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COMPUTING WITH WORDS AND LIFE DATA

PrRzEMYStAW GRZEGORZEWSKT, OLGIERD HRYNIEWICZ*

* Systems Research Institute, Polish Academy of Sciences, Newelska 6, 01-447 Warsaw, Poland
e-mail:{pgrzeg,hryniewi}@ibspan.waw.pl

The problem of statistical inference on the mean lifetime in the presence of vague data is considered. Situations with fuzzy
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1. Introduction nential model. We consider not only fuzzy lifetimes but
situations in which the number of failures is fuzzy as well.

One of the most important problems of reliability analysis

is to estimate thenean lifetimeof the item under study.

In technical applications this parameter is also called the 2. Classical Approach

mean time to failurédMTTF) and is often included in the

specification of a product. For example, producers are in- The mean lifetime may be efficiently estimated by the

terested whether this time is sufficiently large, as a large sample average from the sample of the times to failure

MTTF allows them to extend a warranty time. Classical Wi,...,W,, of n tested items, i.e.

estimators require precise data obtained from strictly con-

trolled reliability tests (for example, those performed by a urTR - Wit W 1)
producer at his or her laboratory). In such a case a failure n

should be precisely defined, and all tested items should

. X i -~~~ “However, in the majority of practical cases the lifetimes
be continuously monitored. However, in a real situation

th requirements miaht not be fulfilled. In an extrem of all tested items are not known, as the test is usually
ese requirements mig ot be tultiiled. an extre eterminated before the failure of all items. It means that

case, the rellaplllty data come from users whose rePOrtSe, o ct lifetimes are known only for a portion of the items
are expressed in a vague way. The vagueness of the data

has many different sources: it might be caused by Sub_under study, whi_Iethe remaini.ng lifetimes are k_nown only
S di . .tion of failures bv a user. b to exceed certam values. This feaFure of Ilfetlme d.ata is
of ?he rate of usage, etc The?/efore ’Wgnegd different tooIsZi > 0@ =1, e IS associated with ea_ch ftem. We
appropriate for moc;lellir;g vague data, and suitable statis-Obse.rveV]Yi o_nlijf I;(//} < Zi. ;he;?forer:)ur lifetime data
tical methodology to handle these data as well. consist of pairs(7y, 1), ..., (T, Yn), where

Grzegorzewski and Hryniewicz (1999) considered T; = min{W;, Z;}, ()
the generalization of the exponential model which admits ]
vagueness in lifetimes or censoring times but requires pre- V. — { Lif T =W, 3)
cise information about the number of observed failures ' 0 if T;=2,.

(i.e. one knows whether a given item failed or whether

it survived). In their paper fuzzy sets were used for mod- Numerous parametric models are used in the lifetime data
elling the vagueness of the lifetimes. However, sometimesanalysis. Among them the most widely used are the
we face situations when the number of observed failuresexponential, Weibull, gamma and lognormal distribution
is also vague. For example, it may be due to an impre- models. Historically, the exponential model was the first
cise definition of the failure. We can also consider partial lifetime model extensively developed and widely used in
failures or information about the scale of the failure ex- many areas of lifetime analysis: from studies on the life-
pressed by colloquial words. Hence in the present papertimes of various types of manufactured items to research
we suggest another generalization of the classical expo-involving survival or remission times in chronic diseases.
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In this model the lifetimeT" is described by the probabil- easily using (8). Namely, the hypothesi$ should be

ity density function rejected on the significance levélif
1, . 2T
—e7t0 if t>0, <X s 9
ft) = 0 (4) 0 = X2r+1,8 9)
0 if ¢<0,

where § > 0 is the mean lifetime. It is worth noticing
that the hazard function in the model considered is con- 3. Vague Data

stant. Although this assumption is very restrictive, the 3.1. Fuzzy Survival Times
exponential model is still frequently used in practice be-

cause of two important features: its paramefieis €as-  Now suppose that the lifetimes (times to failures) and cen-
ily estimated, and for lifetimes described by a probability sering times are not necessarily crisp but may be vague as
distribution with increasing hazard it gives a conservative yell. A generalization of the exponential model which
approximation for the mean lifetime. Thus, in this paper admits vagueness in lifetimes was considered by Grze-

we assume that the eXponential distribution model is the gorzewski and Hryniewicz (1999) They model impre_
mathematical model which describes lifetimes of tested cise lifetimes by fuzzy numbers. In this paper we adopt

items. Note that a slightly more general assumption that censoring times
n may also be vague. We assume, however, that the values
T — ZTi — Z W, + Z 7 (5) of the indicatorsYy, Y3, ..., Y, are equal either t® or
=1 ico ieC to 1, i.e., in every case we know if the test has been ter-

minated by censoring or as a result of a failure. In order
is the total survival time (sometimes called a total time on to describe the vagueness of life data we use the notion of
test), whereO and C' denote the sets of items for which  a fuzzy number.
exact lifetimes are observed and censored, respectively.

Let us recall some basic concepts and notation con-
Moreover, let

N nected with the fuzzy numbers and fuzzy random vari-
- Z Y; (6) ables.
=1

) Definition 1. The fuzzy subsetd of the real lineR, with
denote the number of observed failures. In the exponen-the membership functiop4: R — [0,1], is afuzzy num-

tial model considered the statistie, 7) is a minimally ber iff
sufficient statistic forf, and the maximum likelihood es-

timator of the mean lifetim is (assumingr > 0) (a) A isnormal, i.e., there exists an element such that

pa(zo) = 1;

gL 7 (b) A is fuzzy convex, i.e.ua(Azy + (1 — Nag) >
r wa(zi) Apa(xs), Ve, x0 € R, VA €]0,1];
It can be shown (Cox, 1953) that the statisﬁcé\/e is (€) w4 is upper semicontinuous;

approximately chi-square distributed withr + 1 degrees (d) supp A is bounded.

of freedom. This approximation is used for constructing

satisfactory confidence intervals even for quite small sam- It is known that for any fuzzy numbed there ex-

ple sizes (e.g., see Lawless, 1982). For example, the oneist four numbersa;, as, a3,a4 € R and two functions

sided confidence interval with the upper limit féron the na,Ca: R — [0,1], wheren, is nondecreasing and

confidence levell — § is given by is nonincreasing, such that we can describe a membership
function p 4 in the following manner:

2T
07 5 | (8) .
( X%rJrl,é 0 |f r < ay,
77A($) if a1 <z<asg,
where an’(; is the quantile of ordep of the chi-square palz) = 1 it ay <z <as, (10)
distribution with m degrees of freedom. Cale) it a5 << ay,
Practitioners are usually interested in testing the hy- 0 if a4 <z

pothesisH: 6 > 6, that the mean lifetime is no less than
a given valuef, (e.g., a given requirement on tMTTF) Functionsn4 and (4 are called the left side and the right
againstK: 6 < 6y. The desired test can be constructed side of a fuzzy numbeH, respectively.
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The notion of the fuzzy number was introduced by be useful when describing situations like “just before 50”
Dubois and Prade (1978). Some authors using this con-(ac = a3 = a4) Or “just after 30" @1 = as = a3).
cept in their papers do not quote requirement (d) given If a; = as and a3 = a4, then we get the so-called
above. They just adopt a more general assumption (e.g.rectangular fuzzy numbersvhich may represent expres-

see Chanas, 2001) sions such as, e.g., “between 20 and 25.” In the case of
+oo a; = ay = az = a4 = a We get a crisp number, i.e.,

(d) / pa(z)de < +oo. a fuzzy number which is no longer vague but represents
—0 a precise value that can be identified with the proper real

However, others (especially practitioners) argue that (d) "UmMbera.

is more natural than (since it means that real numbers A space of all fuzzy numbers will be denoted B¥}.

less thana; or greater tham, surely do not belong tol. Of course,FN C F(R), where F(R) denotes the space

Hence in our paper we adopt (d), although from a mathe- of all fuzzy sets on the real line.
matical point of view the requirement’{ds sufficient.

A useful notion for dealing with a fuzzy number is
a set of itsa-cuts. Thea-cut of a fuzzy numberA is a
nonfuzzy set defined as

Definition 2. A fuzzy number A € FN is non-negative
if pa(z) =0 forall z < 0, andpositiveif pa(zx) =0
forall x <0.

Equivalently, we may say thad < FN is non-
negative if AL_, > 0 and is positive ifAL_, > 0. The
space of all non-negative fuzzy numbers will be denoted
by NFN, while the space of all positive fuzzy numbers
will be denoted byPFN.

Ay ={z €R:pa(z) > a}. (11)

Afamily {4, : a € (0,1]} is a set representation of the
fuzzy numberA. Based on the resolution identity, we get

pa(z) =sup {ala, (z): a € (0,1]}, (12) The notion of a fuzzy random variable was intro-
o _ duced by Kwakernaak (1978; 1979). Other definitions
wherels, (z) denotes the characteristic function 4f, . of fuzzy random variables are due to Kruse (1982) or to

According to the definition of the fuzzy number it is eas- Puri and Ralescu (1986). Our definition is similar to those
ily seen that everya-cut of a fuzzy number is a closed of Kwakernaak and Kruse. Suppose that a random ex-

interval. Hence we havel,, = [AL (), Ay ()], where periment is described, as usual, by a probability space
(Q, A, P), where Q is the set of all possible outcomes
AL =inf{z € R: pa(z) > af, of the experimentA is a o-algebra of subsets d (the
(13) set of all possible events) anfl is a probability measure.

AY =sup{z € R: pu(z) > a}.
Definition 3. A mapping X: Q — FN is called afuzzy

If the sides of the fuzzy numbed are strictly monotone random variablef it satisfies the following properties:

then by (10) one can easily see that and AY are in-
verse functions ofy4 and (4, respectively. In general,

we may adopt the convention thay (z)~! = inf{z € (@) {Xa(w) : o € [0, 1]} is a setrepresentation df (w)

R : pa(z) > a} = AL and (a(z)! = sup{z € R : for all w € £,

palr) >a} = AY. (b) for each a« € [0,1] both XI = XZI(w) =
As in the classical arithmetic, we can add, subtract, ~ inf Xa(w) and X7/ = XJ(w) = sup X, (w) are

multiply and divide fuzzy numbers. Since all these op- usual real-valued random variables (0, A, P).

erations become rather complicated if the sides of fuzzy
numbers are not very regular, simple fuzzy numbers, e.g.
with linear or piecewise linear sides, are preferred in prac-
tice. Such fuzzy numbers with simple membership func-
tions also have more natural interpretation. Therefore the
most often used fuzzy numbers are the so-callage-
zoidal fuzzy numberge. fuzzy numbers whose both sides
are linear. Trapezoidal fuzzy numbers can be used for the
representation of expressions such as, e.g., “more or les§
between 5 and 77, “approximately between 10 and 15, W(V) = inf {px () (V(w)) : w € Q}, (14)

etc. Trapezoidal fuzzy numbers with, = a3 are called

triangular fuzzy numberand are often used for modelling which corresponds to the grade of acceptability that a
expressions such as, e.g., “about 6”, “more or less 8", fixed random variabld/ is the original of the fuzzy ran-
etc. Triangular fuzzy numbers with only one side may dom variable in question (see Kruse and Meyer, 1987).

Thus a fuzzy random variablé& is considered as a
perception of an unknown usual random variable2 —
R, called theoriginal of X. Let V denote the set of all
possible originals ofX. If only vague data are available,
it is of course impossible to show which of the possible
originals is the true one. Therefore, we can define a fuzzy
set onV, with a membership function: V — [0, 1] given
s follows:
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Similarly, an n-dimensional fuzzy random sample Z,. Let G denote the set of all items which are capable
X4,..., X, may be treated as a fuzzy perception of the at their censoring timesZ;. Therefore we can assign to
usual random sampl&y,...,V, (whereVq,...,V,, are eachitemi = 1,..., n its degree of belongingnesg =
independent and identically distributed crisp random vari- (i) to G, where g; € [0,1]. When the item has not
ables). The sev™ of all possible originals of that fuzzy failed before the censoring timg;, i.e., it works perfectly
random sample is, in fact, a fuzzy set with the membership at Z;, we setg; = 1. On the other hand, if a critical failure

function has occurred before or exactly at time momént we set
o gi = 0. If g; € (0,1), then the item under study neither
(Vi V) = P inf {1ix, ) (Vi(w)) 1 w € Q}. works perfectly nor is completely failed. We may consider

(15) this situation as gartial failure of the considered item.
Although a random variable is completely character- Let us notice thatz can be considered now as a fuzzy set
ized by its probability distribution, very often we are inter- with a finite support.

ested only in some parameters of this distribution. Let us The way in which we define the values gf in prac-

consider a parameteét = 6(V) of a random variabld’. tjce is beyond to the scope of this paper. For example, it
This parameter may be viewed as an image of a mappingis possible to describe formally some performance mea-
I': P — R, which assigns each random varialife hav- sures, and to evaluate the value of a certain aggregated

ing distribution P, < P the analysed parametér where  qguality index. For this evaluation we can use the notions
P = {Py : 0 € ©} is afamily of distributions. How-  of possibility theorysuch as therecessity of dominance
ever, if we deal with a fuzzy random variable, we can- or thepossibility of dominancendices, which are useful
not observe parametér but only its vague image. Using  \yhen measuring the degree to which some imprecisely
this reasoning together with Zadeh's extension principle, gefined requirements are fulfilled. However, in the ma-
Kruse and Meyer (1987) introduced the notion offliezy  jority of practical situations, we describe partial failures
parameter of the fuzzy random variaplehich may be jinguistically using notions such as, e.g., “slightly possi-
considered as fuzzy perceptionf the unknown param- e “highly possible”, “nearly sure”, etc. In such a case
eter 0. It is defined as a fuzzy set with the membership e may assign arbitrary weightg € (0,1) to such im-

function precise expressions.

fia(o) (t) = sup {L(v) Vevov) = t}, t € R, (16) Alternatively, one can consider a sé? of faulty
items and, in the simplest case, the degree of belonging-

where (V') is given by (14). This notion is well defined  ness toD equalsd; = pp(i) = 1 — g;. Further on, we

because if our data are crisp, i.&(,= V, we getA(f) = will call g; and d; the degrees of the up and down states,
6. Similarly, for a random sample of size we get respectively.
ae)(t) = sup {e(Vi,...,V,) : (Vi,...,V,,) € V™, Now we have to find a fuzzy counterpart of the num-
ber of observed failures. Grzegorzewski (2001) pro-
0(Vy) = t}, t eR. a7 posed several methods for failure counting. Depending on
i ) the output, we can divide them into two groups: crisp or
One can easily obtain-cuts of A(6): fuzzy methods.

A(@) ={teR:3I(V1,...,V,) € V", 0(Vh) =t},

(18)  3.3. Crisp Failure Counting
such thatV;(w) € (X;(w))q for w € Q and fori =

1,...,n. For more information, we refer the reader to Let ¢1,...,¢9, (di,...,d,) denote the degrees of up

(Kruse and Meyer, 1987). states (down states) of all items tested. The most natural
way for counting failures is to either consider only critical

3.2. Failures and Partial Failures failures or to treat all kinds of failures similarly. These

two approaches correspond to optimistic (or liberal) and
It happens very often in practice that we deal not only with pessimistic (conservative) viewpoints, respectively. Thus
critical failures but also with non-critical failures that are the number of failures observed in accordance with the
usually described using a common language. For exam-optimistic viewpoint is
ple, one is anxious because of a strange noise in the car.
However, he or she can still drive this car. Such a situa- _ Z =
tion corresponds to a failure which is not critical (at least Topt = Zl(di =1l =n- Zl(gi >0), (19
at this moment). =t =t

In order to take into account such non-critical failures where I is the indicator function, while the number of

let us describe the state of each observed item at the timdailures obtained in accordance with the pessimistic view-
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point is

n

=> 1(d; > 0).

i=1

Tpes =1 — zn:f(gi =1) (20)
=1

More generally, one can take into account only failures
with some degree of the down state (up state). Then we
get

Fe=> I(di>8=n-> I(g;i>1-¢), (21)
=1 =1

where ¢ € (0,1). Measures (19)—(21) are crisp, since
Topts Tpess Te € N U{0}. Itis clear thatrop, < 7e < Tpes
for each¢ € (0,1). The methods of failure counting de-

€&y

failures is a finite fuzzy set. It is also a normal fuzzy set
(since we assume, as in the classical approach, that there
exists at least one critical failure).

Example. In order to explain the concept of fuzzy failure
counting, let us consider a simple example. Suppose that
10 items were put under a test, and at the test termination
moments (caused either by a failure or by censoring) their
degrees of belongingness & were 1, 0.5, 0.9, 1, 1,

0.2, 0, 0.9, 1, and 0, respectively. This means that only
four items survived the test without any sign of failure, in
four cases there was an evidence of partial failures, and
two items surely failed. Obviously, the degrees of their
belongingness td were 0, 0.5, 0.1, 0, 0, 0.8, 1, 0.1,

0, 1, respectively. Using crisp failure counting methods
we may get the following results:

scribed above are in some sense reductive. Actually, they

abandon the whole information on particular degrees of up
or down states and utilize only part of that information—
whether these degrees exceed a given level. However
sometimes it would be useful to take into account all ac-
cessible information. Then the following method for fail-
ure counting might be used:

n

=Y di=|D|=n-

i=1

n

Y g=n—IGl, (22
=1

%"C

where |D| and |G| denote the cardinalities of fuzzy sets
D and G, respectively.

3.4. Fuzzy Failure Counting

A basic advantage of the methods for counting failures

Topt = 2, Tpes = 6,

~c

F0,5 = 3, r¢ = 3.5.

However, in the case of fuzzy failure counting we
have
= 1124 0.83+ 0.5/4 4 0.1]6

and

o = 0.212 4 0.5[3 + 0.9]4 + 1[6.

As can be seen, in the optimistic case we assign the high-
est plausibility measure to the failures that were revealed
with certainty. On the other hand, in the pessimistic case,
we assign the highest plausibility measure to all cases with
even slight symptoms of failure. ¢

given above is that they are easy to handle, since their out-4- Statistical Inference

puts are crisp. Unfortunately, such an approach does no
reflect the reality very well, especially that the test results
are often non-precise but vague. Moreover, the require-

ments are sometimes vague, too. It seems that the bespy their membership functiong, (), .

way to summarize fuzzy descriptions of the test results is

t

4.1. MTTF Point Estimation

Now we consider fuzzy Iifetimeéﬁ, e ,fn described
.., pn(t) € NFN.
Thus applying the extension principle to (5) we get the

to use fuzzy failure counting measures. We consider thefuzzy total survival lifetime T (which is also a fuzzy
observed degrees of down states and count the number ofiumber)

failures we would get if the rejection limit were fixed on

each degree of the down state (naturally, the lower the re-

jection limit, the more failures we observe). Thus we get
the following (fuzzy) number of failures:

e =1Dl;. (23)
where D[, denotes the fuzzy cardinality of a fuzzy set
D. We may also start from up states. Therefore

nges

=n- |G|f ) (24)
where |G|f denotes the fuzzy cardinality of a fuzzy set
G. However, contrary to the crisp counting)|, # n —
|G| ;. Itis obvious that such a fuzzy number of observed

(25)

f = Z ﬁa
i=1
with the membership function

sup
L1ty ERF ity 4oty =t

{pat) A A pn(tn) }-

(26)
Using the Minkowski operation om.-cuts, we may find
the set representation @f given as follows:

pi (t)

Toz - (Tl)a++(Tn)a
={teRtit=t1+ -+,

wheret; € (T;)a, i =1,...,n},

(27)

PR
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where a € (0,1]. Now, using the extension principle given value (upper confidence limit). For the crisp case
once more, we may define a fuzzy estimator of the meanthis confidence limit can be easily found from (8), i.e.
lifetime © in the presence of vague lifetimes as T = QT/X§7~+1,5- For example,m = 100 hours means
that the true mean lifetime “almost surely” does not ex-
(28) ceed 100 hours—it is possible that the mean lifetime is
equal to 99.5 hours, or 57.3 or 13.2 or even 0.5 hour—it
] o A~ remains unknown, although it is “almost sure” that it is
Sincer € N, we can easily find a set representatiornf not equal to, e.g., 150 hours (expression “almost surely”

~ N T ~ might be a linguistic interpretation of the confidence level
0, = {t eRT:t= o wherez € Ta} . (29) equal to, e.g., 0.95).

6:

Rt

For more details and the discussion on fuzzy confidence ~ Unfortunately, in the presence of fuzzy dafa, is

intervals, we refer the reader to (Grzegorzewski and No longer crisp but fuzzy, and therefore would be also
Hryniewicz, 1999). fuzzy. Moreover, if our data are fuzzy, we lose that natu-

ral and simple interpretation of the one-sided confidence

~ interval with the upper limit for the mean lifetime given

fuzzy estimator of the mean lifetime in the presence of  gpove. Since if we get, e.gr = “about 100 hours” (de-

fUZZy lifetimes and a vague number of failures. Namely, scribed by the triangu|ar fuzzy number W|m1 = 95,

for crisp failure counting methods we get the following ., — az = 100 and a4 = 105), it is possible that the true

formula: o~ mean lifetime is equal, e.g., to 5 hours or 50 hours, it is
0 — 2 (30) “almost sure” that it is not equal to, e.g., 150 hours, but it

r is not clear whether or not it is possible that it is equal to

where T is the fuzzy total survival time and denotes ~ 97 or 103 hours. An optimist would say: “yes, it is pos-
the number (crisp) of vaguely defined failures. Actually, Sible that the true mean lifetime is equal to 97 hours” and
(30) provides a family of estimators that depend on the “it might be possible that the true mean lifetime is equal to
choice of 7. Namely, one can choose his or her preferred 103 hours.” However, a pessimist would be more cautious
measure of failure counting € {7opt, Fpes, ¢, 7} and and would answer: “no, it might be possible that the true
= = = mean lifetime is equal to 97 hours” but “it is not possible
2 ~ that the true mean lifetime is equal to 103 hours.” This
0¢, respectively. It is not difficult to prove tha is a fuzzy example shows that we have neither clear nor unique in-

By the extension principle, we may also define a

get, as a result, an estimaté,;, fpes, O (0 < € < 1),

number. terpretation of the upper confidence limit for vague life
However, in the case of fuzzy failure counting meth- data. Below we will suggest how to handle situations
ods, i.e. forr € {7/ 7/ 1}, we have like those described above. Our proposal is based on the
Peer above-mentioned difference in the attitude, i.e., optimism
~ T and pessimism.
0= —7=, (31) - , ,
conv () To begin with, we have to consider vague data again.

It is seen at once that there are doubts, analogous to that
mentioned above, how to qualify our conviction about the
survival time of any individual whose vague lifetime is,
conv (F) = inf{A €NFN:7 C A}. (32) e.g., T' = “between 1000 and 1050 hours” (described
by the rectangular fuzzy numbet; = as = 1000,
Since now the denominator of (31) is a fuzzy number, our a3 = a4 = 1050). And again, according to an optimistic
= or a pessimistic attitude to that lifetime one may or may
not be convinced that it is possible that the individual un-
der discussion survived, for example, 1020 hours. Hence,
together with given vague life datdy, ..., T,, we will
4.2. Confidence Intervals forMTTF also consider the so-called survival data of two types: op-

. o ) .. timistic and pessimistic.
Besides finding the fuzzy estimator of the mean life-

where conv (7) is the convex hull of the fuzzy set de-
fined as follows:

estimators@fpt and 5563 of the mean lifetime are fuzzy

numbers, too.

time, we can also construct fuzzy confidence intervals for ~ Now let 7y, ...,T,,, T, € NFN denote fuzzy life-
MTTF. First of all, we should realize what information is  times and (T3)o = [(T;)z, (T3)5] be an a-cut of T,
yielded with the one-sided confidence interval withanup- « € (0,1}, @ = 1,...,n. Consider two operators:

per limit for the mean lifetime. Roughly speaking, it tells Opt, Pes: NFN — NFN defined as follows:
us that with high probability (confidence) the true mean B B
lifetime of the individual under study does not exceed the (OptTi)a = (0,(T)Y], «a€(0,1] (33)

e
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and

(PesTy)o = (0.(T)F, ],

If the quantities T1,...,7, denote fuzzy life-
times, thenOpt 11, ... OptTn, defined by (33), and
PesTy,...,PesT,, defined by (34), are optimistic and
peSS|m|st|c survival times, respectively. Of course, if all

€(0,1]. (34)

the data are crisp, then both optimistic and pessimistic sur-

vival times are identical and might be identified with life
times.

Kruse and Meyer (1987; 1988) proposed a general

method for deriving fuzzy confidence intervals for fuzzy
data X4, ..., X,, if one knows how to construct a usual

(i.e., crisp) confidence interval for the parameter under

discussion. Particularly, if—oo, 7] is the crisp one-sided
confidence interval with the upper limit fof on a con-
fidence level of1l — §, wheren = =(V4,...,V,,), then
a fuzzy setll = II(X;4,...,X,) with the membership

function
urr(t) = sup {aﬂ(,myng](t) s € (0, 1]}, (35)
where
nv =nv(xy,...,X,)
=sup{ueR:Vie{l,...,n}3z; € (Xi)a
such thatr(z1,...,2,) > u} (36)

is the one-sided fuzzy confidence interval with the upper
limit for 6 on a confidence level of — §. For details we
refer the reader to (Kruse and Meyer, 1987; 1988).

In the case of our vague life data we will construct
two one-sided fuzzy confidence intervals with upper lim-
its for the mean lifetime based on either optimistic or
pessimistic survival times. To begin with, let us as-
sume that the number of failures is crisp. According
to Kruse and Meyer’'s method, thaptimistic one-sided
fuzzy confidence interval with the upper linfil°P* =
I°Pt(Opt 11, ..., Opt T},) for the mean lifetime on the
confidence levell — § has the following membership
function:

€(0,1]}, (37)

prropt (t) = sup {aﬂ(o_y(nopt)(l{](t) e}

where

(P

(38)

(ZOptT) ,

while the pessimistic one-sided fuzzy confidence interval
with the upper limitIIP*s = IIP*S(Pes Ty, ..., PesT), )

for the mean lifetime on the confidence Ievbl— 0 has
the following membership function:

X2r+1 )

(0,1]}, (39)

[TIpes (t) = sup {a[(o,(npes)g](t) RS

where

n

2

2
X2r41,6

~\U
(1Pes)Y Pes Ti)
1—

By (25) one can easily check thaf ;" OptT;)Y
(T)Y and (Y1, PesT;)Y = (T)L_,, so a-cuts (38)

1—a»
and (40) of the optimistic and pessimistic one-sided con-
fidence intervals with upper limits for the mean lifetime

might be calculated from the equations

2

WP = —5—— (D), (42)
X2’r+1,6
es 2 T
(ITP)g) R +16(T)1L_w (42)

respectively. Hence it is seen that the optimistic one-sided
fuzzy confidence interval with the upper liniif°?* is en-
tirely based on the right side of the total lifetini¥e and
disregards completely the left side @t So it corresponds
only to that optimistic attitude to life data described in the
example given above. In contrast IPP*, TIP* is based
solely on the left side of the total lifetim& and disre-
gards the right side of", and thus it represents the pes-
simistic attitude to the life data.

It is also not surprising thafI*** C II°Pt. More-
over, if all life data are crisp, both optimistic and pes-
simistic fuzzy confidence intervals coincide and reduce to
the traditional crisp one-sided confidence interval with up-
per limit.

Equations (41) and (42) were obtained taking into ac-
count only one aspect of vague data, i.e., imprecise life-
times. However, we may easily generalize these formulae
to situations with vaguely defined failures.

Let us now consider a fuzzy case, and letde-
note the number (crisp or fuzzy) of observed failures
given by formulae (19)—(24). Now, in accordance with
the optimistic or pessimistic attitudes to the life data
(i.e., using OptTi,...,OptT, or PesTi,..., PesT, n)
and choosing a failure counting method(where T e
{Topt: Tpes» ?5,?6,?gpt,?ges}) we could get formulae for
confidence intervals corresponding to different combina-
tions of lifetimes/numbers of failure descriptions. We
have to bear in mind, however, that in order to arrive
at optimistic (pessimistic) bounds of the mean lifetime,
we have to use consistentl{/?opt,?gpt} for optimistic
bounds and{7 s, 7.} for pessimistic bounds. In the
intermediate case we can use eitfteror 7. Depending
on whether we consider optimistic or pessimistic survival
times, the a-cuts of the upper bound of the confidence
interval on the confidence leval— § are as follows:

2

2
Xdft,s

U

U
(I o a

T

(T)

(43)
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amcs €
or

()5 = ——(D)i .,

5 (44)

Xat,s

where the number of degrees of freedatfi depends
on the failure counting method. Namely, if ¥ €

(NFN)"” — F({0,1}) on the significance leved with
the membership functions

prgons (£) = purtor (90) Loy (£) + f1-rowe (60) 1 (1)

= prrort (60)Igoy (¢) + (1 — prrrowt (60)) 13 (2),

{?Optﬂf:pes’?g}, f € (07 1), then

te{o,1 50
df = 27 + 1. 0.1} 0

(49)

-~ and
If ¥=7°, then

df = 2[7] + 1, (46)
where [7] stands for the least integer greater than
Moreover, if ¥ = 77 __, then we get

pes?’

[heppes (t) = prees (90)]1{0} (t) 4 piripes (90)]1{1}(15)
= purrees (60) L0y (%)
+(1 — unpes(eo))ﬂ{l} (t), te{0,1}, (51)

where fuzzy confidence intervalg°P* and IIP*, which

correspond to the optimistic and pessimistic attitude to the

is the membership function dfgcs. Finally, if 7 = ?gpt, life data, are given by (41) and (42), respectively.

then we get Second, if we consider imprecise infor-

(48) mation on the number of failuresr (where

where7l = min{z € N:puy (r) >a} andpy is 7 € {Fopt: Toes T, 7%, Fapis Thes ), then we get a

o?f"‘“ o family of tests 2", 2 : (NFN)” — F({0,1}) on the
opt- C ; . 4

significance leveb with the membership functions

df = 277 41, (47)

where 7Y = max{z € N : p_s (r) > o}, and s
pes pes

df = 275 + 1,

the membership function

4.3. Testing Hypotheses oMTTF frgove () = pgport (00) g0y () + p1_gope (B0) L1y (2)

In the present section we will consider the problem of how
to design a statistical test to verify a hypothesis that the
mean lifetime of the individual under study is no less than
a certain fixed value. Thus we are interested in testing a
hypothesisH: 6 > 6y, where  is a given requirement  or
for the mean lifetime, againgk: 6 < 6.
Grzegorzewski (2000) proposed a general method ozee (t) = pggpes (60) L0y (£) + 1 gypes (60) L1y ()
for deriving fuzzy tests for testing hypotheses with vague — e (80) 101 (1)
data. In the case of testing the one-sided null hypothe- Hirpes\Y0)%{0}
+(1 = pggees (00)) Iy (1), t € {0, 1}, (59)

= Hgger (0) L0y (1)

+(1 = pgore (00)) Iy (1), € {0,1} (52)

sis H: 0 > 0y againstK: 6 < 0y with vague data
Xi,...,X,, X; € FN, i = 1,...,n, we get a fuzzy
test p: (FN)" — F({0,1}) on the significance leved

with the membership function where fuzzy confidence intervalfi2** and TI>* are

given by (43) and (44), respectively.

As one may expect,ugort(1) < pgres(1) and
pgort (0) > pgres(0) for any life data.  Similarly,
frgorr (1) < pgees (1) @nd pugoee (0) < prgees(0). More-
over, if all life data are cri§p, both optimistic and pes-
simistic fuzzy tests coincide and reduce to the traditional
whereIl denotes the one-sided fuzzy confidence interval test for one-sided hypotheses.
with the upper limit for the parametér on the confidence It is easily seen that in contrast to the classical crisp
level 1 — 4 given by (35) and (36), and is an indicator  test, our fuzzy tests do not lead to the binary decision—
function. Since in our case of vague life data we have tq accept or to reject the null hypothesis—but to a fuzzy
to consider different attitudes to the information on the gecision. We may gep = 1/0+0/1, which indicates that
lifetimes and different failure counting methods, we may \ye shall acceptd, or ¢ = 0/0 + 1/1, which means that
also construct a desired test in several ways. H must be rejected. But we may also get= /0 +

First, if we consider exact information on the num- (1 — pug)/1, where uy € (0, 1), which can be interpreted
ber of failures r, then we have two testg°Ft, ¢pPes: as a degree of conviction that we should acceg) ©Or

po(t) = prr(600)goy (¢) + p-m(00) L1y (2)
= prr(00) Loy () + (1 — pmn (60)) g1y (1),

t e {0,1}, (49)
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reject (\; = 1 — pg) the hypothesisH. We suggest to The method proposed in this paper is not an example
categorize all the possible outcomes of our fuzzy tests in of merely number-crunching. It reflects problems which
the following way: are important while dealing with imprecise data like, e.g.,
the decision-maker’s attitude. The proposed method could
if 0<po<0.1 then H must be rejected be generalized so as to be applied to solving other statisti-
(i.e.,09<u <1) cal decision problems.
if 0.1 <po<0.2 then H should be rejected
(i.e.,0.8 < pu1 <0.9)
if 0.2<pp<0.3 then H may be rejected
(i.e.,0.7 < p1 < 0.8) References
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