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FUZZY-ARITHMETIC-BASED LYAPUNOV SYNTHESIS IN THE DESIGN OF STABLE
FUZZY CONTROLLERS: A COMPUTING-WITH-WORDS APPROACH

CHANGJIU ZHOU*

* School of Electrical and Electronic Engineering
Singapore Polytechnic, 500 Dover Road, Singapore 139651
Republic of Singapore
e-mail:zhoucj@sp.edu.sg

A novel approach to designing stable fuzzy controllers with perception-based information using fuzzy-arithmetic-based
Lyapunov synthesis in the frame of computing with words (CW) is presented. It is shown that a set of conventional fuzzy
control rules can be derived from the perception-based information using the standard-fuzzy-arithmetic-based Lyapunov
synthesis approach. On the other hand, a singleton fuzzy controller can be devised by using a constrained-fuzzy-arithmetic-
based Lyapunov synthesis approach. Furthermore, the stability of the fuzzy controllers can be guaranteed by means of the
fuzzy version of Lyapunov stability analysis. Moreover, by introducing standard and constrained fuzzy arithmetic in CW,
the “words” represented by fuzzy numbers could be efficiently manipulated to design fuzzy controllers. The results obtained
are illustrated with the design of stable fuzzy controllers for an autonomous pole balancing mobile robot.
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1. Introduction intelligent information systems and intelligent control sys-
tems.

In many applications of fuzzy control systems, fuzzy if- In this paper, rather than conS|der|ng how tq control
then rules ardeuristicallyobtained from human experts. & Plant, we look at the way humans devise their control
How to systematically, rather than heuristically, design Strategies with the perception-based information on the
and justify a fuzzy controller has been proved to be an plant_ and control objectives. We should notice that in per-
extremely challenging problem for the design and analysis forming control tasks, for most of the cases, humans use
of fuzzy control systems. Recently, several different meth- Perceptionsather than measurements. The computational
ods to design and analyse fuzzy controllers have been profheory of perceptions (CTP) (Zadeh, 2001) is inspired by
posed. The model-based fuzzy control approaches usu-th_e remarkabl_e human Cgpablllty_to operate on, gnd reason
ally yield a non-fuzzy controller that will lead to the loss With, perception-based information. A basic difference
of linguistic interpretability, which is the most important Petween perceptions and measurements is that, in general,
property of fuzzy systems. For the fuzzy rules derived measurements are crisp (e.g.,. manipulation of numbgrs
from a human operator, it is usually difficult to implement @nd Symbols) whereas perceptions are fuzzy (e.g., manip-
and hard to justify. For control knowledge acquisition, ulation of words and propositions drawn from a natural
the most common problem is that the human could only language).

express the control actions in a natural language. Thus, In this paper, we look at a novel approach to design
transferring human empirical knowledge to a controller fuzzy controllers from perceptions rather than plant mod-
may turn out to be a difficult task. The importance of els using a fuzzy-type Lyapunov function (Gugtal,

the language and speech to human intelligence has beei986; Margaliot and Langholz, 1999; 2000) by means
recognised for many years. If a computer is to implement of fuzzy arithmetic in the frame of CW. Classical Lya-
artificial intelligence (Al), it must understand the language punov synthesis suggests the design of a controller that
and speech of human intelligence as a prerequisite (Wangshould guaranted7(a:) < 0 for a Lyapunov function
2000). Zadeh (1996; 1999) originated the phrase “com- V(x). Fuzzy Lyapunov synthesis follows the same idea
puting with words (CW).” Itis believed that CW is capable but the linguistic description (perception-based informa-
of delivering the quality of services in at least two very im- tion) of the plant and control objective is utilized by means
portant areas (Wang, 2000; Zadeh and Kacprzyk, 1999):of CW. The basic assumption of the fuzzy Lyapunov syn-



thesis is that, for a Lyapunov functiol (z), if the lin- In the following section, a brief introduction of the

guistic value of V(z) is Negative then V(z) < 0, standard fuzzy arithmetic in the framework of CW is

so the stability can be guaranteed. As an example, forgiven. In Section 3, an inverted pendulum balancing sys-

V(x) = Negative - Negative + Positive - v, we may tem is used as a benchmark to demonstrate a system-

chooseu = Positive Bigto make V(z) = Negative. atic method to design a fuzzy controller from perception-

But this is again deuristicmethod! An important point  based information using the standard-fuzzy-arithmetic-

addressed here is th&t(x) might not beNegativeunless based Lyapunov synthesis approach. In Section 4, a defi-

there exists a set of suitable linguistic variables and their ciency of the standard fuzzy arithmetic in fuzzy controller

arithmetic operations to guarantee this. On the other handdesign is identified, and the constrained-fuzzy-arithmetic-

for the fuzzy Lyapunov synthesis approach proposed by based Lyapunov approach is proposed. The practical im-

Magaliot and Langholz (1999; 2000), only the sign of the plementation of fuzzy control to the pole-balancing mo-

fuzzy linguistic value, such asNegativé or “Positive, bile robot is given in Section 5 to verify the proposed

was used. Its magnitude was not considered. This meansnethod. This is followed by some discussions and con-

it ignores the changes in states. It could be considered a<luding remarks.

a very crude estimator of the derivative. Hence, the infor-

mation extracted from the perceptions could be very lim-

ited. Also, it seems difficult to derive more fuzzy rules as 2. Standard Fuzzy Arithmetic Operations

there are only a limited number of linguistic terms, such for CW

asNegativeand Positive which are utilised. The number

of fuzzy rules is therefore limited. As was mentioned in the Introduction, Computing with
To solve the above problems, a fuzzy Lyapunov syn- Words (CW) provides a mathematical model for natural

thesis approach in connection with fuzzy numbers and language theory. Its foundation lies in the concepts of

their arithmetic operations was investigated in our previ- fuzzy sets and fuzzy logic (Zadeh, 1996; 1999). In CW,

ous study (Zhou, 2001; Zhou and Ruan, 2002). However, the objects of computing are words rather than numbers,

the standard fuzzy arithmetic does not take into accountwith words playing the role of labels of granules. Let us

all the available information, and the obtained results are 0ok at the following example of reasoning with percep-

more imprecise than necessary or, in some cases, even intions (Zhou and Ruan, 2002):

correct. On the other hand, the pel’ception-based infor- Perceptions:(propositions expressed in a natural lan-

mation used for fuzzy controller design is not always re- guage)

liable. To overcome the above deficiencies, in this paper

the constrained fuzzy arithmetic (Klir, 1997; Klir and Pan, pl = Motor 1 isslow,
1998) is introduced for “word” manipulation of the fuzzy- _
arithmetic-based Lyapunov function. p2 = Motor 2 isa few rpw fastethan Motor 1

The theory of fuzzy numbers was introduced by Nah-
mias (1977), Dubois and Prade (1982), and many others.
The concept of a fuzzy number led to what has come to
be called fuzzy arithmetic. In the Foreword of the first
book on fuzzy arithmetic theory and applications by Kauf- guage)
mann and Gupta (1991), Professor L.A. Zadeh wrote: “As
a language, fuzzy arithmetic may be expressed in lin-
guistic terms, making it possible wompute with words q2 = Motor 3 is Slow— few).
rather than numbers. Furthermore, the membership func-
tion of a fuzzy number may be fuzzy set valued, leading In this exampleslowandfewcould be expressed as fuzzy
to the concept of a fuzzy number of type 2 or, equiva- numbers:+ and— could be fuzzy arithmetic operations.
lently, an ultrafuzzy number. In this way, the fuzziness of
a fuzzy numb_er prov_ides an additional degree of freedom cepts, such asig, smalland so on, as interpreted in a par-
for represgr?t_lng various types of uncertalr_ny ?S NONUNI® iy lar context, the resulting constructs are usually called
form possibility distributions over the real line.” The re- linguistic variables (Klir and Yuan, 1995; Zadeh, 1973).

?earchzcogd#ctt_ad ir! thi_s palper is highly mo]:[ivated by Fb’ro- Each linguistic variable is fully characterized by a quin-
essor Zadeh's inspirational comments on fuzzy num erstuple @, T, X, g, m) in which v is the name of the

and CW. We found that it is possible to systematically, variable, T' is the set of linguistic terms of that refers

rather than heuristically, design a fuzzy controller mod- to base variable linguistic terms whose values range over

elled on perception-based information by means of bOt.h a universal setX, g is a syntactic rule for generating lin-

(s):cag\c/i\?rd and constrained fuzzy arithmetic in the doma'nguistic terms, and is a semantic rule that assigns to each

p3 = Motor 3 isa few rpw slowethan Motor 1.

Conclusion:(propositions expressed in a natural lan-

gl = Motor 2 is (slow+ few),

When the fuzzy numbers represent linguistic con-
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linguistic termt¢ € T' its meaning,m(t), which is a fuzzy To deal with linguistic variables, we need not only

setonX (i.e., m: T — F(X)). the various set theoretic operations, but also arithmetic
Given a fuzzy setd and a real numben € [0, 1], operations on linguistic variables and, specifically, fuzzy

the crisp sefA = {z € R | A(xz) > o} is called thea- numbers in this paper. There are two common ways of

cut of A. The crisp seBupp (4) = {z € R | A(z) > 0} defining fuzzy arithmetic operations (Klir and Yuan, 1995;
is called the support oft. In the following, some relevant ~ Klir, 1997). One is based on the extension principle of
concepts and notation on fuzzy numbers and their arith- {uzzy settheory and the other on thecut representation.

metic operations (Kaufman and Gupta, 1991; Klir and o o )
Yuan, 1995) are briefly introduced. Definition 2. Let A and B denote linguistic variables

(fuzzy numbers), and let € {+, —, -, /}, which denotes
any of the four basic arithmetic operations. Employing
the extension principle, the arithmetic operations on fuzzy
sets A and B are defined by

Definition 1. A fuzzy number A is a fuzzy set inR
that is convex and normal. Recall that is convex if
forany z;,20 € X C R,and X € [0,1], pa(Azy +
&; A)z2) (Z)IH:lIll(NA(-Tl)aNA(ZQ)), and A is normal if aes(z) = sup min (ua(®), 65 (v)) 1)
zexHAT : z=wHy
The requirement of convexity implies that the points
of the real line with the highest membership values are
clustered around a given interval (or point). This fact al-
lows us to gasily gnde_rst:_and_the semantics of_afu_zzy.num- parp(z) = sup min (ua(z), pp(y)),
ber by looking at its distribution and to associate it with a z=z+y
properly descriptive syntactic label. On the other hand, the )
requirement of normality implies that among the points pa-p(2) = ziglfymm (na(@),n8(y)),
of the real line with the highest membership value, there '
exists at least one which is completely comparable with  p4.5(z) = sup min (,uA(x),uB(y)),
the predicate associated with the considered fuzzy num- =Ty
ber (Kaufman and Gupta, 1991). pia/p(z) = sup min (NA($)7MB(y)) (0 ¢ °B).
In this paper, the discussion will be based on the tri- z=a/y
angular fuzzy numbers (TFNSs) as shown in Fig. 1. We can
represent this type of TFN by a tripld = (a,b,¢) (see

for all z € R. More specifically, the four arithmetic oper-
ations are defined as follows:

By employing the a-cut representation, arithmetic

Fig. 2), where itsa-cutis ®A = [a+(b—a)a, c—(c—b)al. operations on fuzzy intervals are defined in terms of the
In Fig.' 1, we havePB = (2,3,4) PM’ = (1,2,3) well-established arithmetic operations on closed intervals
PS = (0,1,2), ZE = (—1,0,1), NS = (=2,—1,0),  Of realnumbers.

NM = (—3,-2,—1), NB = (-4, -3, -2).
< ) < ) Definition 3. Let A and B denote fuzzy sets, and let

x € {+,—, -, /}, which denotes any of the four basic arith-
metic operations. Then, we define a fuzzy seftgnd* B,
by the following equation:

C“(A>|<B):{;L'>|<y|<ac7y>€("A><°‘B}, 2)

where“A and ®B are thea-cuts of fuzzy setsA and B,
Fig. 1. Triangular fuzzy numbers with seven terms: PB (Pos- « € (0, 1]. When the operation is division of and B, it
itive Big), PM (Positive Medium), PS (Positive Small), is required thad) ¢ B for any « € (0, 1].
Z (Zero), NS (Negative Small), NM (Negative Medium), Let “A = “g,a] and °B = b 5]_ The individ-
NB (Negative Big). . . = —
ual arithmetic operations on the-cuts of fuzzy setsA
and B can be defined as follows:

A=<a,b,c> “la, @) + “[b,b] = “[a + b,a + b],

a[g,a] - u[gl;]:a[g_gvd _b]a

*[a,a] - “[b, b] = *[ min(ab, ab, ab, ab),

a b c x max(ab, ab, ab, dB)] ,

Fig. 2. A triangular membership functiod = (a, b, c). *[a,al/*[b,b] =“[a,a] - *[1/b,1/b] (if O ¢ *[b,0]).



A problem of concern at this pointis: 1A and B have NB + PM = NS (see Fig. 3). More general stan-
are fuzzy numbers, isA * B also a fuzzy number? In dard fuzzy arithmetic operating results 6f = A + B
other words, isA x* B convex and normal? The follow- and C = A — B are given in Tables 1 and 2, respec-
ing theorem gives a positive answer to the above questiontively. They will be used to design a fuzzy controller us-

(Kaufman and Gupta, 1991). ing perception-based information via the fuzzy Lyapunov
synthesis, the CW version of the classical Lyapunov syn-
Theorem 1. Let « € {+,—,-,/}, and let A and B de- thesis method. As an example, from Tables 1 and 2, we

note continuous fuzzy numbers. Then the fuzzylseB havePS—PM+NS = NM and NS+PM —NM = PB.
defined by Definition 2 is also a continuous fuzzy number.

[ NS=NB+PM=Ns |

Theorem 1 can guarantee that the manipulation of
the “words” in the framework of fuzzy numbers and their

. . . . . PM
arithmetic operations is consistent.

\ 4

In designing and analysing a fuzzy controller by
means of fuzzy numbers and their arithmetic operations,
another key issue is how to compare fuzzy numbers. As an
example, for fuzzy Lyapunov synthesis, to guarantee that
V(z) = fi(z1)— fo(z2) < 0, we need to compare the lin-
guistic values off; (z1) and fa(z2), that is, to compare

Fig. 3. lllustration of the fuzzy arithmetic operation.

Table 1. Results o' 2 A + B.

fuzzy numbers. The issue of comparing fuzzy numbers is C=A+B A
closely connected to the applications of fuzzy set theory NM [ NS [ ZE | PS [ PM
in decision theory (Matarazzo and Munda, 2001). NM NL | NB | NM | NS | ZE
The linear ordering of real numbers does not extend NS | NB |NM | NS | ZE | PS
to fuzzy numbers, but the fuzzy numbers can be ordered B| ZE |NM | NS | ZE | PS | PM
partially in a natural way and this partial ordering forms PS | NS|ZE | PS | PM | PB
a distributive lattice. The values of linguistic variables in PM | ZE | PS | PM | PB | PL
most applications are defined by fuzzy numbers that are
comparable. The latticéR, MIN, MAX) can also be ex- Table 2. Results ot = A — B.
pressed as the paiiR, <), where < is a partial ordering C=2A—-B A
defined as (Klir and Yuan, 1995): NM [ NS [ ZE | PS [ PM
NM | ZE | PS | PM [ PB | PL
Definition 4. For fuzzy numbersd and B, A < B fiff NS NS | ZE | PS | PM | PB
MIN (A, B) = A or MAX (A, B) = B, where B 7E NM NS 7E PS PM
. PS NB | NM | NS ZE PS
pIN (4,8) (2) ~_suwp min (a(@), n5 (), PM | NL | NB | NM | NS | ZE

pivax(a,p)(2) = sup min (pa(z), pa(y))

z=max(@,y) 3. Standard-Fuzzy-Arithmetic-Based
Lyapunov Synthesis
forall z € R.
Using Definition 4 and the TFNs given in Fig. 1, The inverted pendulum is frequently used as a benchmark
we can prove thalNM < NS < ZE < PS < PM. dynamic nonlinear plant for evaluating a control algorithm

We may conclude that the "words" represented by fuzzy °F & combination of control algorithms. The state vari-
numbers are comparable. It is a basic requirement for2Ples arez; = 6 (the pendulum's angle), and? =0

the “words” manipulation of the fuzzy controller design. (the pendulum’s angular velocity). The system’s dynamic
The following definition gives a linguistic approximation equations are described as follows (Slotine and Li, 1991):

®3)

version of the fuzzy controller design. )
T2 = f(xth) + g(l‘l,l‘g)u = F?(x)v
Definition 5. For fuzzy numbersd and A’, A = A’ iff where
Core (A) = Core (A’), where Core (A) = {z|ua(x) = _ mizdcosasinz
1} and Core (A') = {z | pas(z) = 1}. 9.8sinay — p———
Applying Definitions 2 and 5, it can be seen that fla, ) = 4 mecos? 1y ’
Core (NB + PM) = Core (NS). From Definition 5, we ! 3 m.+m
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where m, is the mass of the cartin is the mass of
the pole, 2/ is the pole’s length, and: is the applied
force (control). The traditional fuzzy control rules (Wang,
1997), which are commonly applied to control the in-
verted pendulum, are obtainbduristically.

Assume that the model (3) is unknown. However,

g(@1,22) = l (

Me + M

based on the physical intuition and the experience of bal-

G

From (5), we can easily conclude that the forece
is inverselyproportional to the pendulum’s angular veloc-
ity xo, and inversely proportional to the pendulum’s angle
x1. This is exactly reflected by the perceptions on balanc-
ing an inverted pendulum. For example, as the pole is
falling over to the right-hand side, one must move his/her
finger to the right-hand side at once.

Consider the Lyapunov function candid&téz, z2)
= 1/2(z%+23), which can be used to represent a measure
of the distance of the pendulum’s actual stdte, z)
and the desired statér;,x2) = (0,0). Differentiating

ancing a pole, the perception-based information can beV Yields

obtained as shown in Table 3. In the following, we

will demonstrate that the fuzzy control rules can be de-
rived from the perceptions by means of standard-fuzzy-
arithmetic-based Lyapunov function in the framework of

CW. Furthermore, the stability of the fuzzy controller can

be guaranteed.

Table 3. Perceptions for balancing a pole.

| [ Perceptions Remarks \
S1|z1 = 22 From the state description.
S2|6 is proportional The angular acceleration is propor-

to the controlu | tional to the force applied to the cart.

S3| wis inversely prof

portional to

As the pole is falling over to the right
hand side, one must move his/her fin-
ger to the right-hand side at once.

S4| w is inversely pro- a

portional to §

From the knowledge of balancing
pole.

Remark 1. Note that the perceptions S3 and S4 in Table 3

can also be confirmed by the conditions of the asymptotic

stability in (3). For example, by using Lyapunov’s indirect
method (Jenkins and Passino, 1999; Slotine and Li, 1991)
from (3) we have

T
A: 8.%‘1 8122

oF;  OF;

81‘1 8%2 =0

0 1
— 9.8(mc—|—m)L 1 Oiu 1 Giu 4)
1(4me+m) ' (dme+m) dz1 (dme+m) Oz
3 3 3 z=

The eigenvalues ofd are given by the determinant
of A\I — A. To ensure that the origin, = 0 is asymp-
totically stable, the eigenvaluel; of A must be in the
left half of the complex plane. Hence, we can obtain the
following conditions to ensure the asymptotic stability:

ou ou

0.
8331 <

()

(6)

Using the perception S2 in Table 3;; is propor-
tional to the controk: (the angular acceleration is propor-
tional to the force applied to the cart). This can be further
explained asi, = k,u (assumek, = 1 in this paper).
Substitutingzs = w into (6), we have

V= 1’1@1 + fﬂQi’Q.

V = 21d1 + Tot = 2103 + Tou = xo(x1 +u). (7)
Its linguistic description is given as
LV(V(x)) = LVxy(LV 1 + LVu), (8)

(
where LV (V (x)), LV, LVxy and LVu are linguis-
tic values of V(z),

x1, T2 andwu, respectively.

Theorem 2. If V(z) is a Lyapunov function and the
linguistic value LV (V' (z)) = Negative, where we have
Supp (Negative) C (—o0, 0], then the fuzzy controller de-
signed by fuzzy Lyapunov synthesis is locally stable. Fur-
thermore, if Supp (Negative) C (—o0,0), then the sta-
bility is asymptotic.

A detailed explanation of Theorem 2 is given in
(Zhou and Ruan, 2002). The theorem provides a guidance

to design astablefuzzy controller using perception-based

information by the fuzzy-arithmetic-Lyapunov synthesis
method.

3.1. Fuzzy Lyapunov Synthesis Approach

According to the linguistic version of Lyapunov synthesis

(cf. (7)), the fuzzy control rules as shown in Table 4 can

be obtained in a systematic manner in the domain of CW
(Margaliot and Langholz, 1999; 2000).

For example, ifr; = Positive and x5 = Positive,
from our heuristics « should beNegative Bigto ensure
x1 + u = Positive — NegativeBig = Negative, and
hencexzy(z1 + u) = Positive - Negative = Negative,
that is LV (V(z)) = Negative. From Theorem 2, if
Supp (Negative) C (—o0,0], then the fuzzy controller
designed by the fuzzy Lyapunov synthesis approach is lo-

cally stable. It can be seen that the fuzzy control rules are



Table 4. Fuzzy control rules derived from the Fuzzy Lyapunov Table 6. Fuzzy control rules:¢ = NS, z1 + u = PS).
Synthesis Approach.

(21 [21+u=PS | u | Remarks |

| @ | u 21 +u [z +u) NM|NM + u = PS|PB|[NM + PB = PS
Positive| Positive| Negative Big Negativel Negative NS | NS +u=PS |PM| NS+ PM = PS
Positive | Negative Zero Positive| Negative ZE | ZE +u=PS | PS| ZE +PS =PS
Negativel Positive Zero Negativel Negative PS| PS+u=PS|ZE| PS+ZE =P8
Negativel Negative| Positive Big| Positive| Negative PM|PM +u=PS|NS|PM + NS =PS

obtained in a systematic manner. However, the “words” 1.2
are manipulatetieuristically On the other hand, only the
sign (not magnitude) of the fuzzy linguistic values is uti-
lized, and the number of fuzzy rules is hence limited.

3.2. Standard-Fuzzy-Arithmetic-Based Lyapunov
Synthesis Approach

Assume thatr, o andu are all described by the fuzzy
numbers as shown in Fig. 1. We also employ the stan-
dard fuzzy arithmetic operations defined in (1) and (2) in
the following “words” manipulation for fuzzy Lyapunov
synthesis.

Example 1. Considerzy, = PM and chooser; + u =
NM. Then a set of fuzzy control rules as shown in Ta-
ble 5 can be derived by using standard fuzzy arithmetic
operations defined in (1) and (2). From (8), we have
LV (V(z)) = PM-NM = Negative. This is illustrated in
Fig. 4. It can be seen th&upp (PM-NM) C [-9,-1] C
(—00,0]. From Theorem 2, it can be seen that the fuzzy
controller with fuzzy control rules as shown in Table 5 is
stable.

Table 5. Fuzzy control rulex:¢ = PM, z1 + u = NM).

(21 [21+u=NM| u | Remarks |
NM|NM +u=NM| ZE | NM + ZE = NM
NS | NS+wu=NM | NS| NS+NS=NM Fig. 5. lllustration of LV (V' (z)) = NS - PS.

ZE | ZE+u=NM |[NM | ZE + NM = NM
PS|PS+u=NM |[NB|PS+ NB=NM

Repeating a procedure similar to that shown in Ex-
PM|PM+wu=NM|NL |PM+ NL=NM

amples 1 and 2, a complete set of fuzzy control rules as
shown in Table 7 can be derived from the perception-
based information (see Table 3) using the standard-fuzzy-

Example 2.Considerz, = NS and chooser; +u = PS. arithmetic-based Lyapunov synthesis approach in the
Then a set of fuzzy control rules as shown in Table 6 can framework of CW. Note that the fuzzy control rules in
be derived. From (8), we haveV (V(x)) = NS - PS = Table 7 are the same as the conventional fuzzy control

Negative. This is illustrated in Fig. 5. It can be seen that rules, which have been successfully used to control the
Supp (NS - PS) C [-4,0] C (—o0,0]. From Theorem 2,  inverted pendulum (Li and Shieh, 2000). But an impor-
we can conclude that the fuzzy controller with the fuzzy tant issue addressed here is that the fuzzy rules derived
rules as shown in Table 6 is stable. from the perception-based information are modelled on
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Results obtained by the standard fuzzy arithmetic suffer
from imprecision greater than justifiable in all computa-
tions that involve theequisite equality constrainfKlir,
1997). However, the equality constraint is always satis-
Table 7. Fuzzy control rules derived from the perception-based fie( in the classical arithmetic on real numbers. Because
information using the fuzzy-arithmetic-based Lya- jgnoring equality constraints will lead to results that are
punov synthesis approach. less precise than necessary, it is essential to include the
constraints, when applicable, into the general definition

the standard-fuzzy-arithmetic-based Lyapunov synthesis4.1. Constrained Fuzzy Arithmetic
approach in the context of CW. Therefore, the fuzzy con-
troller is designedystematicallyather tharheuristically,

and its stability can also be guaranteed.

u T1 of basic arithmetic operations on fuzzy numbers. In gen-
M[NS[ZE | PS [PM eral, each constrainR on A x B is a relation (crisp or
NM | PL | PB |PM]| PS | ZE fuzzy) on A x B. For the extension principle of the fuzzy
NS | PB |[PM| PS | ZE | PS set theory, the constrained arithmetic operatiQAs B) p
x2| ZE |PM | PS | ZE | PS |PM are defined by the following equation:
51\84 5; ?; ;\s/{ lg,l\é 1;13 fi(A=B) R (2) = sup min (ua(x), up(y), pr(z,y)).
Z=T*xY
(10)
For the cut representation of the fuzzy intervals, we

4. Constrained-Fuzzy-Arithmetic-Based

i h
Lyapunov Synthesis ave

YA * = *
Consider the following fuzzy rule derived from the (4xB)r {I vl@y) e
standard-fuzzy-arithmetic-based Lyapunov synthesis ap-Any operationsA x B or B x A are unconstrained, even
proach as shown in Table 7: though A = B, while operationsA « B and B « A are
subject to the equality constraint. These constrained oper-
ations, for example, oM, may conveniently be expressed
as follows, whereE' denotes the relatio® representing
the equality constraint:

(“A x*B) N*R}. (11)

If x1 isNSandz, is PS Thenu is ZE. (9)

From (8), we haveLV (V (z)) = PS - (NS + ZE). This
is illustrated in Fig. 6. It can be seen thatupp (PS -

(NS + ZE)) = [—6, 2] ¢ (—O0,0). The stability condi- (A + A)E — {Jf +z | =t A} e [2&,2@], (12)
tion given in Theorem 2 is not satisfied. This is caused by B

the deficiency of the standard fuzzy arithmetic. The stan- YA—-A)p={z—z|ze*A} =0, (13)
dard fuzzy arithmetic does not utilize some of the avail-

able information. Therefore, the obtained results may be (A-Ap={r-z|ze” A}, (14)
more imprecise than necessary or, in some cases, even in- AJA) g ={a)o |2 € A,0 ¢ A} = 1. (15)

correct. To overcome this deficiency, a constrained fuzzy
arithmetic (Klir, 1997) is needed to take all available in- Under the equality constraint fok, where A, B, X € R,
formation into account in terms of relevant requisite con- we obtain
straints.

A+X=B& X =B-A, (16)

1.2

A-X=B& X =BJA (0¢%4). (A7)

But in general, these are not solutions in the standard
fuzzy arithmetic (Klir, 1997).

PS-NS

0.8

PS-(NS+ZE)

0.6t

4.2. Constrained-Fuzzy-Arithmetic-Based Lyapunov
Synthesis Approach

0.4r ; In the following, we will demonstrate how to use
the constrained-fuzzy-arithmetic-based Lyapunov synthe-
sis approach to derive fuzzy control rules from the

perception-based information given in Table 3.

o
O /
0.2 Voo K
o

0 h". L ¥ L
7 6 5 -4 -3

1 2 3

PS - (NS + ZE).

Example 3. Considerz; = PM = (1,2, 3) and choose

Fig. 6. lllustration of LV (V' (z)) = x1 +uw = NM. Under the equality constraint foz,



from (16) we haveu = NM — z;. If 1y = NM =
(—3,—2,—1) as shown in Fig. 1, under the equality con-
straint, then*(LVu) = %NS — NM)g. Considering
*NS) = [(—24«), —a)] and“(NM) = [(—34+«),—1—
a)], we have(LVu) = [(-2 + a) — (=3 + o), (—a) —

Table 10. Singleton fuzzy rules derived by the
constrained-fuzzy-arithmetic-based
Lyapunov synthesis approach.

(=1 — )] = [1,1]. This leads tou = 1. Hence the " NM\NS\QZE;}\PS\PM
following fuzzy control rule can be derived:
NM| 4 |3]2]1]0
If z1 isNMandx, is PS Thenu = 1. (18) NS| 3 |(2|1|0]-1
_ . _ . x2|ZE| 2 | 1|0 |-1]|-2
It is a fuzzy rule with a singleton consequent, i.e., a Ps| 1 | o |-1]-2|_3
singleton fuzzy rule (Sugeno, 1999). The rest of fuzzy PM| 0 |—1l-2]_-3] —4
rules for the conditionzo = PM are illustrated in Ta-
ble 8.

LVzo(LVzy + LVu) = PS - NS. In Fig. 6, we can
observe thatSupp (PS - NS) = [-4,0] C (—o00,0].
From Theorem 2, the fuzzy controller with the single-
ton fuzzy control rule (19) is stable. Comparing this with

Table 8. Singleton fuzzy control rulgs; = PM).

[ @1 [*(LVu) =" (NM —21)5 | u] the fuzzy control rule (9), wher&upp (LV (V (z))) =
NM|[(=34a)—(=3+a), (-1—a)—(—-1—a)] =[0,0]| O Supp (PS- (NS+ZE)) = [—6,2] ¢ (—o0, 0] (see Fig. 6),

NS |[(=34a)—(—2+4a), (—1—a)— )] =[-1 —1] -1 it can be seen that the deficiency of the fuzzy Lyapunov
ZE |[(-34+a)—(-140a), (-1—a)— (1—a)] =[2,-2] |2 synthesis with the standard fuzzy arithmetic can be over-
PS|[(-3+a)—a,(-1—a)— (2— a)} -3 ] -3 come by the constrained fuzzy arithmetic.
PM|[(=3+a)—(1+a),(-1—a)—(-3—a)] = 0 [0,0]|—4

Remark 3. By using the equality constrained fuzzy arith-
metic, we can easily prove thatupp (LV (V(z))) C
Example 4. Considerz, = PS = (0,1,2) and choose  (—c,0], i.e., V(z) < 0 for all the singleton fuzzy
r1 +u = NS. Under the equality constraint fo, control rules withz, = NM,NS,PS and PM in Ta-
from (16), we haveu = NS — z,. Following the same  ple 5. However, forz, = ZE, Supp (LV (V(z))) =
procedure as shown in Example 3, a set of singleton fuzzy §ypp (ZE-ZE) . Note that under the equality constraint,
rules as shown in Table 9 can be derived. Supp (ZE - ZE)g = [0, 2] (see Fig. 7). This means that
Repeating the same procedure as shown in Examplesonce ap — 0, we haveSupp (ZE - ZE)g — [0,0], or
3 and 4, a singleton fuzzy controller as shown in Table 10 V(z) — 0. This confirms the intuition that more rules
can be devised by using the constrained-fuzzy-arithmetic-result in more powerful fuzzy control systems. We should
based Lyapunov synthesis approach in the frameworkalso notice that the linguistic terms like PM, PS, NS and

of CW. NM need not be very specific. On the contrary, the de-
scription of the area close to zero should be defined in
Table 9. Singleton fuzzy control ruless — PS). greater detail to make the; poptrol actions more specific
and assure enough sensitivity in the generated control ac-
’ . ‘Q(Lvu) —(NM —21)5 ‘ " ‘ tions (Pedrycz, 1994).
NM[[(—2+a) = (=3+a),(—a) - (-1 —a)] = [1,1]] 1 K
NS|[(=24+a) = (—2+ @), (—a) — (—a)] =[0,0] |0 ZE
ZE|[(—2+a)— (-1+0a), (—a)—(1—a)] = [-1,-1]|-1
PS|[(-24+a) —a,(—a) - (2—a)] =[-2,-2]  |-2 X
PM|[(—2+a) — (1+a),(—a) — (3—a)] =[-3,-3]|-3 «—
—ay dg
Remark 2. To investigate the stability of the above fuzzy Fig. 7. Partition in theeroregion.

control rules with a singleton consequent, let us consider
the same condition as that of the fuzzy control rule (9). Rémark 4. The singleton fuzzy rules in Table 10 are de-
The corresponding rule in Table 10 is given as follows; ~ fved based on the assumption S2 of Table 3, iig.= u.
For a more general case, if we assume: ki,, wherek
If z; is NS andzy is PS Thenu is 0. (19) is a real number, then under the equality constrained fuzzy

. . arithmetic, (17) can be rewritten as
Under the equality constraint, we hadVz; +

LVu)p = NS. From (8), we getSupp (LV (V(z))) = LV (V(2)) = LVas(LVa1 + LV (u/k)).  (20)
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synthesis approach. It can be seen that the pole never
under the equality constraint for, from (16) we have  falls down as the mobile robot can always track the de-
u = k(NM — z1)g or *(LVu) = [k, k], i.e., u = k. sired trajectory though the pole swings very much occa-
By repeating the same procedure, we can have a singlesionally. This may be due to the limited perception-based
ton fuzzy controller as shown in Fig. 8. This means that information. A similar experiment is also conducted us-
we could improve the stability of the singleton fuzzy con- ing the singleton fuzzy control rules (Table 10) derived by
troller by tuning &. the constrained-fuzzy-arithmetic-based Lyapunov synthe-
sis approach. The results are similar to those presented in
Fig. 10. From Fig. 11, it can be found that the pole angle

If zo = PM, then by choosingrs + u = NM,

X » Singleton . .
: Fuzzy —»IE'—» u is sometimes greater than 0.2 rad. However, for the fuzzy
x, —*  Controller control rules in Table 7, the pole angle is always less than

0.2rad.

Fig. 8. Configuration of a singleton fuzzy controller with a gen-
eral assumption of S2 in Table 3.

5. Experimental Results

Pole Angle (rad)

To demonstrate the effectiveness of the proposed fuzzy
controller design method, a real-time experiment of the 02 5 10 15 20
fuzzy control of an autonomous pole-balancing mobile Time (sec)
robot with an onboard TMS 320C32 DSP processor was
conducted (see Fig. 9). This project aims to design and
fabricate an autonomous mobile robot to participate in the
Singapore Robotic Games (SRG). The mobile robot is
able to balance a free-falling pole by means of horizon-
tal movements. While balancing the pole, it would also
travel with a pre-designed slope profile. The mobile robot
with the highest number of successful cycles in a single

untouched attempt within a predefined time slot will be Fig. 10. Balancing and tracking results using the fuzzy con-
considered the winning entry. trol rules derived from the perception-based informa-
tion by means of the standard-fuzzy-arithmetic-based

Lyapunov function.

Vel ocity (m/s)

Time (sec)

Pole Angle (rad)

5 10 15 20
Time (sec)

Fig. 9. An autonomous pole-balancing mobile robot.

Vel ocity (m/s)
o

The parameters of the physical robot are given as fol-
lows: the pole’s length i2] = 1 m, the mass of the pole is
m = 0.1kg, and the mass of the cartis. = 2.5kg. Fig-

—— Actual
—— Desired

S

ure 10 shows the trajectory of the pole angle and the veloc-Fig- 11

ity tracking results using the conventional fuzzy control
rules (Table 7) derived from perception-based informa-
tion using the standard-fuzzy-arithmetic-based Lyapunov

5 10
Time (sec)

20

. Balancing and tracking results using the fuzzy control
rules derived from the perception-based information by
means of the constrained-fuzzy-arithmetic-based Lya-

punov function.
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