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DYNAMICAL IDENTIFICATION OF
CONTROLS FOR PARABOLIC
VARIATIONAL INEQUALITIES

VYCHESLAV 1. MAKSIMOV*

The reconstruction problems of the unknown parameters based on the
available information is one of the fundamental problems in the field
of optimal control. This paper presents a new method of the positio-
nal modelling of distributed controls for the system described by the
parabolic variational inequalities.

1. Introduction

The problems of reconstruction of unknown parameters on the basis of the
available information about a considered object are well known in engi-
neering and scientific research. For certain modern problems there is the
necessity to reconstruct parameters dynamically (in the real time). In such
cases the available information can vary in time and depend on the past of
the process of reconstruction.

2. Problem Formulation

The goal of the present paper is to demonstrate the method of positional
modelling of distributed controls (working on the basis of the feedback prin-
ciple) for parabolic variational inequalities of the form

(&(t) — B(t,z())u(t) — f(1), z(t) — 2) + (Az(t), z(t) — 2)v>xv
+d(z(t))— P(2) <0 ae. teT =[to,0] VzEV. (1)

Here H and V are real Hilbert spaces with norms |- |y and |- |v resp., H =
H*,V C H,V is densely and continuously imbedded in H,(-,-) is the scalar
product in H, (+,-)y+xy is the duality between V and V*, f(-) € Lo(T; H) is
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a given function, A : V' — V* is a linear, continuous and symmetric operator
satysfying the condition

(Ay, Y)vexv +alyly 2wy} V yeV

for certain w > 0 and «,(U,| - |v) is a uniform by convex Banach space,
¢ : H > R = RU{4+o0} is a convex and lower semicontinuous proper
function. A family B(t,z) € L(U;H)(t € T, « € H) of operators Lipschitz
continuous in z is such that for every function () € L,(T'; H) the operator
By defined by {Byyu(:)}(t) = B(t,9%(t))u(t) a.e. t € T, maps Lo(T;U)
into Ly(T; H) — demicontinuously.

The problem in question can be explained as follows. The time interval
T is put into parts by intervals [7;,Tit1), Tiz1 = T+ 6, § > 0, ¢ € [1 : mg].
An unknown control u(-) € Ly(T;U) acting upon the system (1) generates
a motion z(-) = z(-; o, u(-)) being a solution of (1). At time instants 7; the
history ,_; ~;(+) of the motion is measured approximately, i.e. a function
¥r_y,~(-) being an approximation to z,,_, -(-) is memorized. Let U, be the
set of all controls from L,(T; U) generating z(-). An algorithm calculating
an approximation to a certain u*(:) from U, is to be found.

3. Problem Solution

Below, an algorithm solving the above problem and stability with respect to
informational and computational hindrances is constructed. The algorithm
is based on the approach to the inverse problems of dynamics suggested by
Kryazhimski and Osipov (1983) and (1987). According to this approach,
calculation of an unknown control u*(-) on the basis of hindered measure-
ment results 1(-) is carried out as follows. An auxiliary system M (a model)
functioning together with the real system is introduced. Let y(-) be an out-
put and v°(-) be a control for the model M. Then an algorithm forming v*(-)
by feedback v(-) = v*(~;9(-),y(-)) (see: Krasovski, 1985) is formed v*(-) ap-

proximates, in an appropriate sense, the unknown control u*(-). Thus the
- problem of calculation of the unknown control is replaced by problem of fin-
ding an algorithm forming a control for the model. This algorithm provides
a desired approximation to the unknown control.

In the papers (Kryazhimski and Osipov, 1987, 1983) certain control recon-
struction procedures stable with respect to informational hindrances were
suggested for systems described by ordinary differential equations. These
procedures prove to be special regularizing procedures (see: Tikhonov and
Arsenin, 1977) stabilizing Lyapunov type functionals. For certain classes of
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nonlinear systems with distributed parameters, the constructions analogous
to these from (see: Tikhonov and Arsenin, 1977) are given by Korbicz et
al. (1990) and by Maksimov (1988). The basic difference between results
obtained by Korbicz et al. (1990) and by Maksimov (1988) and the present
paper is that the latter utilizes finite-dimensional models.

Let us pass to the description of a procedure modelling u*(-). A solution
of the inequality (1) corresponding to a control u(-) € La(T;U) and an initial
state zg € D(@) NV(D(¢) = {y € V : ¢(y) # +00}) is said to be function
z(-) € Ly(T;V), 2(-) € Lo(T; H), 2(to) = wo, satisfying (1) ae. t € T.
We suppose that an unknown input u(-) € Ly(T;U) and an initial state z,
generate the single solution of the inequality (1). Besides assume that

1Bt ()l cw;my < a ae teT.

For B(t,z) = B, sufficient existence and uniqueness of conditions for so-
lutions can be found, for example, in (see: Glowinski et al, 1976; Barbu,
1984).

Let triples {Vi,pn,71} and {Uk,qn,s,} — (h € Hy, Hp is a neighbou-
rhood of zero in R") form inner approximations (see: Glowinski at al, 1976;
Temam, 1979) to the spaces V and U, i.e.

1° Vi, U are finite-dimensional spaces whose norms |- |, and ||| - |||5 ate
generated by the norms |- |y and || - ||y,

2°ph Vo= Vyrp: H—> Vy, qn: Uy — U and sy, : U — Uy, are linear
and continuous operators, p;, and g;, are one-to-one,

3°Vye Hpprpy > yin H as h — 0,
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4° |prrileqany <o,
3° grspu—uinU ash - 0Vu € P,
6° lansrlcwiuy < ea.

Ap 2 Vi — Vyis adiscrete elliptic operator: (ArYns 21)n = (APLYR, PRZR)VexV
V Yo 2 € Vi, () € La(T; Vi) = (fa(®)s yn)n = (F(1), pryn) ae. t€ TV y, €
Vk, the family of operators By(t,%") : U, — V}, is determined by (Bh(t,iﬁh)
UryYu)n = (B(t, pry™)anun,payn) ae. t € TV gy € Vi, up € Uy, (-, ) is
the scalar product in V4, ¢p(ys) = A(pryn) VY Y € Vi.
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For inner approximations to separable normed spaces, the Galerkin
approximation or that of finite elements (see: Glowinski and Lions, 1976;
Temam, 1979; Aubin, 1972) can be taken.

The measurement results () € Ly(6;—1;V4), 8; = [7, Tiy1], are available
at instants 73,7 > 1. Consider two cases.
Case I: ¥ (-) satisfies conditions

Iph¢h(t) - T(t)lH <eg tE 6:'—11 (2)

[ 14s() ~ prngh @)t < &1, Aa() € Lo(T3 ).

Case II: only the inequalities (2) are true.
Let the model be the system described by the finite dimensional ordinary
differential equation

) _ ] 0, teto,m) )
lt)= { Pern(t — 8) + Br(t — 6,9 (t - 6))wi (1), @

te [T1,0], zh(t')) = wh(tO)a

where @\ 1(€) = Ary (€)= 063, (VM (€))+ fr(£), Pxn(yn) = ¢*(pryr) V yi €
Vi Apth = —Apyh,¢*(y) = 6(y) in Case I, Aph = aph, ¢*(y) = d(y) +
1/2(Ay, y)vexv + a/2|y|H in Case 1II, d);\ H — R, §\(y) = inf{¢*(2) +
|z = yln/2XA: 2 € H}.

Define the control v§(t) = v§;(t) € Uy, t € [7i, Tiy1) for the model by

o (t) | 0, 1fX,<0 or ab < v§l/?
hi xMal)~%d; ,z/},h(t- ), in the contrary.

‘Here th =" (sz,ff‘_l ¢5Ah(§)d£ - zi)h, € = (51752) 7rhz = Zh(Ti) -
PH(rio1), 2 = YH(n) = PR(ric), @b = digh(C)lLasicavn)s diwnl(t) =
—Bj(t,¥"(t))m ;-

Assume in the sequel that the 4° from (Maksimov, 1988) is satisfied,
i.e. there exists the single minimal norm element u.(-) € Ly(T;U) with the
property

(1) — Auz(t) = f(t) + 0¢™%(z(t)) = {Boyus(-)}(t) ae. t€T.
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It is easily seen that t — 0¢*%(x(t)) € Lo(T;H). Here 3¢* is the sub-
differential for the function ¢* : H — R, 8¢*°(y) = {z € H : |z|lg =
inf |w|g, w € 0¢*(y)}.

Let mappings h(v), A(v), 8(h,v), €1(v,8,h) and e2(v, 6, h, A) satisfy the
following conditions
Condition A:

[ 106 0((0) - 058, (=)l < 5, M)~ 4025w 0,
to

L1 = syl < 2, (@
6(h,v) < b(max{l, |pal 2w D)™ (5)

e2(v,6,h,A) < vmin{A, 8}, e2(v,6,h) < V6.

In the case II the least correlation should be omitted. We shall say that
values (h, A, §,¢1,€2) and a partition of the interval T with diameter § = §(A)
are v — compatible, if condition A and the following condition B are fulfilled.

Condition B: h € (0,h(v)), A € (0, /\(u)), 6 € (0,6(h,v)), €1 € (0,e1(v, 6,
h)), €2 € (0,e2(v, 6, h, X)).

Introduce the notations: v;°(t) = gxvi(t) a.e. t € [11,0], v;*(t) =v € P
a.e. t € [to, 7]

Theorem. For every ag > 0 there ezists vg such that for any v € (0,1)
v-compatible values (h,X,8,e1,€2) and a partition A = {r;}72%, with a dia-
meter § = §(A) and any measurement results ¥ (-) with the above described
properties, the following inequality is true:
llox () = we(lLo(z0) < 0.
The proof of the Theorem is based on the following statement.

Lemma 1. If values (h, ), 6,e1,€2) are v—compatible, then for every v > 0

|z(t) — pran()|} < kv,

103 L, oy € A+ DlansnunOE oy + k22,

where the constans ky, ko do not depend on v, h,eq1,€2,8 and A.

Let the initial information be completed with the following data. It is
known that
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i) the mapping z — 8¢°(z) is Lipschitz,
ii) pp(t) € D(0¢) ae. t € T.

Then we take the system (3) for the model, where we put ¢, r(§) =

— Ay () -p}, ¢°(Ph¢h(5))+fh(§) in Case |, ¢;A (E) = aph(6)- Ph3¢h(5))
+ f1(€)—p;09x(pat" (€)) in Case II. Here &(y) = 0.5a|y|3+0.5(Ay, y)v+xv.
In Case II we replace ¢* in condition A by the function @, and in Case I
we formulate condition A as follows: mappings h(v), 8(h, 1/), e1(v,6,h) and
€2(v,6,h) have properties (4), (5) and max {e1,62} < v6. Under these
conditions the theorem is true.
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