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LOCAL OPTIMAL CONTROL SYNTHESIS IN
THE SYSTEMS
WITH DELAYED ACTION

G.L. DEGTYAREV, S.A. TERENT’YEV*

This study is devoted to the problems of optimal control syn-
thesis in stochastic delayed action systems on the basis of the
local quality criteria, characterizing the current precision of
stabilization of the controlled motion.

1. Introduction

To a number of important factors, defining the quality of different object
control and efficiency of their functioning, a delay in the channel of transfer
and information treatment is related.

Many investigations have been concerned with the problems of analysis
and synthesis of systems with delayed action, valuable results have been de-
rived, for example, in studies (Chernous’ko and Kolmanovsky 1978; Gérecki,
1974; Janushevsky, 1978). Relatively few works are devoted to the problems
of optimal control of systems with delayed action. In particular many pro-
blems of optimal control for the uncertainty conditions are not resolved.

The application for the case of electronic computer continuous dynamic
objects control creates the peculiarities of the control realization, to one of
which time quantization is related. In this case the control remains constant
between the moments of the control signal formation that must be taken into
account in the control synthesis of such systems.

This study is devoted to the problems of optimal control synthesis in
stochastic delayed action systems on the basis of the local quality criteria,
characterizing the current precision of stabilization of the controlled motion.
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2. Problem Statement
Let the motion of the controlled object be defined by the vector equation

8(1) = A(0)z(1) + A (Da(t — b) + Bou(t) + C(Ow(t) (1)

with the initial conditions
z(to) = To, @(7)=(7T), T € [to— hy,t0).

The equation of the measurement has the form

y(t) = H(t)z(t) + v(1) (2)

" Here x(t) is a state vector, w(¢) is a control vector, w(t) is a vector of

the stochastic disturbance actions, y(t) is a measurement vector, v(t) is a

vector of noise, h; is a delay constant, A(t), A,(t), B(t), C(t) and H(t)

are matrices of the corresponding dimensions. Suppose the stochastic initial

states =, and ¢(7), disturbance action w(t) and measurement noise v(t) are
statistically known, and defined as follows

Elz] =0, Elp(r)] =9(7),
Elz(to + s)wT(tO)] =X, (to + s),
Elz(to + r)aT(to + 3)] = Xa(to + 7,t0 +8), 7 € [—h1,0], s€ [=ha,0],
Elw(t)] =0, Elw(t)w’(r)]=Q()s(t - 1),
E[p()] =0, E[o(t)o”(r)] = R(t)6(t — 1),
Elp(r)w ()] =0, E[p(r)o”(t) =0,
where To, ¢(7), X,(-), X.(-), Q(t), R(t) are the known vectors and ma-

trices, Q(t) is a symmetrical non-negative definite, R(t) is a symmetrical
definite-positive matrix.

The quality of the controlled motion will be evaluated with the help of
the local functional

J(t) E{zT ()G, (t)z(t) + /_Oh 2T ()G (1, 8)a(t + 5) ds+
+ /_Oh 2T (t + r)G,(t,r)z(t) dr +
+ /—Oh /_Oh 2T (t+ 7)Ga(t, 7, 8)x(t + s) dr ds +

b [ TG ) dr), @

to
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characterizing the current precision of the stabilization with due regard for
the control cost.

It is supposed that matrix functions G;(-) (i = 0,1...,4) have the
following properties

Go(t) = GI(t), G.(t)=GI(t), Gi(t,s)=G (%),

Gy(t,r) = GI(t,r), G,(t,r,8)= Gf(t,s,r).

Besides matrices Go(t), G,(t) will be taken as definitely positive, and
G.(t,s), G,(t,r) and G,(t,r,s) are such that at each ¢t moment J(t) > 0
is satisfied on the trajectory of the system (1) — (2). The task is to find the
control

u(t) = u{y(T),ﬂ to—h1 <7<t}

which minimizes the functional (3).

To define the control u(t) the local optimality condition is used (Deg-
tyarev and Syrazetdinov, 1986): ming,(y) é—‘(]}tﬂ where i%(tﬂ is evaluated ac-
cording to th motion equations.

It is shown by Degtyarev and Terent’yev (1989) that for the considered
system with delayed action having noncomplete and nonprecise state measu-
rement just as for the system without delay the problem is divided into two:
the problem of the linear optimal observer and the determined problem of
the optimal regulator synthesis, ang the control is defined by the expression

0
u(t) = -G (1) [BT(0G:080) + BT [ Ga(tis)a(t+9) ds|, (@)
J~hy
Va
where Z(t) is a local-optimal estimate of the state vector.

3. Problem Solution

Let us consider now the solution of the problem of the parametric synthesis
for the case of local-optimal piecewise constant control in the systems with
delayed action. )

Let the measurement has a delay as well

y(t) = H(t)z(t — he) + v(t).
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The control action is formed at the discrete moment of the time t = IT :

k
w(IT) =) fi(IT)y(IT - 7),

=0

=0, Ti4q1>7, TR<T (5)
and remains unchanged at the interval between the moments of the control
formation u(t) = w(IT) with IT <t < (I + 1)T.

The value of 7; in (5) may be defined, for example, as ; = ¢T3 (kT3 < T'),
where T3 is a time period with which the measurement is performed.

The quality of the controlled motion will be.evaluated by the local func-
tional. \

J(t) = El=T®)G,(t)z(t)+ /_OE mT(t)Gz(t,s)m‘(t +s)ds+

+ / _a(t+)Gy(t,r)a(t) dr +

I —_

+ /_OE /_; 2T (t + r)Gy(t,r, 8)x(t + 7) dr ds +
+ [ W()G(ryu(r) dr), (©)

where h = max{h1, h2,70, 1, o, Tk }-

We assume that the matrix functions G;(+) ¢ = 0,1...4 possess the above
given properties.

In the control law (5) the unknown parameters are the regulator matrix
coefficients f;(IT'), i = 0,k. Let us define these coefficients from the opti-

mality condition by the criterion (6), i.e. we shall solve the problem of the
parametric synthesis.

The unknown regulator coefficients will be defined at the moments of
the control formation from the condition

] ™

min dt .
fi(IT), +=0,1,...,k =T

The following notations are used for a more compact representation
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- 2T(IT) = [2T(IT - 7o) @T(IT = 71) ... 2T (IT — 7)),

oI (IT) = [WT (IT ~ 7o) v (IT — 71) ... v (IT — 7)),

VI (IT) = [¥7 (T - 10) y7(IT — ) ... y7(IT = 7)),
F,(T) = [fo(IT) () ... Hi(T),
H,(IT) = diag{H(IT = o), H(T — 1), .., H(T - 7.)},
P,(t) = Ela(t)27(1)], Py(t,r) = Ela(t +r)2T(2)),
Py(t,s) = Elz(t)zT(t + 5)], P,(t,r,s) = Elz(t + 2T (t + 5)],
wa(t, T —ho—17) = Ele(IT —hy—7)aT(t)] = Py(t,t—(IT—hy—1,)),

w,(IT —hy—7;,IT—hy=73) = Ela(IT—hy—r:)2T(IT ~hp—1;)]=
= P,(IT,hy + 7i,ha + 7;), (8)

W (81T — hg) = [w] (8,1 = ha = 7o) .. W (1,1 = h = 7)),

'(D4p(lT - hg,lT - h2) =
w4(lT—h2——'r0, lT—hg—Tg) 1.U4(lT—h2—T0, lT—hQ—Tk)

’w4(lT—-h2—Tk, lT—hz——To) w4(lT—h2—Tk, lT-—hz—Tk)
Tp(t,IT) = E[y(t)'v;f(lT)],
R,(IT) = diag{R(IT — 7o), R(IT — 11),..., R(IT - ™)},

where IT <t < (14 1)T. 7
Using the notations (8) the control law (5) may be presented in the form

u(iT) = F(IT)y,(IT). (9)

With the help of the optimality condition (7) we shall gain an expression
to define the regulator optimal matrix coefficients

F,(IT) = -G7*(IT)BT(IT)[G.(IT)$(T,IT) +
+ /_DEGg"(lT,s)gb(lT-{-s,lT)ds]f‘l(lT), (10)
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where Y(IT,IT) = w,,(IT)HI (IT) + T,(IT,IT),

§(T) = Hyp(ityw,p(IT — ha, IT ~ ho)H] (IT) + Ry(IT). (11)

P;(-) 4= 1,4 and Ty(-) included in (10) and (11) are defined from the
equations solution

%(—t)— A)P(t) + P.(H)AT(2) + Ay () Pa(t, —h1) +
+ P](t,~h)AT(t) + BO)F,(T)$7 (4,IT) +
+ %(t,IT)FI(IT)BT(IT) + C(1)Q(t)CT (1),

OP,(t,r) _ OPt,r)

+ Py(t,1)AT(t) + P,(t,r,—h1)AT(t) +

ot B or
+ P(t+r,IT)FI(IT)B(IT), (12)
aP%(tt,s) - 8P%(St,s) + A(t)Py(t,8) + A, (t)P,(t, —hy,s) +

+ BOF,(T)T(t+5,IT),

8P4(t,1‘,3) _ 3P4(t’ Ty 3) + aP4(t’ 7 S)
ot - or os 7
__._dTPSt’ iT) AQ)T(t,IT) + AL ()Tp(t — by, IT) +

+ B@)F,(IT)[H,(IT)T,(IT — hy,IT) + R,(IT)],

with the corresponding initial and boundary conditions for P;(-), and
the initial condition

T,(0,0) = 0. (13)

It follows that the local-optimal piecewise constant control will be defi-
ned from the equations (9), (10) and contained with in them matrix func-
tions wap(-), w,,(+) and T,(-) are defined from the equations (12) taking
into account the definitions of these functions in (8).

It must be noted that in the case of delay absence in the system, i.e.
hy = hy = 0 the evaluating equations are considerably simplified.
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4. Discrete-Time System

Let us consider a case when the object model is reduced to the equivalent
discrete system of the form

N P .
2(k+1) = Y Aselk - 5) + Y Byu(k - §) + Cw(k) (14)
7=0 7=0 .
with the known initial conditions (0) = ©,, (i) =@, ¢=—N,...,—1.

The measurement equation has the following form
y(k) = Hz(k —r) + v(k)

The control action is formed at the moments of time ¢t = kT

s

w(k) = Y a(kyi) y(k - i) + Y00k, D) u(k — 1) (15)

1=0 =1

In contrast to the regulator of the form (5) the control values at the
preceding moments of time are introduced into regulator (15) and so it has
a more general form.

The quality of the controlled motion will be evaluated with the help of
the local functional ‘

k-1
IR = E{TMGRe(k) + Y[ ()G(iu(i) + 2T ()Ga(i)uli) +
£ T@HEI(Dz(i) + 2T ()G (D2} (16)

Let us introduce the notations (by convention it is assumed
s<p<N):

:cf(k) = [2T(k)zT(k-1) ... 2T (k= NuT (k- Dul(k=2) ... uT(k-p)],
up(K) = T (BT (k— 1) .. o7 (k= M)l (k= DT (k—2) ... uT(k = p)),
oI (k) = [T (k)oT(k - 1) ... vT(k = N) 0],
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" Ay A, - ANy |, By By -+ B,y B,
I 0 0 |
0o I 0 | 0
0 0 I
=L
| 0 0 .- 0 0
| 1 o -~ 0 0
0 |
i | 0o 0 I 0 |

T-[BTorto], cr=[cTo,
H, = [0 diag{H,..., H I,..,I}],
F(k) = [a(k,0) a(k,1) ... q(k,s) 0 b(k,1)...b(k,s) 0],
Giy(k) = diag{G:(k), 0},
Gap(k) = diag{G2(k),0},
Gyp(k) = diag{G3(k), 0}.

With the help of the notations (17) the law of the control formation
may be written in the form '

u(k) = F(k)yp(k)- (18)
From the local optimality condition miny AJ(k) the matrix of coeffi-
cients in the regulator is defined as

F(k) = —[BIG.p(k)By + Ga(k)) " [HpP(k)ApGip(k) +
+ TT(k)AEGlp(k) + H,P(k)Gop(k) + T (k)Gap(k)) X
X [HpP(k)Hg + R,(k) + H,T(k) + TT(k)H}’;r]_l. (19)

The matrix functions P(k) and T'(k) satisfy the recurrente expressions

P(i+1) = Ag(i))P()AL(i) + Boy(i) Ry(i)BL(i) +
T+ CQU)CT + A ()T (i)BL(i) + Boy(i)TT (i) AL(3),

P(0) = E[zpoxl

po]’ (20)
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TG+1) = [Ag()T() + Boli)B(i)lh, T(0)=0,
where

AOP(i) =Ap+ Bp(i)F(i)Hp’ Bop(i) = Bp(i)F(i)’

0 I 0
L= [ 000 ]
The optimal control is formed in accordance with (18), (19), where
P(k) and T'(k) are defined from (20) at each step of the discrete time.

Suppose N = P = r = 0 and we shall get a case for a system without
delay for which the control synthesis algorithm holds true.

5. Conclusion

The local optimal control synthesis algorithms in stochastic systems with
delayed action were derived in this study. The cases of continuous dynamic
objects control with the help of regulators having the continuously changing
control signals and with the help of regulators having control signal with
time quantization are considered, besides the case of control synthesis of the
discrete systems have been studied.

The proposed algorithm of the discrete control system synthesis has
been used for the control design, stabilizing the elastic object. The obtained
results have confirmed the algorithm efficiency and showed sufficiently high
precision of the controlled object stabilization.
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