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The aim of this investigation is to construct an adaptive observer and an adaptive compensator for a class of infinite-
dimensional plants having a known exogenous input and a structured perturbation with an unknown constant parameter,
such as the case of static output feedback with an unknown gain. The adaptive observer uses the nominal dynamics of the
unperturbed plant and an adaptation law based on the Lyapunov redesign method. We obtain conditions on the system to
ensure uniform boundedness of the estimator dynamics and the parameter estimates, and the convergence of the estimator
error. For the case of a known periodic exogenous input we design an adaptive compensator which forces the system to
converge to a unique periodic solution. We illustrate our approach with a delay example and a diffusion example for which
we obtain convincing numerical results.
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1. Introduction The proposed observer is of the form

In this paper we construct adaptive observers for the  d . ~ ES
o . . - . t Ap(t BT (t)y(t Bu(t t
infinite-dimensional linear system with structured pertur- dtx( ) 0F(t) + BL(t)y(t) + Bult) + £(),

bations on a complex Hilbert space 2(0) = %o
d d (2)
%) = (Ao + BUC)(t) + Bu(t) + f(¢), i = G(y(t) — Cz(t))y" (t),
z(0) = x9 € X, (1) IAﬂ(O) = T,
y(t) = Cux(t), where @ = GT > 0 is a pre-selected adaptation ma-

trix gain. The objective of the paper is to analyze the sta-
bility and convergence properties of the proposed adap-
tive observer. Simplified versions of this adaptive ob-
server scheme for special classes of systems were stud-
ied in earlier papers (Curtaet al., 1997; Demetriou and

Ito, 1996; Demetriowet al,, 1998). Our main result (The-
orem 2) uses a Lyapunov equation of the form

where Ay is an infinitesimal generator of an exponen-
tially stable Cy semigroupT'(¢), ¢ > 0 on X (Pazy,
1983). The signals.(t) and y(t) are the vector-valued
inputs and outputs, respectively, arfi¢t) is an X-valued
known exogenous input. The operatdtse L(R™, X)
and C € L(X,R™) are known, but the gain matrix
I' e R™*™ is unknown. The structured perturbation term
BT'C may represent a passive feedback loop. The @fain A*Qr + QAzr = —L*Lz, =€ D(Ay)

may depend on other factors such as temperature and age, ’ ’ (3)
and consequently it needs to be estimated in real time. B*Q = C,



amncs m R.E Curtain et al.

with Ay + pl replacing A, where p is a certain pos-  In Section 4, we propose an adaptive compensator design
itive constant,Q € £(X) and L is a bounded opera- using a separation scheme with an LQR design on the re-
tor on D(Ap). That is, if there exist a pair of operators sulting adaptive observer. To illustrate the above results
(Q, L) satisfying (3), then the gain estimafé(t) and we present some numerical results on our three examples
the observer erroe(t) = z(t) — z(t) are bounded and in Section 5.
et||Qze(t)|x — 0 ast — oo provided thatu, y €
L% .(0,00;R™). Moreover, under a persistence of exci-
tation condition the parameter convergerft(e) — I as
t — oo is proved. The adaptive observer scheme is only applicable to
The earlier results on the existence of solutions to positive-real systems and the key is a positive real lemma.
Lur'e equations in the literature are too restrictive for As is well known, it is possible to have different versions
our application. Balakrishnan (1995) assumes tHats corresponding to spectral factors of different dimensions.
a Riesz spectral operator and the scalar inputs and out\We have found three useful versions. The first version is
puts are very smooth; both Curtain (1996a; 1996b) and particularly useful for dissipative systems with collocated
Pandolfi (1997) require the exact controllability, which is actuators and sensors, and it was utilized in (Demetriou
never satisfied by our class of systems. In the recent re-and Ito, 1996). These systems are always positive-real,
sults by Curtain (2001) and Pandolfi (1998), the latter as- and the following lemma is trivial.
sumption is removed. The results in (Curtain, 2001) pro-
vide the type of the positive-real lemma suited to our ap- Lemma 1. Suppose thatd is the infinitesimal generator
plications. of a contraction semigroup oX and B € L(R™, X).
A key assumption to ensure the existence:of., Q Then @ = I is a solution to the constrained Lyapunov
satisfying (3) is that there exists a positive numbpesso ~ €quation forz € D(A)
that (Ao + I, B,C) satisfies a positive-real condition

2. Positive-Real Lemmas

(Curtain, 2001) as follows withd = A, + 1. (Az, Q) + (Qu, Az) <0,
P B*Q = B*.
Definition 1. Let A be an infinitesimal generator of an
exponentially stable semigroup ox. If the transfer func- In the adaptive observer application, one also needs
tion G(s) = C(sI — A)"'B : C — L(C™), where  to suppose thatt generates an exponentially stattli-
Cy” = {s € C: Re s > 0} satisfies semigroup. An example satisfying Lemma 1 is the fol-
. ~ lowing.
(i) G(s) = G(3), (4)
Example 1. Consider the diffusion equation
(ii) G(s) is holomorphic onC,', (5)
0z 0%z
(i)  G(s)+G(s)* >0forall s=1w, weR, (6) ot 0¢
then G is positive real #(£,0) = 20(8),
Although there are many results on the positive- / b(&)z(&,t)dE,

real lemma in the infinite-dimensional literature (e.g., see
(Staffans, 1995; 1997; 1998; 1999; Weiss, 1994; 1997; \nerep L%(0,1) =
Weiss and Weiss, 1997), most are in terms of a certain We let
Riccati equation. For our main result we need the singular
equation (Lur’e) (3), for which no corresponding Riccati
equation exists.

In Section 2, we state and discuss three distinct ver- D(A)= d2h 9
sions of a positive-real lemma that are in essence exis- ¢z € L7(0,1) and 1(0) = 0 = A(1)
tence theorems for a Lur'e equation like (3). Moreover,
we collect various sets of verifiable sufficient conditions. and define
We discuss three examples which satisfy at least one ver- a2
sion of the positive-real lemma. In Section 3 we prove the Ah = aez for h e D(A).
main theorem based on a Lyapunov method and a solution
to the Lur’'e equation, and state the persistence of the exci-Then A has compact resolvent, eigenvalugs, =
tation condition we use for the gain estimate convergence.—n?7?, n € N and eigenvectorss, = +/2sin(nn¢),

dh
heL?(0,1):h, I are absolutely continuous,
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n € N, which form an orthonormal basis fdr?(0, 1). A where
is exponentially stable, self-adjoint and forc D(A) ) 1 on]J0,1/2),
(x,Az) < —||z|?, 0 elsewhere
and it generates a contraction semigroup. Take X = L*(0,1) to be the Hilbert space with the
Finally, note thaty(t) = (b, 2(-,t)) = Cz(-,¢) and weighted inner product
B =C*. ¢
— —ag
To treat systems for which the actuators and sensors {f,9) = /0 e” > f(§)g(&) de.
were not collocated, the following version was proven in o
(Curtainet al, 1997). Then, defining
Lemma 2. Suppose thatd is self-adjoint, has compact h:h, dh are absolutely continuous
resolvent, it generates an exponentially stable semigroup, _ d
D(Ao) =
its eigenvalues{)\,,,n € N} are simple and its eigen- d2h
vectors {¢,,,n € N} form an orthonormal basis foX . and ae < X, h(0) =0 =h(1)
Suppose thab, c € X satisfy
and )
<07¢n><b7¢n> >07 n€N> thzgiaﬁ fOI‘ hGD(AO),
o |e.on) @@
neN (b, dn) < 00 it is straightforward to show thatl, is self-adjoint with
eigenvalues),, = 7%2 — n?72 and normalized eigen-

Then there exist operator8 < Q = Q* € L(X), L €
L(D(A),X) and p > 0 such that forz,y € D(A)

(A+pD)z, Qy) + (Qx, (A + pl)y) = —(Lz, Ly),

Vectors ¢, (&) = v2e*¢/2sin(nn), n € N. The set
{¢n, n € N} forms an orthonormal basis foX. Let

dnmv2 (1 —e 2 (-1)")

7 = n) = N
(z,c) = (z,Qb). @ o (¢, &n) An272 + o2 , nely,
Proof. Show by direct substitution that the following op- .= (1, ,,)
erators satisfy the constrained Lyapunov equation:
o~ (¢ dn) _ Anmv/2 (14 e 7 cos(F) — 52e 1 bm(%)).
Qx = Z <b’ ¢"> <x7 ¢n>¢na 122 + o2
o 1 (8) So b,c, > 0 for all n and for certain constants:
3 + An){e én) | ? and M
zz< (1 + An){ ¢>) 60
- (b, pn)
n>1
[ |

So the assumptions of Lemma 2 are satisfiég,
given by (8) satisfies the constrained Lyapunov equa-

This lemma applies to Example 1, where we can take tion (7) and it is boundedly invertiblef is unbounded.

pu=m2—¢ foranye > 0. N

The following example from (Curtaiet al, 1997)
does not satisfy the conditions of Lemma 1, but Lemma 2 Note that in both Lemmas 1 and 2 tHe term will
does apply. be unbounded in general, even though and C are

bounded, and thal. maps into the state-spacg. This

Example 2. Consider the diffusion equation is in contrast to the usual finite-dimensional version for

9z 0%z Oz which L maps into the output spad®™. The latter ver-

e T oo 0‘375 +0(Qu(t) + f, a>0, sion is much harder to prove for infinite-dimensional sys-
tems, and earlier versions in (Balakrishnan, 1995; Curtain,

2(0,t) =0, =2(1,1) =0, 2(&0)=2(¢), 1996a; 1996b; Pandolfi, 1997) assumed very strong condi-

tions on the system, such as exact controllability. Here we
extract some useful results from (Curtain, 2001), where
only mild conditions are assumed on the system operators

1
) = [ etatenae (A B.C).

with the output given by
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First we need some extra notation:
f:Cy" — Z and f is holomorphic and
Hoo(Z) =

H*(Z)

[flloc = sup [[f(2w)]lx < oo
w€eR

f:Ci — 7 and f is holomorphic and

oo

1713 = sup /
z>0.J -0

L?((—100,100); Z)

1 (2 +2w)[% dw < o0

f:(—100,200) — Z andf is measurable an

£l = ( [ iseaz dw)é <o

— 00

Let Z be a complex Hilbert space. H>*(Z) is a
Banach space under the sup norm, aff(Z) and
L?((—100,100); Z) are Hilbert spaces under thejr- ||
norms. Furthermore,f € H?(Z) uniquely defines a
function f € L2((—100,200);Z) and f is isomor-
phic to f with |[flo = |fll.. f and f are usu-
ally identified with each other and with this identifica-
tion H?(Z) is a subspace of.? ((—200,200);Z). We
denote byPy- the orthogonal projection of/?(Z) onto
L?((—100,100); Z).

The results depend on tiRepov functionll defined
by

Merw) =Ghw)+ Glrw)™. 9)

Theorem 1. Suppose thatA is the infinitesimal gen-
erator of an exponentially stabl€’y-semigroup onX,
B e L(U,X) and C € L(X,U), whereU is a sepa-
rable Hilbert space. Assume that

(i) there exists an outer functibrE € H>°(L(U)) such
that

Mirw) =E(w)*E(rw) foralmostallw ¢ R, (10)

(i) (A, B) is approximately controllable,
(iii) there exists aC=z € L(D(A),U) such that for all
z € D(A) and somey > 0

| lest@sar <

and
E(s) = C=(sI — A)™'B,

for all s in some right half-plane.

(12)

[N

= € H*°(L(U)) is outer if its range as a multiplication operator
on H2(U) is dense inH2(U).

Then there exists & = Q* € L(X) which satisfies, for
all z € D(A), the following Lur'e equations:

A*Qr + QAzx = —CZCzx (13)

B*Qr = Cz. 14)
Proof. This follows from Theorem 3.2 in (Curtain, 2001).
The existence of the maf=z € L£(X, L*(0,00;U)) re-
ferred to in (i) of Theorem 3.2 is shown in Theorem 5.1 of
(Curtain, 2001), where we note that for our Popov func-
tion formula (5.1) simplifies to the expression (12). We
also use the fact thaB is bounded, which also ensures
that the spectral factor will be regular as required in (iii)
of Theorem 3.2. In fact¥z is defined forz € D(A) by

(U=z) (t) = C=T(t)z.

The infinite-time admissibility assumption (11) ensures
that U=z extends to a bounded map fronX to
L?(0,00;U). Moreover,Q = ¥2U=. ®

Sufficient conditions for (10) to hold are
IM(w) >0 and
(15)
II(zw) is invertible for almost allw € R,

dw < o0, (16)

= log™ HH_I(“‘))HE(U)
/ 1+ w?

—0o0
wherelog® a = max(log o, 0).
(11) and (12) are often difficult to verify, so the fol-

lowing result from Proposition 5.5 of (Curtain, 2001) will
be useful.

Lemma 3. Suppose thatd, B,C are as in Theorem 1
and

(i) conditions (15) and (16) hold,

(i) A has eigenvalues ), |n € N} and the corre-
sponding eigenvectorsp,,, are such that the span
of {¢,,n € N} is dense inX,

(i) =(—X,) isinvertible in £(U) forall n € N,

(iv) C= satisfies (11), wher€'= is given by

Con = (E(-2)") " Con.  (17)
Then, there exists @ = Q* € L(X) satisfying (13)
and (14).

We note that some easily verifiable conditions for
C= to satisfy (11) are given in (Hansen and Weiss, 1997)
and cited in Lemma 5.6 in (Curtain, 2001).
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Lemma 4. (Curtain, 2001, Lem. 5.68uppose that, the
generator of 7'(t), is a diagonal matrix onX = ¢2 with
eigenvalue eigenvector paifs\,,, ¢, | n € N} satisfying
the following conditions:

(i) ReA, <0 for neN,

(i) either T'(¢) is analytic or there exist numbeks > 0
and 0 < a < b such that

alIm A\, |* < —Re A\, < b[Im A, | (18)

ThenT(t) is exponentially stable and’ € £(D(A), (?)
satisfies (11) if and only if there exists > 0 such that

| X (oo

—ApER(h,w)

< Mh,

L(0?)

where R(h,w) = {z € C|0 < Rez < h, w—h <
Im z <w+ h}.

Finally, in Lemma 5.7 of (Curtain, 2001), various

bounds on the spectral fact@i(s) are derived which help
to verify that =(—\,,) is invertible for the case of single-

input single-output systems. Several examples of SISO
parabolic systems are analyzed in Section 6 of that paper,
including some with boundary control and point sensing.
Applying the approach of Section 6 to our Examples 1
and 2 we see that the transfer functions both have the form

3

whereb,, = (b, ¢,,) andc, = {(c,¢,) are both of order
1/n forlargen and \,, ~ —n? in both examples. Con-

sequently, the analysis and the conclusions are the same as

in Example 6.1 of (Curtain, 2001 (2 w) ~ m/|w|3/?
for somem > 0 and sufficiently largev, and II has an
outer spectral factoE as in (10) which satisfies

o

n3/2

for some~; > 0 and sufficiently largen. So Cz is

‘E(nQ)’ >

G

with the transfer function

g(s) = :

— c H™.
s+ a+bes

Now

(w) = g(tw) + g(tw)”

_ 2(a + bceos(w))
(a+bcos(w))? + (w — bsin(w))?}

if a>|bl.

>0

In this case, it is easy to find the spectral factbe H>
given by

o+ PBe”*®

_ 2 2=29 =b. (21
statbes +0 e, af (21)

E(s) =

The delay system (19), (20) can be formulated on the
state-spaceX = C @ L?(—1,0) with generating opera-
tors defined by

o (3) i)

<f€')> € X | f is absolutely continuoug,
D(A)= 7

df 2 =
@(.) € L?*(—1,0) and f(0) =r

4 ( r > - —ar —bf(-1) 23)
o)\ Y

(see Curtain and Zwart, 1995, Ch. 2.4). Cleady, and
C are bounded operators and we recall from (Infante and
Walker, 1977) thatA generates an exponentially stable

(22)

well defined by (17) and it satisfies (11). It is interesting semigroup ifa — [b] > x> 0 for some positive constant

to note thatCz is unbounded|Cz¢,,| ~ +/n. Here we

u. (A, B) is approximately controllable (see Curtain and

have satisfied all the conditions of Lemma 3 and there ex-Zwart, 1995, Thm. 4.2.10).

ist @ and Cz € L£(D(A),C) satisfying the constrained
Lyapunov equations (13) and (14).

As has already been noted, Lemmas 1 and 2 only ap-
ply to special classes of SISO systems. Lemma 3 appliesC:

The candidate folCs is
(C=x) (t) = ax(t) + Szt — 1). (24)

is not bounded, but it does satisfy (11) (see (Salamon,

to a much wider class of partial differential equations, but 1984), and note thaf'(¢) is exponentially stable). We
it is not applicable to delay systems. In the following ex- verify ’that (12) holds:

ample we show how Theorem 1 can be applied to a delay

system.
Example 3. Consider the delay system
z(t) = —ax(t) — bz (t — 1) + u(t),

a,b>0, (19)

(20)

(1]

(s) = C=(sI — A)"'B.

The resolvent is now given by (Curtain and Zwart, 1995,
Lem. 2.4.5)

_ r q(0)
s —A)~! = , 25
( ) (f(-)) (q(-)> )
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where
[
4(6) = ¢*4(0) - / @1 (1) dp
_ 1 r— 0 e s(nt1)
q(0) A(s) < b/—l f(w) dﬂ) )

So
(s] — A)L — O q(0)
Celol = 4) <f()> C‘( a0) )
= (00(0) + fa-1)) = “Fr—
— b(a—I—ﬂe_g) Pt 0 s0
H(i-tgg ) e Lo,
and
C=(sI — A)"'B = % — =(s),

as required. In fact, it is readily verified that the solution
to the Lur'e equation (13), (14) is

(om)

For the general retarded system with vector-valued inputs
and outputs, see Section 7 in (Curtain, 2001).

I 0
0 I

Q

3. An Adaptive Observer: Main Results
The proposed state estimator is
Z(t) = AoZ(t) + Bu(t) + BT (t)y(t) + f(t),

z(0) = Zo, (26)
where Z(t) is the state estimate at time and I'(¢) is

the adaptive estimate of the unknown gain. In order to ex-
tract the adaptation rule fdr(¢), we use the Lyapunov re-
design method (Khalil, 1992; Narendra and Annaswamy,
1989), which has proved successful for finite-dimensional

systems. In this section, we show that the same adaptive

observer that was proposed in (Curtaihal,, 1997) for
scalar (SISO) systems can be extended to the larger clas
of multivariable (MIMO) systems considered in this pa-
per.

Let X_; be the completion ofX under the norm
lloll—1 = | Ay ' ¢llx. Then X_; is a Hilbert space and

DAY c X C X ;.

Theorem 2. Consider the structurally perturbed sys-
tem (1), whereA, is the generator of an exponentially
stable Cp, semigroup onX, B € L(R™ X), C €
L(X,R™), f(t) is a known exogenous signal which is
locally Bochner integrable, and™ is an unknown ma-
trix feedback gain. If there exist a positive constant
Qe L(X)andL e L(D(A),X) or L(D(A),R™) sat-
isfying the constrained Lyapunov equation foe D(A)

(Ao +pI)" Qr + Q (Ao + pul) z
B*Qx = Cu, (28)

then the state estimator defined by (26) and the adaptation
rule with adaptation matrix gairG = G* > 0 given by

L*Lz, (27)

T(t) = GCe(t)yT (1),
(

have the following properties:

(29)

=

0) = Iy

o0

(i) If u,y € L3 (0,00; R™), then the quantitied’(t)
and Qze(t) are bounded in norm for > 0 and
est|Qze(t)||x — 0 ast — oco.

(i) Moreover, ify € L?(0,00;R™), then |le(t)||x — 0

ast — oo.

(iii) If we assume thay € L>(0, oo, R™), then the esti-

mation error e(t) = z(t) — Z(t) is bounded in norm

for ¢ > 0. Moreover, if @ is coercive, and the plant
is persistently exciting, i.e., there exigy, 6o and
€o such that for each admissible gaip € R™*™
with (Euclidean) norm equal ta and each suffi-
ciently large t > 0, there exitst € [t,t + Tp] such
that

then the parameter convergence

t_+50
/ qu(T)dTH ) > €,
p _

f(t) —TI ast— oo
holds.
Proof. (i) Consider the dynamics of the state error
é(t) = Ave(t) + BTy(t) — BL(t)y(t)

= Aoe(t) + BT(1)y(t), (30)

s
(31)

6(0) = Xy — /{L‘\O = €9.

The dynamics for the parameter erbft) = I — I'(¢)
become .
T(t) = ~GCe(t)y" (1),

- (32)
I'(0)

=T -Ty=
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& s

First we need to examine the well-posedness of the Notice that although we have assumed tlgt €

coupled system (30), (32), which is, in fact, a linear time-
dependent system
AO e(t)
L) |
(33)

[ —GC[-ly" () 0

d | e
dt | T(¢)

The perturbation ternD(t) : X @R™*™ — X gR™*™
is given by
D(t) =

—GC[-ly"() 0 =

So, if y € L3.(0,t1;R™), (33) has a unique solution

given by
(t,0) €0
=U(t,0 ~0 )

where U(t, s) is a mild evolution operator (Curtain and
Pritchard, 1978) defined fdr < s <t < t;. Infact, y(¢)
defined by (1) will always be irC(0, t1; R™) for u, f €
L,(0,t1;R™), p = 1,2 0roc0. In general,e(t) will not

be in D(Ay), evenifeq € D(Ap). Sufficient conditions
for e(t) € D(Ap) are thaty(-) € C1(0,t1;R™) and

eo € D(Ap), which are very strong. However, we assume
this initially to facilitate the Lyapunov argument. We ex-
amine the asymptotic properties of (35) using the follow-
ing Lyapunov functional for( {.)

0 B[-Jy(?) ]

(35)

V(e,T) = (e, Qe) + Tr {fTG‘lf}7 (36)

where @ is the solution to (27). Since(t) € D(4y), we
may differentiatel’ along solutions of (33) foO < ¢ <
t, to obtain

Vie, ) =

(Age + BTy, Qe) + (Qe, Age + BLy)
T ~
+ 2Tr{I‘ G—lr}
—||Lel[* = 2u(e, Qe) — 2(Ce) Ty
+2Tr {y(Ce)Tf}
using (27), (28) and (32)
—||Le||* = 2ule, Qe) using bTa = Tr(ab™).

(37)
We now integrate (37) fromt = 0 to ¢ = ¢; to obtain

(e(t1), Qe(t)) + Tr{T7(11)G'T(t2) |
+ /0 Le(®)|2 dt + 2M/0'1<Qe(t),e(t)>dt

= (e0, Qeg) + T {fOTG*fo} . (38)

D(Ap) and y € C'(0,t;;R™) to derive (38), all
terms make perfectly good sense fey € X and
y € C(0,t1;R™). Moreover, (35) and the facts that
SUPg<s<i<t, |U(t,5)|| < oo and that D(Ap) is dense
in X show that (38) can be extended to a}l € X. We
now extend (38) to aly € L7 (0,t; R™) by appealing to

Lemma Al in Appendix, which shows that if we approxi-
matey by a sequence,, € C*(0,t; R™) satisfying

t
[ 106) @) s =0 @ n - oc,
0

then there holds

sup
0<s<t<t;

||U(t,s)fUn(t,s)|| — 0 as n— oo. (39)

So the respective solutions to (33) satisfy

(lle® = eat®)]l + IT®) = Tat)]]) — 0
(40)

sup
0<s<t<t;

asn — oo

and this suffices to show that (38) holds for apy €
L .(0,t1;R™) and eg € X. This implies thatl' €
L>°(0,00; R™*™) and Qze € L>(0, o0; X).

Next, we defineq(t) := [|Qze(t)||> and deduce the
following from (38):

q(t1)+2u/0 (s ds < g0+ {FTG Ty} = V(0)
(41)

Equation (41) and the Bellman-Gronwall Lemma imply
that ¢(¢1) < e 2#1V(0) or, equivalently,

1Q2e(t1)||* < e~2#1V/(0). (42)

Now t; can be chosen arbitrarily large and so
lestQze(t)|| — 0 ast — .

(i) If y € L?(0, 00;R™), then it follows from (i) that
the forcing term BT'(¢)y(t) in (30) is in L?(0, 00; X).
Note that for all+ € [0, ¢]

T

et) =T({t—7) {T(T)x(O)-i—/T(T — 5)BL(s)y(s) ds}

0
+/ T(t — s)BL(s)y(s) ds.

SinceT'(t) is exponentially stable an® has finite rank,
this implies that|le(?)||x — 0 ast — oo. This follows
from the asymptotic property of the convolution of two
L?(0,00) functions (see Titchmarsh, 1962).

(iii) Since T'(¢) and y(t) are uniformly bounded in
norm for¢ > 0 and Ay generates an exponentially stable



448 R.FE. Curtain et al.

semigroup, (30) shows thai(t) is uniformly bounded in We use the LQR control design from (Prato and

norm for ¢ > 0. Ichikawa, 1988). Suppose thét,, B, Cs) is exponen-
The parameter convergence is proven by applying thetially stabilizable and detectable aril < R = R' €

results in Section 3 of (Baumeistetal, 1997). Our per-  £(C™). We seek to minimize the average cost

sistent excitation condition coincides with the one in Def- T

inition 3.3 of (Baumeisteet al, 1997). The results in J(u) = Iim l/ (||C2’:E(t)||2 + ||R*%u(t)||2) dt

(Baumeisteet al., 1997) are based on the fact that T—ooT Jy (45)

~ too over all controls satisfyindimr .. % [, [[u(t)[|?dt <
e+ o), = H/f BI(7)y(T) dTH_1 —lle®]-, = and for which the corresponding closed loop trajec-
o tory is bounded ont > 0. They showed that iff (¢) is
t+do periodic, the minimizing control law is given by
—‘ / Ape(T) dTH .
: _
andthatfor0 <t <7

us(t) = —R1B* (pa(t) + r(t)), (46)

|f(f1) _ f(7)| whergP = P* € L(X) is the solution to the Riccati
equation forz € D(Ay)

= ‘ GCe(t)y" (t) dt‘ APz 4+ PAgz — PBR™'B* P+ C5Cox =0 (47)
ty

and r(¢) is the solution to

EUNEIN Y T
< [GIC] s I =t / eIl dz- i) = (Ay — PBR™'B*) r(t) - P (1),

Our assertion then simply follows from the corresponding r(t) > 0ast—oco. (48)
results to Lemmas 3.5-3.6 and Theorem 3.4 in (Baumeis-

teretal, 1997). m Equation (48) has the solution

Remark 1. The assumptiony € L?(0,00) in (i) can be r(t) = / Th(s—t)Pf(s)ds, (49)
verified when Ay + BT'C' generates an exponentially sta- ¢

ble Cp semigroup onX and u, f € L*(0,00). The  \yhere Tp(t) is the exponentially stable’,-semigroup
assumptiony € L°°(0,00) in (iii) can be verified when generated by — BR~!B*P.

Ao + BI'C generates an exponentially stalilgy semi-

group onX andu, f € L(0,00). The closed loop trajectory converges exponentially

fast to the periodic solution

t
4. Adaptive Compensators p(t) :/ Tp(t—5)(f(s) = BR™'B"1(s)) ds, (50)

— 00

In this section, we propose an adaptive compensator forj.e

the perturbed plant (1) wherg(t) is a known exogenous lim e"||Z(t, to) — ()| x =0, (51)
signal. We obtain results fof (¢) a periodic signal and oo

for f € L?(0,00; X). First we apply output injectionto ~ where v is the decay rate of »(t).

obtain a modified control problem: i the case of a consiant exogenous signal, ie.
T t) = fo, we get
u(t) = ug — L(t)y(t). (43) f@) = fo g

-1
This has the advantage of producing the new estimator dy-p(t) = — (AofBR*IB*P> A (AofBRle*P) fo.
namics

We note that for the case whefi € L?(0,0; X), the

0Z(t) + Bua(t) + f(1), (44 feedback control law

8)-
=
I
b

us(t) = —R™'B*Px(t)

. c(t)
and the same error dynamics (33) f(oiz(t)) as before. ensures thatlz(t)|| — 0 as ¢ — oo as argued in Theo-
So it remains to design a controllag (¢) for the sys- rem 3.1, (ii), see also Lemma 12 in (Oostveen and Curtain,

tem (44). 1998).



Adaptive compensators for perturbed positive real infinite-dimensional systems

We propose the following adaptive compensator for
the case of a known periodic exogenous input:

Z(t) = (Ao — BR™'B*P) &(t) - BR™'B*r(t) + f(t),
(0)

i(t) = (Aj — PBR™'B*) r(t) — Pf(t),

zo,

z

r(t) — 0 as t — oo,
u(t) = —~R™'B* (PZ(t) +r(t)) — T(t)y(t),

I(t) = GCe(t)y" (1), T(0) =T

for our structurally perturbed plant (1).
In Section 3 we showed that

Lt

e5H|Q7 (x(t) — 2(t) ||, — 0 ast — oo,

independently of the choice of the control. So combining
this with the results in this section, we conclude that for
the case of a known periodic inpuft(t)

Q% (p(t) — Z(t)) ||, — 0 ast — oo,

where 8 = min(v, u/2) and p(t) is given by (50).

5. Examples and Numerical Results

We present some numerical results for the three examples '®
considered in Section 2. For each of these examples, there

exists a solution) € £(X) satisfying (27) for a certain

u > 0, and in all three case§) is invertible. Conse-

guently, we can conclude that for the adaptive observer

and adaptation rule (2)
|| (x(t) —

26)x —0

and with the adaptive compensator of Section 4

e (z(t) = p(t)) || x — O

All the computations described below were carried
out on a Digital Personal Workstatia33 au-Series in the
Mechanical Engineering Department at Worcester Poly-

technic Institute. A finite element Galerkin approximation

&

Example 4. As was already mentioned in Section 2, we
can choose in this case = 72 — ¢ in (7), and define the
operators) and L via (8). Alternatively, when Lemma 1
is used, we have) = I and L = 0 with the sameu. The
input operatorb(z) was chosen as

b(&) = {

The unknown gain was chosen &s= 1, and as initial
conditions we chose:(£,0) = sin(w§) and z(¢,0)
cos(2r€) — 1. The exogenous input wag(¢,t)
50x10,11(§) sin(27t). The initial guess for(0) = 0 with

an adaptive gain oty = 20. Figure 1(a) depicts the time
evolution of the output state errare(t) = fol(z(g, t) —
z(&,t))d¢. The convergence to zero is achieved within
0.5 seconds. The parameter estimit&) (dashed) and
the actual value of” = 1 are depicted in Fig. 1(b). Pa-
rameter convergence is achieveddirseconds. ¢

1 onJ0,1/2),

0 elsewhere

Evolution of output error, Ce(t)
1 T T T

0.5

1

0.5/

Time (sec)

Fig. 1. Evolution of (a) output error and (b) parameter estimate
I'(t) (dashed)— actual parametEr(solid).

Example 5. Equations (7) and (8) can be satisfied with
= 0‘727@ — €, where the parameterr = 0.2. Initial
conditions were set as(¢,0) = sin(w¢) and z(£,0) =
—0.25sin(w€). A constant in space and time exogenous

scheme based on spline elements was used for the spatigHnction is implemented agf(¢,¢) = 50x(o,1(§) and

discretization of the two PDEs similar to the one devel-
oped in (Baumeisteet al, 1997). The resulting finite
dimensional ODE systems were integrated in time using
a Fehlberg fourth-fifth Runge-Kutta method. The delay
system in Example 3 was discretized using the method
presented in the paper by Ito and Kappel (1991). The
resulting evolution (finite dimensional) system was sim-
ilarly integrated using the Runge-Kutta codé45.f

f(o) = 0 with G = 2. With these values of initial condi-
tions, it is observed in Fig. 2(a) that the output state error
converges to zero ir.5 seconds. Furthermore, the pa-
rameterI’(¢t) converges to the actual valde = 1 in 4
seconds as shown in Fig. 2(b).

Example 6. The plant parameters were choseruas: 3,
b = 1. In this case the solution to the constrained Lya-
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Evolution of output error, Ce(t)
0.2 T T T T T
0.151 B
0.1+ —
0.05 R
ol
-0.051- B
o1 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 25 3 35 4 45 5
I" and f(t)
1.5 T T
1 e
0.5F et i 1
0 e ’ L L L L L L L L L
0 0.5 1 15 2 25 3 35 4 45 5
Time (sec)
Fig. 2. Evolution of (a) output error and (b) parameter estimate

I'(t) (dashed)— actual parametEr(solid).

Evolution of x(t) and ’x\(t)

-1 0 1 2 3 4 5 6
A
T and I'(t)
20
’ ‘
|
10 ’r ‘\ ’»\ ~
l [
L1 / N — -l
0 ! // =
\ /
10 77 i
—20 I I | | |
0 1 2 3 4 5 6
Time (sec)

Fig. 3. Evolution of (a) plant stater(¢) (solid) and state es-
timate Z(¢) (dashed); (b) parameter estimai&(t)
(dashed) — actual parametEr (solid).

0 (3+£V8)I

which is boundedly invertible.

The actual value of the parameter wias= 0.4 with
the initial condition for its estimate chosen B§0) = 0.2.
The initial state was set at(t — 1) = sin(4¢t — 1) —
sin(—1) and the state estimate &$t — 1) = 0.5sin(4¢ —
1); thus 2(0) = sin(3) + sin(1) and Z(0) = 0.5sin(3).
Here we hadf (t) = 0 for the exogenous signal and chose
an adaptive gain ofs = 500. Itis observed from Fig. 3(a)

punov equations (13), (14) is

Q:[I 0

that the state estimate converges to the plant state in about

2 seconds. Parameter convergence is also achieved in
about 5 seconds. For numerical results for a multivari-
able example the reader is directed to (Demetgbal.,
1998).
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Lemma Al. Suppose thatd generates aCy-semigroup
on the Hilbert spaceX and consider the mild evolution
operator U (t, s) generated byA + Zle D;y;(t), D; €
L(X) andy; € L(0,t1). Let Uy (¢, s) be the evolution
operator generated byl + Zf D;y?(t), where for each
i y™(t) is a sequence of functions idi* (0, ¢;) satisfying

Appendix

t1
[ 1 —uiola—0 asn— oo
0

There holds

sup  ||U(t,s) — Un

0<s<t<t;

(t,s)HE(X) — 00 asn — 0.

Proof. We only give a detailed proof fok = 1, since
the arguments extend readily to any finike We recall
from (Curtain and Zwart, 1995) the defining equations for
U(t,s) and U,(t, s):

Ut,s)x=T( —s)

+ / T(t — a)Dy(a)U(a, s)z da (A1)

and

Un(t,s)x=T(t—s)
+/3ﬁ®D%wWMm@mm,ma

and the estimate
U (e, s)|| < Melomo)wtnm), (A3)

where

1T < Me®!, ¢ >0, (A4)

and
p= M| Dl|lyll=0,t,) > O

Consider the following estimates obtained using (A1)
and (A2):
||U(t,s) - Un(t,s)H
t
<[ 17 - 0)Dlllsl@) - (@)U (@ 5| da
t
+/ ||T(t — Q)DHHynHLx HU(a, s) — Un(a, s)H da

t
< uz>u/'Afe““—“°A4e“”+”“a—swy<a>-yn<a>|da

t
+uznunmuLm/GweW“*“Wuf@us»—va«%s>Hda-
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Defining f,,(t,s) = e “¢=9||U(t,s) — Un(t, s)|
obtain

, we
t
fultss) < M2|D)| / 9o () — yu ()| da
t
+ 1D/l m 2. / fulas)da
S
¢ 3
< M2|D| ( JAICE yn<a>|2da)
¢ 3
X (/ e2nla—s) da)
t
+ 1D/l m 2. / fula,5) da

o) (@l da)

S

1
= Cl‘e2u(t—8) —1|° (

t
+C’2/ fn(a, s)da,

where C; and Cy only depend or;.
Thus

t
fu(t,s) < 2016“(#8)Hy*ynHLz(o,tl)JrCz/fn(avs) ds

and differentiating this inequality with respect to for
fixed s yields

dfn s
E(ES) <20 pet =) ||y — YnllLa(0,60) + Cofult, s)

and

d

X (G_Cﬁfn(t, s)) < QClﬂeH(t_s)e_CﬁHy_yn||L2(O,t1)~

We integrate from¢ to s noting that f,(s,s) = 0 to
obtain

efcgtfn(t, s)

t
< 201/167#5/ 6(#702)[3 dp ||y - ynHL2(O;t1)

S

= 2L e (om0 — O g 100,

p—C2
and
2C —s —s
fa(ts) < M_ilcll <€H(t ) — 20t )) ly=ynllL200,60)
and

< 2 [elesmit=n _gtusni—s

= u—C ||y—yn||L2(0,t1)7

which proves our claim.
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