

(&s) = (47)
g cosh (/&) cosh(y/f(m — s))

Ve sinh(y/p)

s<EL< T

Thus, using (2I), we get explicit expressions
for the operators (A%, BY,C¢,C4, DY, DI) in the
infinite-dimensional discrete-time plant model (22))

Ay = —x(€) +2u /O7r g(&, s)x(s) ds,
B = VO 5© ]| U |,
Cix = \/ﬂ/oﬂg(a,s)x(s)ds,

\/E/O7r 9(0,s)z(s)ds (48)
Ve [ atmsgetas |

Clx =

o= 90 50 ][]

and (22) can be explicitly written as

20() = ~011(9) + 20 | " 0(E. 5)wpoi (s) ds
0
+v/2u(g°(©)up + g™ (&)uf),
o=V [ ala,s)oia(s)ds

+9%(a)up + g™ (a)uf,
(49)

=2 [ 90 9m1(s)ds
+ 600}l + g7 (O)u,

VE = V2 [ alm o) () ds
+ O(mud + g (),

where & = 1,2,3,... and an initial condition xq(&)
is unknown. For the plant (@9) we can design a
Luenberger-like output observer in the form (39), where

(A — LCYw

— u(6) + 21 / " g(€. s)u(s) ds

aamcs
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Ctv= v [ gla9n(s) ds
0
Diu=[ g% ¢"(@) ] [ v } ,

where [°(-),1"(-) € Lo(0,7).
explicitly written as

Hence, (39) can be

0k (€) = — v (€) + 2 / " 9(€. $)vpr(s) ds
~ OV [ g(0.5)umas) ds
0

~IOVER [ glmsua(9)ds

+ /209" (€)uh) + \/2pg™ (€)uf (51)
+1%) (wh — 9°(0)ug — g™ (0)uf)

+ 1)y — ¢°(m)up, — g™ (m)uf),
o= Vi [ gl (5)ds
T (@) + g7 (),

where k = 1,2,3,... and the initial condition vy(&) can
be arbitrary but known. In order to simplify formulae and
related computations, we assume in the sequel that the
inputs (ul)ren and (uf)ren are zero sequences. In this
case the discrete-time plant (@9) and the observer (31)) are

described by
Pu(€) = —min ()20 gl )i (s)ds

2k = \/ﬂ/ g(a,s)zr—1(s)ds

0

. (52)
vl =20 / 9(0, 5)a-1(s) ds

0

Yk = \/2u/ g(m, 8)rr-1(s)ds,
0

and

vi(§) = —vp—1(§) + 2p /Oﬂg(fas)vk—l(s) ds
_ lo(g)\/ﬂ/ﬂ g(O, S)’kal(s) ds
0

_ lﬂ(g)\/ﬂ/oﬂg(w,s)vk_l(s) ds (53)
+ )y + 1" (E)yR

206 = \/Q,u/ g(a, s)vk—1(s) ds,
0

with v (&) = 0 (for simplicity). In our stability analysis of
(33) it will be covenient to use eigenvalues (A, )nen and
eigenfunctions (¢, (§))nen of the operator A and for our
problem the set (¢,(€))nen forms an orthonormal basis
in X = Ly(0, ). One gets (e.g., Kythe, 2011)

Ao =-n%, n=012.3,...,

1
v
Consequently, the operator AY = (ul + A)(ul — A)~
has eigenvalues (i, )nen, Which can be expressed in terms

of v and A, and its eigenfunctions (¢, (£))nen coincide
with those of A, i.e., we have

Po(§) = Yn(€) = \/gcos(nﬁ), n=>1. (54)

1

I R et s

n — N*A _,LL+712’

n=01,23,...,

Yo(§) = % PYn(§) = \/ECOS(WE), n>1. (55)

It is also convenient to use eigenfunction expansions
for the Green function (see (#7))

g&s) =3 %

neN
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and also for

o€ = 3 vntbn(€),  vn = /O (€ (€) de,

neN

PE) =S Oga), 19 = / "0 (€) de

neN 0

€ =S meae), = /O "I (€ (€) de.

neN

In this case we obtain the expressions

At =1 40(&) v1(&) -]

M + >\0 DR
1= Ao Yo 56
X ptd v1 co
p=A
and
LC’2dv
lo 1
0 T
=[ () wi(e) - ]| &
S (57)
V2uho(0)  V2uipi(0) Yo
% = Ao p— A1 v
V2uiho () /2pa1 () .
= Ao = A
One can see that starting from n = 1 on all

eigenvalues i, satisfy the condition |u,| < 1 and for
n = 0 the eigenvalue

Bt Ao
1= Ao

Ho

implies that A? is unstable, so we have to use an output
injection operator L to make Ad — chl strongly stable.
The operator Ad — LC;Z, with respect to the basis (33),
allows the following matrix representation:

o 0 - 0

0 pw -+ 0

0 0 -

7r 58
0o (58)
B0
_ : C(O) C? 0701
l'O i cy cn ’

which we shortly write as
M - LC,

where we used the notation

A
Hn = T
Qo _ V21 (0)
n N_/\n )
o = V2n(m)
n N*An

It is clear that we can express the state space X =
L5(0,7) as a a direct sum X = Xo @ Xoo, Where X
is a one-dimensional subspace spanned by 1o (&) (basis in
Xp) and X, is an infinite-dimensional subspace spanned
by (¢¥n(€))ne; (basis in Xoo).

According to this decomposition, we restrict
ourselves to I with the first row containing non-zero
entries and the remaining rows with zero entries, i.e.,

lo 1§

| Lo | _
]L_[O] 00 ). (59)

Consequently, using the partitions

My | O
where, for simplicity, we use the notation
pr 0 -0
Mo=[po ], Mw=]| 9 #2 == 01 (60
and
0 0o 0
_| % _ | a ¢ -
0_|:C7O-r:|7 (Coo_|:c71'r C72'r _:|7 (61)

we can rewrite (38) as follows

Mc =M — LC
EEWSREI
[0|Moo 0 [O|OO](62)

B My — LoCy | —LoCs
- 0 | M. |

It is known (Huang et al., 2016) that for the point
spectrum o, of bounded operators we have

Up(Mc) = Up(MO — LO(C()) U Up(Moo)a
and hence we obtain

op(Mc) = {po — 10c) — 15 cF I U (n)ozy,  (63)

@amcs



s

Z. Emirsajtow

Since

T T 2 s
po — lge — Igeg =1 — \/ u_ﬁ(lg‘f'lo)a

we can always choose [) € R and [J € R such that

2
L=/ =W+ 1. 4
| mr(0+ o) < (64)

For such 18, lg the point spectrum of Ad — LCé’l, i.e.,

ap(A? = LCY) )

2 w—n\>®
= op(Mc) = {1 — |/ =@ + i) u (E=25)
O';D( C) { uﬂ_(0+ O)} ,U+TL2 n:17
(65)
guarantees the strong stability of A% — ch. To this end

in the discrete-time observer (33)) we choose

1 I
1°(6) = lgwho(€) = ﬁ, I7(€) = l§o(€) = \/%_T.
(66)

In order to verify the obtained results we carry out
numerical computations for the following specific data:

1. The plant initial state 2 (&) = cos?(¢) and a = 7/2.
2. The time step & = 0.05 and hence u = 2/h = 40.

3. The observer initial state vo(§) = 0 and the output

injection
V5 V5
0 _ T _
P =2 o=,
so that
40 — n2\ oo
7p(A' = £05) = (1/2}U (o)

Figure [l shows the plant state trajectory (21 (€))%,
computed from (32), and Fig. Pl—the observer state
trajectory (vi(€))5,, computed from (53).

Figure [ combines the plant output (zz)3,,
computed from (32), with the observer output (zox )32,
computed from (33).

Finally, Figure @ compares the continuous-time
plant unmeasured output (z(t));c(0,1.5 (see @) with
the piecewise linear interpolated signal (2o(t)):eqo,1.5>
defined as follows:

“o(t) = 7= (201 — 200-1))(; — k) + 01)

~Vh
= 2v5((20k — Zo(k-1)) (20t — k) + 2ok )

Fig. 1. Plant state trajectory (z(€))ro.

Fig. 2. Observer state trajectory (vy (£))ieo.

fort € [(k — 1)0.05, k0.05], where k = 1,2, 3, ..., 30.

It follows from Fig. [] that the observer output
(zok ) ken tracks asymptotically the plant output (2x)ken.
In turn, Fig.[d shows that the piecewise linear interpolated
signal (zo(t))¢>0 can be used to estimate asymptotically
the unmeasured output (z(t)):>o of the continuous-time
infinite-dimensional plant (@4).

6. Conclusion

In the paper we developed a method of solving the
general output observation problem for a linear
infinite-dimensional system governed by boundary
input/output model. By means of the Cayley transform
the continuous-time infinite-dimensional system was
approximated by a discrete-time infinite-dimensional
system and then the procedure of designing a
discrete-time output observer was developed.  The
general results were illustrated with an example of
one-dimensional heat equation with boundary inputs and
outputs and their numerical effectiveness was tested.
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Fig. 3. Plant output (Zk)ioz() (cross line) and observer output
(ZOk-)iO:O (circle line).
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Fig. 4. Plant output (z(t)):c[o,1.5) (solid line) and piecewise lin-
ear signal (20 (t))¢e[o,1.5) (cross line).
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