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The purpose of this paper isto extend results on regional internal stabilization for infinite bilinear systems to the case where
the subregion of interest is a part of the boundary of the system evolution domain. Then we characterize either stabilizing
control on a boundary part, or the one minimizing a given cost of performance. The obtained results are illustrated with

numerical examples.
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1. Introduction

For distributed parameter system theory, the term ‘re-
gional analysis has been used to refer to control prob-
lems in which the target of interest is not fully specified
as a state, but refers only to a subregion w of the spatial
domain 2 on which the system is considered.

For a stahilization problem one normally considers a
control system on atime interval ]0, +oo[ and searches
for feedback control in such away that the state evolv-
ing on Q closeto its the steady state of the system when
t — o0.

Recently, the question of regional stabilization for
infinite-dimensional linear systems has been tackled and
developed by Zerrik and Ouzahra (2003a). It consistsin
studying the asymptotic behaviour of adistributed system
only within a subregion w of its evolution domain .
This notion includes the classical one and enables us to
analyse the behaviour of a distributed system in any sub-
region of its spatial domain. Also, it makes sense for the
usual concept of stabilization taking account of the spatial
variable and then becomes closer to real-world problems,
where one wishes to stabilize a system in acritical subre-
gion of its geometrical domain.

In real problems it is aso plausible that the target
region of interest be a portion of the boundary 992 of Q
so that the stabilizationisrequired only on I' C 92, rather
than in an actual subregion.

In (Zerrik et al., 2004) the question of regional inter-
nal stabilization for infinite bilinear systems was consid-
ered. The properties and characterizations of control en-

suring regional stabilization in a subregion interior to the
system domain with various illustrating examples were
given.

A natural extension may be the case where the target
part is located on the boundary of the evolution domain.
Technically, the difficulty is that the relevant restriction
map is now atrace map and cannot be expected to be con-
tinuous.

The principal reason for considering this case is
that, firstly, there exist systems which are stable on some
boundary subregion but are unstable in any neighbour-
hood w C Q of I' satisfying I' C dw (see the example
in Section 2), and, secondly, it is closer to area situation.
(For example, the treatment of water by using a bioreac-
tor where the objective is to regulate the concentration of
the substrate at the boundary output of the bioreactor (see

Fig. 1).)

r

Fig. 1. Regulation of substrate concentration at
the boundary output of the reactor.
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This paper considers the question of regional bound-
ary stabilization for an infinite bilinear system defined in
adomain Q C R"*, (n > 2) witharegular boundary 092:

% = Az +v(t)Bz,0on @ = 2x]0, 00|,

z(-0) =2 on Q, (1)

where A istheinfinitesimal generator of alinear strongly
continuous semigroup S(t), ¢ > 0 on a Hilbert state
space Z endowed with a complex inner product (-, -)

and the corresponding norm || - ||, B isalinear bounded
operator from Z to Z. We suppose that for any initia
state zg, there exists a control function v(¢) such that (1)
has a unique mild solution z(t). The problem of regional
boundary stabilization of (1) inasubregion I' of 9 con-
sists in choosing the control (¢) in such away that the
trace ~.z(t) of z(t) on I' converges to zero in some
sense. Thisisthe aim of this paper, which is organized as
follows: In Section 2 wewill defineregional boundary sta-
bilization for bilinear systems and give characterizations
of stabilizing control. In the third section, we consider the
problem of finding stabilizing control in a boundary sub-
region and minimizing a given cost of performance, and
provide a characterization of such a control. Finaly, the
results areillustrated with a numerical example.

2. Regional Boundary Stabilization
for Bilinear Systems

2.1. Notation and Definitions

For ' C 99 (or T C Q suchthat meas(I') = 0), we con-
sider the space L?(T") endowed with the complex inner
product (z,y) = [, 2y do, and the corresponding norm
2| = (Jp ]2 do)z (do is the surface measure defined
on I and induced by the L ebesgue measure).

The state space Z is such that for a subregion T'
with o(I') > 0, therestrictionmap ~,. on I' is bounded.
Let v.*, beits adjoint operator and consider the operator
by =V

L(Z) will denote the space of bounded linear op-
erators mapping Z into itself endowed with the uniform
norm of operators ||| - |||

Definition 1. The system (1) issaid to be

1. Regionally weakly boundary stabilizable (r.w.b.s.) on
T, if ~.2(t) tendsto 0 weakly, as t — oc.

2. Regionally strongly boundary stabilizable (r.s.b.s.)
on I, if ~.2(t) tendsto O strongly, as ¢ — oo.

3. Regionally exponentially boundary stabilizable
(rebs)on T, if ~.z(t) tendsto 0 exponentialy,
ast— oo.

Remark 1.

e We are only interested in the behaviour of (1) on I’
without constraints on {2, so the regularity of the so-
lution z(t) is needed only in aneighbourhood w of
I to obtain atrace operator v, on I'. Moreover, if
the system (1) is regionally strongly stabilizable on
asubregion w C ) satisfying I' C dw, then (1) is
regionally boundary stabilizable on T" by the same
control.

o If the system (1) is regionally boundary stabilizable
on I’ C 99, thenitisregionally stabilizableon I’ C
I’ using the same control.

e The regional stabilization problem can be seen as a
special case of output stabilization for infinite dimen-
sional systems with the partial observation y = . z.

e This notion includes the case where the target part is
an internal subregion w C 2, which is of null mea-
sure.

e Stabilizing a system on a boundary part I' may be
cheaper than stabilizing it in any neighbourhood w C
Q of T.

In the following, we shall give two examples illustrating
the above remarks.

Example 1. A feedback may be a stabilizing control in
part I' of measure null, but not a stabilizing one in an
internal part w verifying dw D I.

Let us consider the system defined in Q =]0, 1[? by

Bgy)::Az@)+wxw in @, @
z(-,0) = 20 n e

Here we take A = A with Neumann boundary condi-
tions.

Theeigenpairs (A k), ¢(k,1)) Of A aregivenby

Ay = —(K>+1P)7%, Kk, 1>0,
and
Ok (@,y) = 2cos(kmx) cos(imy), ifk1#0,
and
®(0,0)(z,y) = 1, otherwise
the feedback
v(t) = Kz(t)

= _<z(t):<ﬁ(o,0)>90(o,o) + 27r2<z(t)><ﬂ(1,0)>90(1,0)
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does not stabilize (2) in any internal subregion. But for
I = {3} x[0,1], wehave x,.¢(1,0) = 0. Then

O

(k,D)#(1,0)

BTN <ZO: P(k,l) >XF Plk,l)

— 0 exponentialy ast — +oo.

¢

Example 2. Let us consider the system defined on Q =
10,2[* by

in Q,
20 €4

{ P40 A20) 4 0020,

©)
evolving in the state space Z = {z € H'(Q) | z =
0 on Ty = {0} x [0,1]}, which is a closed subspace of
H'(Q) endowed with its natural inner product, so Z isa
Hilbert space, where Az = (3 —y)z, () =1 on Q,

and I' = {0} x [0, 2].
For zp € D(A), we have

1S ()20 2

L2(T)

5 2

= [ e P ay < et [ a0.0P .
1 1

This inequality holds, by density, in Z, which shows
that (3) is exponentially stableon T'.

Now for any subregion w C Q verifying I' C
Ow, (Fa>0 0<b< %), wo :]O,a[x]b,%[c w,
then [|xu=(8)]] > lIxwo20ll,.,.. . S0 (3) is not regionally
exponentially stablein w, where y, istherestriction map
inw.

The system (3) is exponentialy stabilizableon I" by
v(t) = 0, but for asubregion w suchthat I' C dw, (3)
is not exponentialy regionally stable on w. Then if we
consider the functional cost ¢(v) = 0+°° lo(®)|13 dt, we
obtain minvad(p)q(v) =0< minyad(w)q(v).

2.2. Stabilizing Control

In what follows we give sufficient conditions for the con-
trol v(t) to be a stabilizing one for (1). For that pur-
pose we have to ensure the existence and uniqueness of
agloba solution. Itisknownthat if v(-) € L'(0,00;C),
then (1) has a unique globa mild solution (Ball et al.,
1982), and if v(t) is a quadratic feedback control law
v(t) = —(Kz(t),2(t)), where K € L(Z), then (1) has
aunique mild solution z € C([0, tmax[; Z) defined on a
maximal interval [0, tmax[. Moreover, if z(t) isbounded
on [0, tmax[, the solution z(¢) isglobal: ¢, = +00,

(Pazy, 1983). Thisisthe case when S(t) isacontraction
and
Re ((z, Kz)(Bz,z)) >0, Vz€ Z. (4)

In this case, the mapping zo — =z(t) is continuous in
C([0,tmax[; Z). (Bdl etal., 1982, Zerrik et al., 2004).

Now we proceed to stabilization results for (1), and
we begin with the following result, giving sufficient con-
ditions for regional boundary weak stabilization:

Proposition 1. Suppose that S(¢) is a contraction and
B iscompact. If

(BS(t)$,S(t)¢) =0, t>0=7¢=0, (5

then the system (1) is weakly regionally stabilizable on T'
by the feedback control

v(t) = =(B2(1),2(1)).

Proof. From (Ball and Slemrod, 1979) there exists ¢ such
that (BS(t)¢,S(t)¢) =0, ¢ > 0,andthat z(¢t) — ¢
weakly as ¢ — +00, S0 by the continuity of x . z(t) we
have (i.z(t),p) = (i ¢, p), 8 t = +00,Yp € Z, and
then the conclusion follows from (5). [ |

For illustration, consider the system (1) governed by
the dynamics

0 0

-_Y _“ _ g2 1
Az == -5 DIA) = HX(A) N H(®),

and
(B2)() = ( / 0.0 dy)ip =) = {21 £ 0,

wherein the state space H'(Q) with Q =0, +oc[?, T =
{0} x[0,1] and e(z) =1 aez € Q.

The operator A generatesin L2(2) asemigroup of
contractions defined by

¢w—t,y—t) if e >tandy >t

(S()¢) (z,y) = { ,
0 otherwise.
For 2z € Hl(Q) we have ||S(t)Zo — Zo” = ||S(t)20 —
2ollzze) + [I(S(t)20)" — 2ollL2(e)- BUt (S(t)zo)" =
S(t)zy, and then, using the fact that S(¢) is a
co—semigroup in L*(Q2), we deduce that ||S(t)zo —
20|l = 0 ast — 0. Then S(¢) induce a c¢,—semigroup
on H'(Q). Moreover S(t), remains a semigroup of
contraction in H'(Q). Indeed, for zo € H(Q2) we
have [IS(t)zoll = 11S()zollzz(a) + IS 2pllza@) =
l20ll2(0) + |20l 22(02) = Il 20]-
Moreover, B isacompact operator and we have

(BS(6,5t)8) = ([ 00,5 dy) 0<t<1,

0

@amcs
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ames @
Then

(BS(t)¢,5(t)¢) = 0,

aey €]0,1[ i.e. v.¢ = 0. Then the control

o(t) = —(/Olzm,y,t) ay)’

ensures weak stabilization of the analysed system on the
boundary subregion I'. This example shows in particular
that (5) can be satisfied for T' C 92 but not for .

Vi>0= ¢(0,y) =0

2.3. Decomposition Method

In this part we shall give an approach based on the de-
composition of a state space and asystem. Let § > 0, and
consider the subsets o, (A4) and o4(A) of the spectrum
o(A) of A, defined by

ou(4) = {A:Re(¥) > 5},

os(A) = {A:Re()) < —d}.

Suppose that the set o, (A) is bounded and is separated
from the set o,(A) in such away that arectifiable, sm-
ple, closed curve can be drawn so as to enclose an open
set containing o s (A) initsinteriorand o, (A) initsexte-
rior, which isthe case if A is selfadjoint with a compact
resolvent. In this case there are at most finitely many non-
negative eigenvalues of A, each with afinite dimensiona
eigenspace (Triggiani, 1975). Then the state space Z can
be decomposed (K ato, 1980) accordingto Z = Z,, + Z,
with Z, = PZ dong Z;, = (I — P)Z,and P € L(Z)
is the projection given by
1

P=— I—A)~!
2mi Jo (A )7
where C is a curve surrounding o(A). Suppose that
BP = PB,whichisthecaseif B satisfies (ABz,z) —
(BAz,z) =0, z€ D(A).

The system (1) may be decomposed into the follow-
ing ones:

azgt(t) = Auzu(t) + v(t) Buzu(t),
zou = Pzo, zy = Pz, ©
aZ(;IEt) = Az, (t) + ’U(t)BsZs (t)7

20s = (I = P)zo, 25 = = P)z, (7)

where 4, = (I — P)A(I — P), A, = PAP, B, =
(I - P)B(I - P)and B, = PBP.

In the internal case, if the operator A, satisfies the
spectrum growth assumption, namely,

- Inf[|Ss(II] _
Jim =2 = supRe (0(4)),  (©)
then stabilizing the system (1) boilsdown to stabilizing (6)
(Zerrik et al., 2004). In the boundary case we have asim-
ilar result.

Proposition 2. Let A, satisfy (8). If there exists K, €
L(Z,), such that the control

vy (t) = —(Kuzu(t), 2u(t)) )

regionally weakly (strongly, exponentially) stabilizes the
system (6) onI" with a bounded state z,(t), then the sys-
tem (1) is regionally weakly (strongly, exponentially) sta-
bilizable on I using the same control (9), and the state
z(t) remains bounded.

Proof. Let z,(t) be the solution of (7) defined on a
maximal interval [0, tmax[. We shall show that z4(t) is
bounded on [0, ¢,,ax[ to concludethat ¢,,ax = +00.

The solution of (7) is given by

20(t) = Sa(t)z0s+ /0 vu(F)Ss(t — 7)Byzs(7) dr, (10)

where S, (t) and S,(t) denote the restrictions of S(t)
to Z, and Z,, which are strongly continuous semigroups
generated respectively by A4, and A;.

In view of the above decomposition, one has
supRe (0(45)) < —4. Hence, if A, satisfies (8), then
forsome a > 0, 0 < &' < 4, weobtain ||Ss(¢)|| <
ae 0 VYVt > 0 (Triggiani, 1975), and using (10) we
have

Izl < allzosll e

t
+aIIBs||/ [ou(P)] e |z (r) | dr-
0
By the Gronwall inequality we have

l2s(®) < allzos]l €™ + a®||z0s]| - || Bl

t
x / e o (7)] e "y (1) dr. (12)
0

Moreover, since z,(t) is bounded, from (9) we get
that sois v, (t). Then there exists M (zo) > 0, such that
y(1) < eME)te™™ yr < ¢ then

||Zs(t)|| S [A(Zo) _}_B(zo)teM(zo)te*’ﬂ]e—nt (12)

for the positivefunctions A(zo) and B(zo), which shows
that the state z4(¢) is bounded on [0, ¢,,ax[ ad hence
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zs(t) is defined for al ¢ > 0. Consequently, the state
z(t) = z,(t) + zs(t) is abounded global solution, and
Y2s(t) — 0 exponentialy, as t — +oo, which com-
pletes the proof. [ |

Corollary 1. Suppose that S(t) is a semigroup of con-
tractionsand A, satisfies (8). If B,, iscompact and sat-
isfies (By,Sy(t)pu, Su(t)pu) =0, t >0 = v.¢y =0,
then the control v(t) = —(Byzy(t),z,(t)) regionally
weakly stabilizes (1) on I', and z(¢) remains bounded on
Q.

Corollary 2. Let A be self-adjoint with compact resol-
vent and suppose that S(t) is a semigroup of contrac-
tions. If

1

(V (n,m) € [1, N*) (VY (§, k) € [1,70] x [1,7m]),
(Ben;,pm,) # 0 iff n=m, (13)
2. thereexists 1 < n < N such that the matrix
B = ((Bony, one)) 1 ner,
satisfies
(BnSu(t)pu; Su(t)pu) =0, t 2 0= 1.0y =0,

where r, is the multiplicity of X,, and ¢, are the
eigenfunctions associated with A,,, then (1) is regionally
boundary weakly stabilizableon T.

Proof. Here the space Z,, is finite dimensional, so the
operator B, is of afinite rank and hence it is compact.
Now if (B,Su(t)zou, Su(t)zo.) = 0, then under the con-
dition (13) we have

N Tn

S ™ (z0u, 0n, e0us ne) (Beon, @ne) =0,

n=1 Jk=1

vt >0,

which implies

Tn
Z <Z0u7 Qpnj><20uv @nk><B§0nJ 5 9077,1) = 07
jk=1
V1i<n<N.

In other words, (B, zou,20u) = 0, V1 < n < N,
and hence 7.z9, = 0. Then from the above corollary
the system (1) is weakly stabilizableon I' by the control
v(t) = —(Buzu(t), zu(t))- [ ]

3. Regional Stabilization Problem

The aim of this section is to determine the minimum en-
ergy control that yields regional boundary stabilization of
thesystem (1) onT.

A natural approach to the regional boundary sta-
bilization problem is to formally differentiate |y, z(¢)|?
along the trajectories of (1), which leads to

d 2 .
+ 2Rew(t)(i. Bz(t), z(t)).

So if the operator i.A is dissipative, then an ob-
vious choice of the feedback control is w(t) =
—(z(t),i.Bz(t)), since it yields the “dissipating energy
inequality”

ez < ~2(:00),, B2(0))"
Thenlet A satisfy
(i Az, z) + (z,i Az) + (i, Rz,z) =0, z¢€ D(A)
(14)

for alinear self-adjoint and positive operator R.
Our problem can be formulated as follows:

,

+oo
min g (v) = /0 (i Ra(t), 2(8)) dt

“+oo )
+ / (Gin B2 (2), 2(0)? dt
000 ‘ (15)
+ / lo(t) 2 dt,

v € Upa(T) = {v | 2(t) isagloba solution
and g,.(v) < oo}.

\

Suppose that for some non-negative constants «, /3, and
0, we have

75 (B)2] < alypzl, 20

and

|7 Bz| < Blv.z|, z€ Z, (16)

and
1

| 1688wz 502t 2 P, ez (D
0

We note that (16) means that the operators ~,.S(¢) and
~. B are continuous with respect to . z.

@amcs
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3.1. Direct Approach

We shall characterize the solution of the problem (15)
without taking into account the internal behaviour of (1).
For thislet us establish the following result, which gives a
bound on the initial stateon I":

Lemmal. Let

)\—/|v )| dt, ,u—/|sz

Thereexist 0 < n < 1 and [ > 0 independent of z,
such that

(6))]* dt.

A<= ye20l? <

Proof. Let ¢(t) = v.(2(t) — S(t)z0), 0 < ¢t < 1. We

have
P(t) = /0 v(s)Y.S(t — s)BS(s)zo ds
+ /0 v(s)y.S(t — s)B(2(s) — S(s)zo) ds.

Using (16), we obtain [¢()| < aBl.zo| fi [v(s)|ds +

af f(f |v(s)] - |4(s)| ds. Then using the triangle inequal-
ity, from (16) we obtain that there exist two non-negative
constants a and b independent of zo such that (Quinn,
1980):

1
| 16 BS®z0, 50201 dt < I+ @A +BN a0
0
Taking A < 1 and using (17), we obtain
(6 — (a+0)VA) rez0l* < Vi

Then

1. 52
0<7]< Elnf (1, (a+b)2)

realizes the desired estimate. [ |

Theorem 1. Let v*(t) = —(z*(¢t),i.Bz*(t)), and sup-
pose that the corresponding solution z*(¢) of (1) is
global. Then v*(t) is the unique feedback control solu-

tion of (15), which strongly stabilizes (1) on I'. Moreover,
if there exists > 0 such that

1
§<iFRZ7Z> + |<ZairBz>|2

>n Re((Bz,z)(z,iFBz) — <Az,z)),
Vz € D(A), (18)

then the state remains bounded on §2.

Proof. For zy € D(A), we have

%I%Z*(t)lzz 2 (1)=2/(i Bz (), 2" (1)),

which implies

[ 6.8z

Since z*(t) is supposed to be continuous with respect to
theinitial conditions, (19) holdsfor al zo € Z, s0 g, (v)
isfiniteforal zo € Z.

Let us show that each control v € U,4(T") strongly
stabilizes (1) on I'. To this end, let n be the constant
given by the above lemmaand let 0 < e < 7.

Since ¢, (v) isfinite, there exists 7' > 0 such that
for t > T" we have

t+1 A
/t |(i.B2(s),2(s))|*ds < ¢

t+1 )
/ lv(t)]? dt < e.
t

Taking zo = 2(t), we get |v.z(t)|> < Ive, Vt > T s0
|v.2(t)] = 0, as t — +o0. But

S 2 (O = (0,5, B2(0) + (1)
~ (i, B2(0), =)
O ~ {iy R2(2), 2(0),

_<ZI‘RZ*(t)7

2*(s))[?ds < (i.20,20), t>0. (19)

and

and then we have

4 () = ezl + / [(2(8), in Bz(8)) + ()] dt,
0
Vzo € D(A)
Setting v = v*, we obtain ¢, (v*) =
then ¢.(v) > ¢, (v*), Yv € Upq(T).

Let zg € Z and zg,, C D(A) such that zg,, — zo,
as n — +oo. For v € U,q(T'), we have

|’YI‘ZO|2’ and

V (2n(t) =V (200) = / [(2n(5), P B (s)) +0(s)]? dis

_/0 (I{zn(5), P Bzn(s))I?

+ Jv(s)|?) ds.

Since V is continuous, we have V(zo,) — V(20), 85
n — +00, SO

aw) + (V(=(1)) - / |(2(s), P, Bx(s))

+v(s)[*ds >0, Vz € H.
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We deduce that ¢.(v) > g¢.(v*). Moreover, it is
clear that v*(¢) is unique. Now, if (18) holds, then for
20 € D(A), we have

ez >
S0
(in2(t), 2() > 0 [l = n |20l
This inequality holds for all initial states, since its terms
are continuous in zg, and the stability of (1) on I' com-
pletes the proof. [ |
Remark 3.

1. Note that if A is dissipative, B is a monotone
operator and commutes with i, then the operator
K = i.B satisfies (4), which implies that the so-
lution z*(t) isbounded and global.

2. v*(t) isafeedback of i.z*(¢), which can be seen as
afeedback of thetrace ~v.z*(t).

In the following result we give an estimate of
|y 2*(t)| for “conservative systems”:

Proposition 3. Let i R = 0. If the solution z*(¢) is
global, then for any initial state zo such that v.zo # 0,
we have

lyez*(t)] = O(t~2) as t — +oo.

Proof. Let us consider the sequence
1
Vi = §|’Yr2*(k)|2, ke N.

For zo € D(A) wehave

k+1 )
w—wﬂz/’|m3ﬂmfwww
k

k+1 )
_ / " (8)2 dt.
k

Taking zo = z(k) inthe above lemma, we obtain
-1
Vi=Vigr 2 or Vi — Vi < IT|%ZO|4- (20)

If v.20 # 0, then (20) gives Vi1 — Vi < —a(zO)sz,
where a(zo) = min(2/1?,1/VZ). Then since Vj, is a
positive non-increasing sequence, we have
Vo
Ve<————, k>0,
F=lo)Vok+1 =
which implies the estimate (Quinn, 1980):
. 2Vo
WP < ——m——, t>0.
e OF < sy +2

Using the same techniques asin the above proposition, we
show that this inequality holds for all zq € Z. Then we
obtain the desired estimate. |

3.2. Internal Approach

In this part we give a link between the boundary stabi-
lization problem (15) and the internal one. Then we show
that one may consider the internal regional stabilization
problem to stabilize the system on a boundary part. On
each point 2 of I' we consider the ingoing normal vec-
tor NV, to I" on which we take a segment of length 1/n
as illustrated in Fig. 2 Then we obtain a non-increasing

x T

Fig. 2. Target boundary part I" and the neighbourhood wy, .

sequence (w,) of the subsets of 2, which converges to
I =(),>, @n. Letset Z = H'(2). The bilinear form
a: (2,Y) = (Xw, % Xw,Y)L2(w) iSan hermitian positive
and continuousmapin H!(Q)x H'(Q). Thenthereexists
a self-adjoint and positive what denoted by ., € L(H)
such that
(iw, 2, 2) = nllXw, 2l T2y, V2 € H.
Assume that
(i, Az, 2) + (2,10, Az) + (i, Rz,2) = 0,

ze€D(A) (21
and 9 «, 5 and § non-negative numberssuch that for all
n>1wehaveVt>0, Vze L3(Q),

o Szl < allxw, 2,
(22)
wn B2l < Bllxe, .
and
1
/I@wBS®%5®@hUZNM%ﬂR
0
2 e L(Q). (23)

Consider the cost

+oo
n(®) = n /0 (i, B2 (1), 2(1)) dt

+oo
+ n/o (i, B2(1), 2(£) 2 dt

+oo .
+/ lv(t)]? dt,
0

@amcs
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and the problem
min ¢, (v),

v € Uya(w,) = {v; 2(t) isagloba solution and
qn(v) < oo}
(24
This problem has only one solution given by v} (t) =
—n(z(t),i., Bz(t)) (Zerrik et al., 2004), and we have the
following result:

Proposition 4. The sequence v (t) convergesto v*(t) =
—(v.2*(t), 7~ Bz*(t)) which isthe solution of (15).

Proof. For z,y € Z the average n fwn zy dx converges
to [.zydo as n — +oo (Chilov, 1970). Multiply-
ing (21) by n and setting n — +o0, we obtain (14).
In much the same way, we obtain conditions (17) and (16)
from (23) and (22). Then by the unicity of v*(t), v (t)
convergesto v*(t). [ |

3.3. Numerical Example

Here we discuss a numerical example illustrating the
above results. They concern a system evolving in circu-
lar domains. We shall examine the convergence of the
sequence of optimal controls v (¢) on w,, tothe optimal
control v*(¢) on .

Consider the system defined on Q2 = {(z,y) | 2 +
y? <1} by

z(0) = 2o,

{ W) _ (2, )2(t) + v(t)x, 2(0) (29)

with D = {(z,y) | 0.9 < 2% + y? < 1},

0 if (z,y) € D,
flz,y) =

1 .
— (22 +y*> - 0.9)? otherwise.

10
Consider the problem of stabilizing (25) on I' = {(z,y) |
z? + y? = 1}, and minimizing ¢,.(v) in the case when
R = 0. We shall use direct internal approaches.

Direct approach
The semigroup S(t) satisfies (16) and (17). Then
v*(t) = —|y.2*(t)|%, the solution of (15), regionally
strongly stabilizes (25) on T, and z*(¢) is fulfiled as
I 2*(t)] = O(1/V/t) ast — +o0.
For zo =1 wehave

win 2w

vi(t) = CAmt+ 17

and ¢, (v*) = |72/ = o(T) = 2m.

Figures 3 and 4 describe the evolution of (25).

- R s a 05

Fig. 3. Initiad state (¢ = 0).

_\_\_L_\
.

Fig. 4. Stabilized stateon T'.

Internal approach

Consider the subsequence

W = {(Jf,y) €Qla®+y* > (1_%)2}

of the neighbourhoods of T,

r
T

Fig. 5. Sequence of neighbourhoods w,, of T'.
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and consider the problem of stabilizing the system (25) on Figure 8 illustrates the convergenceof v} (¢) to v*(¢).
w, and minimizing the cost

+oo

+oo
qawzné |uwamﬁa+ﬂ [o(t)2 dt.

For n > 10, the semigroup S(¢) and the operator B
satisfy (22). Then the control v} (t) = —n/||xw, z*(t)|?
minimizes ¢, (v) and regionally strongly stabilizes (25)

on w,,. Thesolution correspondingto zo = 1 isgiven by

1

on D,

0 02 04 ¢t06 OB

o5 (27497 —0.9)” otherwise. Fig. 8. Evolution of controls v (¢) and wv;, ().

The system (25) is then stabilized on w,, by 4. Conclusion
“(f) = — 2m(1 - %) In this paper we have extended the results established in
n 4m(l — %)t +1’ (Zerrik et al., 2004) for internal regional stabilization for
infinite-dimensional bilinear systemsto the case wherethe
(cf. Figs. 6 and 7), which converges to v*(t), and target part is located on the boundary of the geometric do-
main wherethe system is considered. The obtained results
characterize either stabilizing control or the one minimiz-
ing a cost of performance. Also they give rise to other
questions. Thisisthe case of semi-linear systems.

v

1
an(v) = 72— 2) = 4, (1) @ n = +o0
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