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GENERAL RESPONSE FORMULA FOR
2-D BILINEAR SYSTEMS

TaDEUSZ KACZOREK*

Two new models of 2-D bilinear systems are introduced. The general response
formulae for the models are derived.

1. Introduction

Recently the classical 2-D state-space Roesser model (Roesser, 1975), the Fornasini—
Marchesini models (Fornasini and Marchesini, 1976; 1978) and the Kurek model
(Kurek, 1985) have been extended to the singular case (Kaczorek, 1988; 1992;
Lewis, 1992). In this paper two models of 2-D bilinear systems will be introduced.
They can be considered as an extension for bilinear systems of the models introduced
by Fornasini and Marchesini for 2-D linear case. The general response formula for
the models will be derived.

2. Models of 2-D Bilinear Systems and Problem Formulation

Consider the following two models of 2-D bilinear systems

m
Tiptje1 = ArTigrj + Asgijpn + Y uliBeaij + Cuyj (1)
k=1
n
k
Tiy1,j41 = A1Tiqrj + Az + Z%’Biuq + Cugj (2)
k=1
where i,j € Z; Z is the set of nonnegative integers; z;; = [¢};,%,..., 25T -
the local state vector at the point (4,5); T denotes the transposition; u;; =
[u}j,u?j,...,uf} T — the input vector; A;, A, By are nxn real matrices and Bj

is an n x m real matrix.

The output equation of the models is of the form
¥ij = Dzyj + Euyj (3)

where y;; is a p-dimensional output vector and D, E are real matrices of appro-
priate dimensions.
Boundary conditions for (1) and (2) are given by

zyo for i€Z and xo; for jeZz 4)
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Define
1.[n
u; I, .
Uy =uy; @ In = _ , Ty = zp® Iy = [:c L, z; I --wﬂ??jfn]
8
and
7
1
2
B=[By,Bs....Bul, B =|
By,

where I, isthe nxn identity matrix and ® denotes the Kronecker product.

Using the above notation we may write (1) and (2) in the form

Tiy1,ib1 = Argisn + Aszijan + Bz + Cuij (5)
and

Ziprie1 = ArZignj + Asgijs1 + Ty B wij + Cuij (6)
The problem can be stated as follows. Given the matrices of (1) ((2)) and (3), input
sequence u;; and the boundary conditions (4), find solutions to (1) ((2)) and the
general response formula.

3. Solutions to the Models and General Response Formula

In this section solutions to models (1) and (2) with boundary conditions (4) will be
derived.

Theorem 1. The solution z;; to (1) with boundary conditions (4) is given by

i-1 j—1
T = § Tik,j— 1A11k0+_5_ Tio1,j-1A2zor + E _S_ Ti—ky—1j-11—1 B8k, 1, My,
k=1 1=1 k1=01,=0
i=1 j~1 ka—1la—1
+(Z E Ti—kg—l,j—lz—lBEkgI;) (E ZTkz—k1—1,l2—11—1BﬁklllMklll)
ko=11=1 k,=01,=0 ’

+...+( Z Z Tk, —1,5- I—lBukl)

kr=r—1l,=r-1

kr—1 Ir—1

( Z Z Tkr'—kr—l 1ir—lpe1— 1Buk,_11,_)

k,-_l—‘r 2 I,-_l—T 2
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ko—112-1

X ... X ( E E Tk,—k,—1,1,—11—135k111Mkltl)

k1=01,=0

i-1 j—1 i-1 j—1
+ Z 27}~k1-1,j~11—10uk,11 + (Z Zﬂ_k2-1,j_1,—13ﬁk,1,)

k1=01,=0 ka=11=1

ka—113-1

i-1 j-1
) (Z Z Tk,—k1—1,1,—11—10uk111) +...+ ( Z Z Ti—k,—l,j—l,—lyﬁk,.l,)

k1=01,=0 ky=r—1l,=r—-1

ko—1 1,1

><< E : E Tk,-k,_l—1,1,—1,-1—1Bﬁk,_11,_1)

kr—1=r—2 ly_1=r—-2

ka—112-1

X ... X (Z Z Tk,_k1_1,12-11—1cuk111) (T < max(i,j)) (7

k1=01,=0
where Tpg is the transition matriz defined as follows
Too =1,
Tog = Tpg-1A1+ Tpo1,0A2 = MiTp g1 + AsTpong for 1,5€ 2 (8)

Tpg =0 (the zero matriz) for i.< 0 and/or j <0

and
i J
Mis ZTi—k,j-1A11‘ko + ZTi—l,j—-IAZ‘BUI for i>0 and >0
7Y k=1 1=1 ()
zij for i=0 and/or =0

Proof. The proof will be accomplished by induction on the pair (%,7). From (7) we
have

Ty =A1$10+A2$61+§Eoomoo+cuoo for i=j=1
z31 = T10A1Z10 + A1220 + T10A2201
+T10BUoozoo + Buiozi0 + T10Cugo + Cug  for i =2, j=1
and
z13 = Tor1A1210 + To1Aazo1 + A2zo2
+To1Bgoxoo + BUo1zor + To1Cugo + Cugr  for i=1,j=2

The same results follow from (5) for i = j
Therefore, the hypothesis is true for 7 = j

0; 1 1.
1 2.

= , 1

1,j=0; and ¢ =0, j =
2,j=1and i=1, j=
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Assuming that the hypothesis holds for the pairs (4,7),(i + 1,7) and (i,j + 1),
i> 0, j > 0, we shall show that it is also valid for the pair (i 41,5+ 1).
Using (5), (7) and (8) we may write

Tit1j+1 = AiZigr; + As®ijp + Bz + Cuyj

i1 ij-1
ZT k41— 1A1$ko+sz; 1Agzor + E E Ty j—ty—1 Byt My,
k=1 1=1 k1=01,=0
ka—113—1
(E E:QLJm]h—lBth)(E E T, h—1b41lB"hhbﬂﬂJ
=101 k1=01,=0
i -l

+...+ ( Z Z Ti—k,,j—l,—lﬁﬁk,l,)

kr=r—1l,=r—-1

kr—1 l,~1

X( > > Tk,—k,_l—l,zr—u_1—1Bﬁk,_1u-1)

kro1=r—2 lp_1=r-2

ka—11p—1 i j-1
X(E E Tk,—k1-1,12—11-135k111Mklll)+ E E Ticky j-1,-1Cuk,1,
k1=01,=0 k1=01,=0
i j-1 ka—113—1
+(E E cpi—kg,j-—l;—lBﬁkglg)(E E Tkz—kl"'l,lz_ll—lcuklll)
ko=112=1 k1=01,=0

(E Z Ti- k,,;1-1Buk1)

kpy=r~1ll,=r-~1

ky—1 -1

X ( Z Z Tkr_kr—l_lylr'—zr—l—lB—ﬁkr—ll‘r—l)

kr—1=r—=2 l,_1=r-2

k2—-113~1
X ( E E Tkg—k1—1,12—11—lcuk_lll)

k1=011:0
i j+1 i-1
+A, E Ti—kjAr1zro + E Tio1 j—141 4220 E ZT; kie1,i—1y Bk, M1,
k=1 =1 k1=01,=0

j kx—113—-1

i-1
+(E Zﬂ—kg—l,j—lg_gikglg) (Z ZTk;-k1—1,12-11-1§5k11,Mklxl)

kz=11=1 k1=01,=0
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i—1 J

ot (XY Tkerge Fa,)

kry=r—-1 l,=r-1

kr—1 =1

> > Tk,—k,_l—1,1r—1r_1—1B'ﬁk,_ur-1)

kr—1=r—2 lp_1=r-2

ka—113—1 iel
X .ooX (Z Z Tkz—k1-1,12_11,-1BUk111Mklzl) + Z E Tieky-1,j-1, Cugy,
F1=01; =0 F1=011=0
ie1 ky—1lp—1
+(Z Z ﬂ_k2—1,j_123ﬁk,12) (E ETkQ—kl—'l,lg—h—lcuklll)
ko=1l=1 k1=01;=0
i1 i

+...+( Z Z T}_k,-1,j—1,—B—ﬂk,z,)

kr=r—1l,=r-1

k.—1 Ir~1

x ( Z Z Tkr—kr—l-lylr"lr—l_lBakr—llr—l)

k,_l_r 2 I,_l_r 2

ka—11—-1 I3
(E E Tkg-k1-1,12—11-1cuk111) + Bu;; E Tikj-1A12R0
k1=01,=0 k=1
i—-1 j—1
+ E Tio1j-1Az2z00 + E E Timky—1,j—1y 1 BUk1, My,
=1 k1=01,=0
im1 j-1 ka—1l3—1

+(E ZT~_k2_1,j—zz-1§ﬁk212) (Z Y Toakimtiam 11~1Buk111Mk111)

ko=11,=1 k1=01,=0

i—1

-1
+...+( Z Z ﬂ_k,-1,j—1,—1§'ﬁkr1,)

ky=r—11l,=r—1

ko—1 I,—1

X( > > Tk,—k,_l—1,lr—1r_1—135kr_11r_1)

kr—1=r—-2 l_1=r-2

ka—113—1 im1 j-1
X .oox ( E E Tk;—kl—l,lg—h—lBﬂ_klllMhh) + E E Ticky—1,5-1,-1CUg,
k,=01,=0 k1=01;=0
i-1 j—1 ka—1lp-1

+(Z Z n—kg—l,j—lg—lﬁﬂkglg) (Z Z Tk;—kl—l,lz—h—lcuklll)

ka=1l1=1 k1=01;=0
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i-1 -1
+...+ ( E E Ti—-k,—l,j—l,—lBﬂk,I,)
kr=r—1l,=r—-1
Ee—1
( E ; E : Ty —kyoy—1,1s—lr 11 Bk, 1., )
k,_l_r 21,-_1—7‘ 2
ka=1lp—1
X ... % (E E Tkg—kl—l,lg—ll—lcuklll) + Cuij
ky=01,=0
it1 j+1 i
=> TiokrrjArzeo + 3 ThjotirAegor+ 3 O Ticky ity Blkat, Miyy
= 1=1 k1=01,=0
i  ka=1lp—1
+( _s_ E ﬂ—kg,j—I2Bﬁk212)(E E :Tkz—kl“lvlz—ll—lBﬁklllMklll)
ko=1la=1 k1=01,=0
( Z Z Ti- ,+1,]_1,+13'uk,+11,+1)
kry1=r lpg1=r
krg1—-1 Irg1—-1
X( : : : : Tkr—{-l"kr_lylr—}-l"lr_lBakrlr)
kr=r—1 l,=r-1
ka—1l3—1 i J
(E ZTkz—kl—lh—h—lBuk 1, My, 11) E E Tivky,j—1,CUir1,
k1=01,=0 k1=01,=0
1 J kz—l 12—1
+( E E Ti—kz,j’IgBﬂkgIg)( E E Tkz—kl-er-h—lCuklll)
ko=11=1 ki1=01l1=0
i J
+( § : Z ﬂ_kr-'-l;j_lr-{-lBﬂkr—}-lIr-{-l)
’Cr+1=f‘ Ir+1=7‘
r+l_l Ir+1_
Z E Tk, pr—kr—1,lrgs—lr—1 BTk 1, )
ky=r—-1l,=r-1
ka~1i—1
X ... X( _5_ E Tkz—k1—1,12-11-1cuk111)
k1=01;=0
Therefore, the hypothesis is valid for the pair (i + 1,5+ 1). [ |

In a similar way the following dual theorem can be proved.
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Theorem 2. The solution x;; to (2) with boundary conditions (4) is given by

i J
Tij = ZTi—k,j—lAlsz + ZTi—l,j-IAzl'OI

k=1 =1
i-1 j-1 i—1 j-1
T -/
+ E E Ti——kl—-l,j—-ll—-l(Mklll®In)B Uk,y1, + E E T hym1,j=1p—1
k1=01,=0 ka=112=1
Ea—11la—1 T
T = b~
x > D Tepki-tiamtimt [Mk111® In}B Ukyt, | ® I o Bugy,
k1=01,=0
ko—1 -1
.+ Z Z Tick,—1,j-1,-1 E E Thr—kp =10ty =1
kr=r—1 l,=r—-1 kpo1=r—=2 ly_1=r—2
T
kam11p—1 T
Z Z Thy—ky—1,13—1y—1 [Mk L, ® In }B U, | @1 ®I,
k1=01,=0
T .
— — .
x Bup _g._ | I, p Bug,, + E g Ti—ky—1,j-1,-1C U1,
ky=01,=0

i1 j-1 Fa—1lp-1 T
—t
+ E ZTi—kz—l,j—Iz—l g ZTkQ-kl—l,IQ—h—lcuklll ® I p B gy,

Fa=1lo=1 Fi=01;=0
j—-1 kp—1 I.—1
-+ E, > Tik,—1-1,-1 )X S SO S S
kr=r—-1l,=r-1 kr_1=r—21l,_1=r-2
T
ka—11lp—1 T
. E ZTk2—k,—1,12-11—1Cuk111 ®ILy...| @1
k=0 1,=0
T
— — e
x Buk,_,_,| Iy p Bug,, (r = mln(z,])) (10)

where Tp, and M;; are defined by (8) and (9), respectively
Substitution of (7) and (10) into (3) yields the desired general response formulae.
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4. Concluding Remarks

The new models of 2-D bilinear systems have been introduced. The general response
formulae for the models have been derived. Employing solutions (7) and (10) to the
models, conditions for the local reachability and controllability can be established by
an extension for 2-D case of the approach presented in (Klamka, 1991) for 1-D case.
The above considerations can be extended for other models of 2-D bilinear systems,
for example for the model.
n
Tip1 41 = A1zigr,; + Asxijy1 + Z$f+1,j31kui+1,j
k=1

n
+ a1 Barui i + Cruiyy + Couiji
k=1
with the boundary conditions:
z;; are given for all (i,7) such that i4+j =0
The same approach can be applied to the 2-D bilinear model of the Roesser type

Az Az — 3 Cy

T+l k=1
where 1,5 € Z; z?j € IR™* is the horizontial state vector, zj; € IR"* — the vectical
state vector, u;; € IR™ — the input vector, uf—‘j — the k-th component of u;; and

Apg, Bpg, Cp (P,g=1,2) are real matrices of appropriate dimensions.

By, B
B B
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