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1. Introduction

1.1. Topological derivatives in shape optimization.
Topological derivatives are introduced for linear problems
in (Sokolowski and Zochowski, 1999) and for variational
inequalities in (Sokolowski and Zochowski, 2005). The
mathematical theory of asymptotic analysis is applied in
(Nazarov and Sokolowski, 2003; 2006) for the derivation
of topological derivatives in shape optimization of ellip-
tic boundary values problems. Numerical solutions of
shape optimization problems for variational inequalities
obtained by the level set method combined with topologi-
cal derivatives are presented in (Fulmanski et al., 2007)

In the paper we present topological derivatives for
semilinear elliptic boundary value problems. In the first
part, asymptotic analysis of a class of boundary value
problems for a second order semilinear differential equa-
tion is performed. In the second part, the convergence
of our finite element approximation for the topological
derivatives is proved, and the results of numerical experi-
ments are presented as well.

Topological sensitivity analysis aims to provide an
asymptotic expansion of a shape functional with respect
to the size of a small hole created inside the domain. For
a criterion j(Q) = J(uq; ), where Q@ C RY (N = 2
or 3) and ug is a solution of a set of partial differential

equations defined over (2, this expansion can be generally
written in the form

JON(O +we)) =i () = f(6)Ta(0,w)+0o(f(e)). (1)

Here € and O denote respectively the diameter and the
center of the hole, w is a fixed domain containing the ori-
gin O and f(¢) is a positive function tending to zero with
e. The coefficient 7¢, is commonly called the topological
derivative.

1.2.  Semilinear elliptic equation. Let 2 and w be
bounded domains in R? with the smooth boundaries 92
and Ow and the compact closures ) and @, respectively.
The origin O of the coordinate system is assumed to be-
long to the domains 2 and w. The following sets are in-
troduced:

wsz{xER3:§::e_1wa}, )
Qe) == Q\ g,

where © = (x1,x9,x3) are Cartesian coordinates in the

domain 2 and € > 0 is a small parameter. The upper

bound €y > 0 is chosen in such a way that for £ € (0, £¢]

the set W, belongs to the domain 2. We can diminish the

value of g > 0 in the sequel, if necessary. However, the
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notation for the bound ¢ remains unchanged. The set w,
is called a hole, or an opening, in the domain §2(¢).

In this paper, we consider a nonlinear elliptic prob-
lem in the singularly perturbed domain Q(¢) :

{ —Aguf(z) = F(z,u(2)),
ut(z) =0,

x € Q(e),
redE). &

Here F' € C%(Q2 x R) and f € C%%(Q) are given func-
tions, independent of the parameter . Asymptotic analy-
sis in the linear case is well known (see the monographs
(Il’in, 1989; Mazja et al., 1991)), e.g., for the Dirichlet
boundary value problem for the Poisson equation:

{ —Aguf(x) = f(x),

ue( ' x € Q(e),

x € 00(e). )

According to the method of compound asymptotic
expansions (Mazja et al., 1991), in asymptotic analysis
of @) there appear two limit problems. The first one is
obtained by formally taking ¢ = 0, e.g., by filling the hole

B { —Agu(z) = f(x),
u(x) =0,

and the second one is the boundary value problem, which
furnishes the leading boundary layers term:

—A¢w(§) =0, £ eR3\ G, 6
w(€) = —u(0), £ € duw, ©)

r €€,
x € 09, ©)

where u(Q) is the value at the origin of the solution of (3.

Asin (Mazja et al., 1981) (see also Ch. 5.7 in (Mazja
et al., 1991)), for the nonlinear problem (3) we obtain also
two limit problems. The first one is nonlinear,

{ —Ayv(x) = F(z,v(z)),
v(z) =0,

r €€,
x € 09, @)
and the second one is the linear exterior problem (6) with
u(O) := v(O) given by the solution to (7).

Our aim in this paper is the construction of asymp-

totic approximations for solutions to (@) in such a way that
we will be able to obtain an expansion of a given shape

functional
- [ ey ®

of the first order with respect to €, namely,
T (u5Q(e))
(cf. (1), where

= J(v; Q) +eTa(0) + o(e), )

T(0:9) = / J(z,v()) da, (10)

Q

and 7, is the topological derivative of the functional 7.

Apart from that, we need the linearized problem (),
which gives us the regular terms in the asymptotic approx-
imation,

~A V() - Fj(a,v(@)V(2) = Fla), zeQ
V(z) =g(z), x€d9.
(11
The solution V' is but the so-called the adjoint state. The
adjoint state is introduced in order to simplify the expres-
sion for the topological derivative.

Appropriate function spaces are employed to analyze
the solvability of all boundary value problems introduced
above. The weighted Holder spaces Ago‘(Q) are defined
(Mazja and Plamenevskii, 1978) as the closure of C2°(Q\
) (smooth functions vanishing in the vicinity of O) in the
norm

HZ'AZ’Q(Q)II
—Zsuplxlﬁ I A1
o OmEQ
+ sup 2|’z = y| "V, Z(z) — Vi, Z(y)].

z,y€Q,|z—y|<|z|/2

The standard norm in the Holder space C () is as fol-
lows:

HZ'Cl’a( )l
= Zsup |VEZ(x
xEQ

+ sup
z,ye|z—y|<|z|/2

| —y|7*|VeZ(2) = Vi, Z(y)|-

Herel € {0,1,...},a € (0,1) and 8 € R.

Now we introduce several assumptions which are re-
quired to define the topological derivatives:
(H1) The limit problem (7) has a solution v € C%*((2)
and F € C%1(Q x R) with a certain a € (0, 1).
(H2) The linear problem () with F € C%%(Q), g €
C?%(0Q) has a unique solution V' € C%(0Q),

V502 (Q)] < e(|lF; CO (@) + 195 C>(99)]).
(12)
Here and in the sequel c stands for a positive constant that
may change from place to place but never depends on €.
(H3) F! € CY*(Q x R).

If (H3) holds true and F(x,v(z)) < 0 forz € Q,
then (H2) is also satisfied.

The hypothesis (H2) means the existence and
uniqueness of classical solutions to the linearized prob-
lem in Holder spaces C%%()) with the a priori estimate
(@2). Tt turns out that the linear mapping for the problem
(I, i.e.,

S:{F, g} —V, (13)
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is an isomorphism in the Holder spaces C%(2) x
C**(0Q) — C?%(Q). By a general result in
(Mazja and Plamenevskii, 1978), (see also (Nazarov and
Plamenevsky, 1994)), the operator remains to be an iso-
morphism in weighted Holder spaces under the proper
choice of indices.

Theorem 1. Under the assumptions (H2) and (H3), the
mapping (13) considered in the weighted Holder spaces

St AGH(Q) x C*(09) — AZ*(Q)
is an isomorphism if and only if 3 — o € (2, 3).

The following result on asymptotics is due to
(Kondratiev, 1967; Mazja and Plamenevskii, 1978) (see
also (Mazja and Plamenevskii, 1973) and, e.g., (Nazarov
and Plamenevsky, 1994)).

Theorem 2. If the right hand side in (IT) F € A%(%)
and v — a € (1,2), then the solution V to (1) can be

decomposedinto V(x) = V(z)+V (O) and the following
estimate holds:

V(O] + IV A2*(9)]
< c(IF AT @ + llg; €2 (0)]).  (14)

An assertion, similar to Theorem[I] is valid for the
perforated domain €2(g) as well. The following result is
due to (Mazja et al., 1981) (see also (Mazja et al., 1991;
Nazarov and Plamenevsky, 1994))

Theorem 3. Under the assumptions (H2) and (H3), the
linearized problem

{ —A,0%(2) — F)(, v(@))0f (2) = F*(), @ € Qe),

v (@) = g (@), z € 00(e)
(15)

is uniquely solvable and the solution operator
Se {F5, 97— 0 (16)

is bounded in the weighted Holder spaces
St AF*(Q(e)) x AZY(0Q(e)) — AZ*(Q(e)) -
Moreover; in the case when 3 — o € (2, 3) the estimate

lo%; A5 (2(e))l
< co(IF55 MG Q) + g7 AF(0Q))]) (17

is valid, where the constant cg is independent of € €
(Oa EO]'

Remark 1. Since |z| > ce > 0 in Q(e), the weighted
norm || - ;AZ’O‘(Q(S))H is equivalent to the usual norm

| -5 C%%(Q(e))|. However; the equivalence constants de-
pend on €. Thus AZ’Q(Q(S)) and C%%(Q(g)) coincide al-
gebraically and topologically but are normed in a different

way. The norm of the operator S; is uniformly bounded
for e € (0,¢0] for any 3, although the constant cg in (I7)
depends on € provided 8 ¢ (2, 3), that is, the norm of the
inverse operator is uniformly bounded in € € (0,&1] only
in the case of 5 € (2, 3).

For the nonlinear problem (), we shall use the clas-
sical solutions to the boundary value problem (3), which
means that for given F' € C%%(Q x R), a € (0, 1), the
solution lives in C*“(Q). We refer to (Ladyzhenskaya
and Ural’tseva, 1968; Gilbarg and Trudinger, 2001) for
a result on the existence and uniqueness of solutions to
semilinear elliptic boundary value-problems. This means,
in particular, that the problem (@) admits a unique solu-
tion u* € C%(Q(e)) for some 0 < a < 1 and for all
e €10,¢e0).

2. Topological derivative for semilinear
problems in 3D

We present here a complete analysis of the semilinear el-
liptic problem in three spatial dimensions. Such an anal-
ysis is interesting on its own, since in the existing litera-
ture there is no elementary derivation of the form of topo-
logical derivatives for nonlinear problems besides (Mazja
et al., 1981), (see also (Mazja et al., 1991)), i.e., us-
ing asymptotic approximations of solutions to nonlinear
PDEs. There are some results on topological derivatives
of the shape functional for nonlinear problems, see, e.g.,
(Amstutz, 2006). However, such results are given in terms
of one term exterior approximation of the solutions and
without an asymtotically sharp estimate.

2.1. Formal asymptotic analysis. Referring to (Mazja
etal., 1991), we set
uf(z) = v(z) +weta) +ev(@) +-- -, (18)

where v, v" and w are components of regular and boundary
layer types, respectively. Thus,
—Agv(z) — e 2 Agw(€) — eA () + -+
= F(x,v(z) +w(e o) +ev'(2) +---)
= F(z,v(x)) + (w(e ')
+ev' (@) F (@, v(z)) + -

In view of (), the first terms on the left and right-hand
sides are cancelled and, moreover, w satisfies the problem

(@ with u(0) = v(0),

(19)

{ —Acw(§) =0, £ eR3\ D, 20)
w(§) = —v(0), &€ dw,
while the boundary datum comes from the relation
v(z) +w(e x) +ev’(2)
=v(0) +w(etz) +0(e), =€ dw..

aamcs
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We have
w(§) = —v(O)P(E), 2D
where P is the capacity potential (Landkof, 1966; Pdlya

and Szeg0, 1951), e.g., a harmonic function in R3 \ @ such
that P(£) = 1 on Ow and

P(€) = €] cap(w) + O(|¢]7?), (22)

where cap(w) is the capacity of the set . Since

—la|"lev(O)cap(w) + O(®[z72), (23)

w(e tw) =
we collect coefficients on ¢ in (I9) and obtain
—Aqv'(z) — V' (2) Fi(w, v(x))
= —a®(z)Fj(z,v(z)), z€Q, (24)
v'(z) = a®(x), x€IQ,
where a = 47v(O)cap(w) and ®(z) = (4r|z|)~! is the
fundamental solution of the Laplace equation in R3.

Since a direct calculation yields F'(-,v)® €
Agﬂ(Q) with any v > 1 + «, we obtain the solution

S A%’O‘(Q) of the problem (4)) such that v’ — v'(O) €
AZ(2) where 3 — a € (2,3) and 7 — o € (1,2) can be
taken arbitrarily in the prescribed intervals.

2.2. Justification of asymptotic. We search for a so-

lution of the problem (@) in the form
uf(z) = v(x) +wle ta) + e/ (x) +0°(x), (25)

where 4° is a small remainder, satisfying the problem

— A0 (x) = F(w;0), = € Qe),
W (z) = gg(x ) z € 09, (26)
W (z) = g5 (z),  x € duw(e).
Here
Fe(z;0) = F(z,v(z) + w(e '2) + ev' ()
+4°(z)) — F(z,v(z))
— (V' (2) — a®(@)) Fy(z,v(2)),  (27)
§a(2) = —w(ew) — acd(z),
95(x) = —v(@) +v(0) — ev'(2).

We are going to employ the Banach contraction principle
and, thus, we need to estimate the norms of (27).

Owing to 1), @2), the function z — w(e~1z) +
ae®(x) is smooth on the surface 02, where |z| > ¢ > 0,
and

lw(e™'z) + ac®(z)|
< [v(O)[|P(€) — cap(w) &'
< c?|z| 72 < ee?,

12) + aeVEd(2)|

< e (O)|IVEP(E) — cap(w) VELE| ™|
“Flem

|Viw(e™

= 22| 727F < e
(28)

< ce

Hence, by the above inequalities for the function
z +— w(elz) + ac®(z), we obtain the following esti-
mates of the norm of g, in the weighted Holder space :

195 A5 (@R < €]l gg; C* (09|

< dig:CP0Q)] < 2.

Moreover, for 3 — (3’ > 0, we have

195 A5~ (09Q)l]

( sup lelﬁ 2RV (v(@) = v(0))]

a:EOwE =0

+e| Vi (z)]) + sup ||z =y~ (V30 ()
z,y€dwe

V2u(y)| + €| V20 (z) — V20' (3)]))
< (771 |u; C2 Q)| + M AL Q).
(30)

Notice that v" € AZ’/O‘(@Q) with arbitrary 5’ € (2 +
a, 3 4+ «). We shall further select the indices 3 and 3’ in
an appropriate way.

Write

F(z,V(x)) =F(z,v(x) + V(z))

— Flz, (@) - V@ F (o),
so that
Fe(a;0°)
:F(x,w(s_lx) +ev'(z) + 4% (x)) (32)
+ (w(e™"2) + ea®(x) + 4% (x)) F) (z,v(x)).

Since (z — F!(z,v(x))) € C%*(Q), by (H3), we
take into account the representation (22)) together with the
inequality § — « > 2 and, as a result, we obtain

I(w + ea®) E); Ay(Q(e)) |

-2
<c| sup [z]7® <m>
z€Q(e) €
Ié] -«
+ sup |||z =y
z,y€Q(e),|lz—yl<|z|/2

1E(E))

<ee? sup (|zf7 a7 4 [af T2 7F)
z€Q(e)

< c£2,

(33)

To estimate the first term on the right-hand side of
(B2), we need the following assumption on F:
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(H4) With a certain x € (0,1) and for |V (z)] < C,
x € , the inequality [F(z,V(z))] < |V (x)|*** and
the following relations are valid:

[F(z,Vi(x)) - F(y, Va(y))|
< c(le =yl (Vi(@)| + [Va(y) )"
+ WVi(z) = Va() (Vi (@)™ + [Va(y)]7)),

[F(z, Vi(z)) - F(z, Va(x))
— (F(y, Vi(y)) — F(y, V2(y)))]
< c([Viz) = Va(z) = (Vily) —
+ |z —y[*(Vi(z) — Va(2)]
+Vily) = Va(y) DV (z, 9)"

Va(y)|V(z, y)"

+ (Vi(z) = Va(2)]
+ Vi(y) = Va(y)D(Va(z) — Va(y)|
+Viy) = Va(y) (1 + V(z,9))" ",
(34)
where
V(z,y) = [Vi(@)| + [Va(@)| + [Vi(y)| + [Va(y)]-

In other words, the mapping F satisfies the Holder condi-
tion in both arguments and has a power-law growth in the
second one. Moreover, the second order difference satis-
fies the estimate (34).

Lemma 1. (1) Let V € A%’O‘(Q(e)) and 3 — a €
(2,3),a € (0,1),k € (0,1). Then, for v € Q(e) and
|z —y| < |z|/2, the estimates
[ 7=V (@) < |V AG Q)]
5T g = y =V (@) — V()
< o[V AZ Q)|
are valid.

(2) Under the same restrictions on «, 3,k and x,y as
above,

2l (e )1 < et
o]~ g — g fw(e ™ ) — w(e )

< ce.

Proof. First, we readily show the first assertion:

7V ()[4
S e e O I

< [aP7 O VAR (Q(e)
The second inequality follows from the relation

2—k(f—-2-0a)>2-1B83-2—-a)>1>0.

Since
1
Slel <yl <
in view of
lz—yl < 5
and using the Newton-Leibnitz formula, we conclude that

o} =0 o W[+

y|~V(x) - V(y
< |zl ETOTR | -y 2| A — g

- sup (2|71 VLV (@)
z€Q(e)

e L A et 1 O VA (IE)]

while applying the inequalities

ﬂ—(ﬂ—a)r—i-l—a—ﬂ—i—l-l—a
e

Based on the assumptions § — « > 2and 1 + k < 2,
we prove the second assertion. We have

lz]

e U ) | e R
B—«
st T e
(e + |2)t+=

Owing to the estimate | P(€)| < ¢(1+|£])~ for the capac-
ity potential and the boundary condition 1), it follows
that

e OO [ — g~ w(e ) —w(eHy)|

£t )

sup (1 + [€])?[Vew(6)])
SERINw

< cz—:|x|’87(ﬁ
< ce.

< cla|?~ O |g —y| 0

™
™

V1 e+ Ja])

Indeed, in the first inequality we have again applied
the Newton-Leibnitz formula, and in the second one we
have used the fact that [V P(€)] < ¢(1 + |¢]) 72

kK [B-a«

= > 1.
1+k 1+ &k

f-a—-(f-a)

We now list the necessary estimates based on
Lemma 1 and (H5). We start with the boundedness of
the first term in (32)) multiplied by a weight. We obtain

2|7~ F (2, w(e™ o) + e’ (x) + a°(2))]
< clzP (e ) [T 4 et () [
+ ]t (2)[')
< e [|a% AZ Q) TT).

(35)

aamcs
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Second, we verify the boundedness of the weighted
difference, namely,

=V(z)

2l — | [P, w(e ") + v/ (x) + 07 ()
=~ By, V(y)| < clal (V@) + o =y =V ()
—V@I(V@I +V)I)

< o+ s AT (@)

(
(e a5 A5 Q) )l =P TR [z — g
() - ()]
+elv'(@) = o' (y)] + [0 (@)~ (v)] })
< (e + ([ A2 (@) ).
(36)

Now, we deduce the local Lipschitz continuity of the first
part of the mapping (32):
=Vi(z)

L) + ev'(z) + a5 (x))
=Va (=)

|7~ P (z, w(e™

—F(z,w(e ) +ev'(2) + 05
< clz|’~ag (x) — a5()|(|
< dl|as — a5 AF* ()| ("

+ [lag; AZ QD).

)
)"+ [Va(2)[")

(
Vi(x |
+ |3 AF* Q)|

—~ —

(37)

Finally, we prove the local Lipschitz continuity for
the weighted second order differences of the mapping F.
For example, the first term on the right-hand side of (34)

gets the bound
cla =PI 2 — y| | (Vi(2) — Va())
— (Vily) = Va))I(e"™ + [[45; AF*(e)) |
+ [l AF(Q(e))I) (38)
< of|as - ag; AF”

QD" + |a5; A (2())1)-

The other two terms in (34) are estimated in the same way
as in (33) and (B), respectively.

The above estimates allow us to apply the Banach
fixed point theorem to verify the existence of the remain-
der 4. To this end, we rewrite problem (26) in the

form of an abstract equation in the Banach space ‘R =
A%’Q(Q(s)), namely,

= &0, (39)

where .
U = S (F*(:14%), 90, 95,)

and S, denotes the isomorphism (T8). Let %° belong to
the ball B C %R of radius €= **. We further need to verify
two properties. First, the mapping € maps the ball 5 into
itself,

B34 = &u° € B, (40)

and second, the mapping becomes a strict contraction on
the ball, i.e.,

[Go — & R < kflo—w; R, v,0 € Rwithk < 1.
(41)

By 29), 30), (33) and (B3), (BG), we have

1885 R|| < e(|F% Ay (eI + 196; AF* ()]
+1195: A5 ()1

el las m| e
+e2 4 gh—1—a + €1+5—3’).
(42)
Let us fix 3, a and 3, k such that
(L2)2B—a—1>1++, (43)
B—p >k (44)

Recall that 3 — «w and 3’ — « belong to the interval (2, 3).
Thus, to satisfy (@4)), we must put 3 — o near 3 (satisfying
(@3) as well) and 3’ — o near 2. This allows us to create a
gap of any length x € (0,1).

If (@3) and @4) hold true, we obtain

1645 R[| < c(4e 5 + a5 R/ < €t
while the desired inequality € > ¢(4 + ¢!1Trg(+R)R) jg
achieved by a proper choice of the constant € (e.g., € =
5c) and the bound for the parameter ¢ in the condition
e € (0,e0].

By virtue of (37) and (38)), the estimate

&0 — GSro; R|| < (e + 2€71H) v — w; R

k

is valid. The necessary relation £ < 1 can be achieved by
diminishing, if necessary, the upper bound ¢ for ¢ again.

Theorem 4. Let the indices 3, and k € (0,1) satisfy
#3) and B — 2 > K, while (H2) and (H4) hold true. Then
there exist positive constants € and € such that, for € €
(0, 0], the non-linear problem (26) has a unique small
solution %, namely,

4% A5 (Q(e))|| < €t (45)

Consequently, the singularity perturbed problem [3) has
at least one solution (22).
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In the theorem we have proven the existence of a
small remainder 4° in (23), i.e., we have verified that the
problem (@) has a unique solution in a small ball centred at
the approximate asymptotic solution. If the uniqueness of
the solution 4° is known, for example, F in (3) gives rise
to a monotone operator, the remainder is unique without
any smallness assumption.

2.3. Formal asymptotic of the shape functional. We
have

T (u;9(¢))
:/ J(x,v(x))dx
Q(e)
+ / (w(e!
Q(e)

= /J(x,v(a:)) dx

Q

+ E/(v’(x) —a®(2))J! (x,v(z)) dz + - --

Q

2) + ev' (@), (2, v(x)) da + - -

(46)
We now introduce the following assumption:
(H5) J € C%2(Q x R), J) € C»*(Q x R).

Let p € C%%(Q) be a solution of the problem

—Agp(x) — F(z,v(2))p(x)
= Jy(z,v(x)),
p(z) =0,

Integrating by parts in Q\ Bs = {z € Q : |z| > §} yields

x € Q, 47)
x € 0.

@) - av@)1i @, v(0) dz

Q

——tim [ (Aaplo) + Fi(eo(o))pl)
Q\Bs

(V' (2) — a®(x)) dx

p()(Az + F)(z, 0(x))) (v (2)

= — lim
6—0
O\Bs

—a®(z))de — 1im /anp x

—|—hm/ 8‘30‘])

OBs
—a®(x))) dx.

v'(z) — a®(x))dz

) — a®(z)) — p(x)0)4 (V' ()

By 24), we have v'(z) — a®(x) = 0 for z € 2 and

On the other hand, 0|, p(z)(v'(z) — a®(z)) = O(6~ ")
and, hence,

/ (' (2) — a®(x)) T} (2, v(z)) dz

Q
-ty [ @)

OB

— p(@)0)4) (V'(

= —qa hm 47T|J3| de
e
— _ap(O) = —47711((’))}?(0)(?31)(‘”)-

x) — a®(x))

) — a®(z))) dz

Thus,

T (w5 9(e)) = T (15 2) — edmo(O)p(0)cap(w) + - - - .
(48)
Similarly to the first inequality in (H4), let the following

assumption be valid:

(H6) With & € (0, 1),

[ (z,v(x) + V(2)) = (2, 0(x)) = V(2)J, (2, 0(x))]

< |V (@)

Using this assumption leads to the relation

|T (u®;Q(e)) — T (v; 2(e))
- /(w(€_1$)+€vl($) + 4 (x))J, (z, v(x)) dz|
Q(e)
<¢ / wo(e12) + 20/ (z) + @ (2)] 7 do
Q(e)
SC/ (‘g’l +|Z‘| (I+0)(B—2—a)
Q(e)

(AR (@)

+ [ (@) Aé“(mnl“)) de

1
< celte (/7"1”7"2 dr

g

1
+/7,7(1+0')(,8727a)7,2 d?”(ElJrU _’_8(1+n)(1+0)>

g

< celto,
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Here we have taken into account the fact that 1 + o < 2,
(14 0)(B — 2 — «a) <2, and both the integrals, extended
on the interval (0, 1), do converge.

It suffices to mention the following inequalities:

|7 (u¥;Q(e)) — T (v; Q)] < ¢ mesz(w.) < ce®,
[ o) + 0@ o, vl do
Q(e)

1
T\ 2 9
<ec (E) rdr < ce,
€
[ 1,
(e)

< cgltr / |z| =72 dg < ee't
Q(e)

v(x))|dx

Q

This confirms the formal calculations performed above.
Let us formulate the main result in three dimensions.

Theorem 5. Under the assumptions listed above, we have

|7 (u=39(e)) = T (v; Q) + edmv(O)p(0)cap(w)|

< C€1+min(a,fc).

3. Topological derivative for a mixed
semilinear elliptic problem in two
spatial dimensions

The numerical analysis is performed in two spatial dimen-
sions. Therefore, we introduce a mixed semilinear prob-
lem and analyze the asymptotic in such a case.

Since the proof uses the same arguments as in three
spatial dimensions (note that we use the Holder norms,
which are insensitive to the space dimension), we pro-
vide only the formal analysis and impose the Neumann
boundary conditions on the hole boundary dw.. Note
that the Dirichlet condition on dw. changes crucially the
form of asymptotic expansions cf. (II'in, 1989; Mazja
et al., 1981; Mazja et al., 1991).

3.1. Formal asymptotic analysis. Let 2 and w be
bounded domains in the plane R?. We consider the non-
linear mixed problem in the singularly perturbed domain
Q(e), defined in @):

A () = Fla,u(x)), € Q).
uf(x) =0, x € 01, (49)
Onus(z) =0, T € Owe.

Referring to (I'in, 1989) and especially to (Mazja et al.,
1981; Mazja et al., 1991), we set
uf (x) =v(x) + ewi (e 'x) + e2wa (e 7 (z)

50
+ 20 () + -, 60

where v, v’ and wi,wo are components of regular and
boundary layer types, respectively. Precisely, v is a
smooth solution of the problem (7)) in the two dimensional
entire domain (2. The Taylor formula yields

v(z) = v(0) + 27 V,0(0) + %mTViv(O)m +O(|z?).

The second term w; in the asymptotic ansatz (30)
becomes a solution of the exterior problem

{ —Aewi(§) =0, e R\ D,
8n(§)w1(£) = - n(&)gvav(O)a 5 € Ow.

(51)
Such a solution admits the asymptotic representation
= o e w)V,0(0)+0(€] %), [¢] — oo,
where m denotes the virtual mass matrix, see (Pdlya and
Szegd, 1951). Then the third term ws in (32)) satisfies the
problem

{ —Agwy(§) =0,
On(eyw2(§) = —On(e) €T Vv (O)E,

£ eR*\ o,
£ € ow.

(52)
For such a solution, we write down the classical asymp-
totic representation

mwzimi+m1

E' )

where the constant ¢ can be calculated as follows:

/@@WQ ) dse = /8@2 |a

By the Green formula, we compute the left boundary
integral

=c. (53)

1
- / On(e)5€" Vav(O)¢ dse
Ow

[agervruoas sy

mesowA,v(0)
—mesewF (O;v(0)).

Finally, the fourth term v’ in (32) is to be found from
the Dirichlet problem

LA @) = (c () V0(0)
V() = 127T |x|2mw 2V
13
- 271_1 |x|meSQwF(O ;0(0))
(@) Fl (2, 0(2)), @€ D,
(@) = L2 () Va0(0)
vAT) = 27T|a:|2mw v
+ 1 In irnessz((’); v(0), €.
2 |z
(55)
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3.2. Formal asymptotic of the shape functional. We
introduce the following hypotheses:

(H7) F € C%(Q x R), F! € 0%*(Q x R) for some
€ (0,1)and F < 0.

(H8) J € C%*(Q x R), J! € CO*(Q x R)

By the monotonicity of F, the Lax-Milgram lemma
and the regularity of .J, the problem

—Agp(x) — Fy(z,v(x))p(z)
= J!(z,v(z)), x €, (56)
p(x) =0, z € 90

admits a unique solution p € C%<(Q).

We replace the solution u® by its asymptotic repre-
sentation (32). As a result, we obtain the first asymptotic
term of order 2 for the shape functional

T (u:Q(e))

= / J(z,v(z))dz + /(Ewl(filx)
Q(e) Q(e)
+Pwa(e7 ) + &2 (2))J, (w, v(x)) dx + - -

= J(v;Q(e)) + €2 / <— il

27 Jaf?
Q(e)

m(W)vxv(O)
_1 In - mes wF(0;v(0))

2 o T
+ v’(w)J{,(fCav(x)> dz +--

= J(v;9Q) — e*mesyw.J (O;v(0))

(57)

Now we replace the right-hand side of (38) according
to the equation and twice integrate by parts in the domain
Q\Bs = {z € Q:|z| > }. We have

/( 1 27
27 |x|?
Q

1

m(w)V,v(0)

| |mebng((’) :0(0)) + V' (2)J] (z,v(z)) dz

= — 1'
520 (Aa
Q\Bs

1 2T
27 |x|?

1 € ) ,
~ 5 In mmeSQWF(O, v(0)) +v (m)) dz

p(x) + Fi(z,v(z))p(x))

m(w)V,v(0)

= — lim
6—0

Q\Bs
iim(w)v v(0) — L In —mes wF(O;v(0))
27 |x|2 * or |z ° '

/(@) dz ~ lim / D)
o0

p(@)(As + Fy(2,v(z)))

(—
1 27

—%Wm(w)vmv((’))

L | |meSQwF(O ;0(0)) + ' (z)) da

_hm/ 8|I|p |{E|2
OBs

1 5 ,
~ 5 In mmeSQwF(O, v(0)) +v'(x))

m(w)Vav(0)

1 2T

P(x)0)a) (—gwm(w)vxv(o)

L | |meSQwF(O ;0(0)) + ' (x)) da.

On the other hand, the boundary condition (33) im-
plies that

1 27

5= () Va0(0) - - n S mesaw (O:0(0))

2 |z
+v'(x) = 0.

Furthermore, for the linearized operator A, + F, the for-
mula

1 2T

(A + Fl(a,0(2))) + (— m(w)V0(0)

27 [o2
1 £ /
—5- In mmewaF((’), v(0)) +v (37)>
= A v'(z)
v'(z )1F (T v(2))
N <_%|%m(w)vwv(0)

L S messwF (O v<0>>)

_— F’ —
30 1z, 0(2) = 0

is valid because the function

1 2T

1
— In —mesywF(O; v((’)))
2 |z

/ 1 27
———m
27 |x|?

Q

1 €
5 In mmesng((’)), v(0))

+ ' (2))J) (, v(m)) dz

aamcs
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- [ (9up0) (@) ¥0(0)

OIB,;

1 15
—5 In mmeSQWF(Oa U(O)))

I'T
— (@) (—%Wm(w)vxv((’))

1 €
o In mmebng((’), v((’)))) dz

. T; 6p 1 ov
i > / ion© (o iem g ©)

i,7,k= 15

1 z; ov

910 + 515 (O)) (=g ik e (©))| o

5—0 ‘ ox;
=1

2

+ lim lZ(p(O) + xi@((’)))

aBs

11
X <%mmeSQwF((’);v((’)))>] dz

. 2 x; Op 1 Tk ov

“i [ |3 @) (g ©)
oBs LbJk=1

11
—p(0O) (% mme@wF(O,v(O)))} dz
. T; 8p 1 xz; ov
o ZZ S © (2, ©)

+2(0) ( ]

= F(O;v(0))mesawp(O)
+ Vop(O)'m(w)V,u(0).

— messwF (O v(@))ﬂ da

Thus, recalling (37) we conclude the relation

T (u;9(e))

= J(v; Q) + e} [~mesywJ (O;v(0))
+ F(O;v(0))mesawp(O)
+ Vap(0) m(w)Voo(O)] + -

(58)

Theorem 6. Under the assumptions (H1), (H7) and (HS),
the asymptotic expansion (38)) is valid with the remainder
o(g?).

4. Finite element approximations of
topological derivatives

Our aim in this section is to compute a numerical approx-
imation of the topological derivative of the shape func-
tional (8)), with u® being the solution of the problem (49),
and give L°°-estimates of the error.

4.1. Family of finite elements. In © we consider a
family of triangulations {7, },, . ,. With each element 7" €
T, we associate two parameters p(7') and o(7T'), where
p(T) denotes the diameter of the set T', and o(T') is the
diameter of the largest ball contained in 7. We set h =
maxre g, p(T). We make the following assumptions on
the triangulations:

(H10) Regularity assumption: There exists ¢ > 0 such
that p(T)/o(T) < o forT € F, and h > 0.

(H11) Inverse assumption: There exists p > 0 such that
h/p(T) < pforT € } and h > 0.

(H12) We denote by Q= Ure g, T the domain obtained
by a triangulation, with §;, as its interior and 9y, its
boundary. Then we assume that the vertices of .7}, placed
on the boundary 0€;, also belong to 0f2.

Consider the spaces

Vi, = {vh € O(Q) :vp|r € P(T) for T € F,

and vy, =01in Q\ Qp}
and
Wy, = {vh € O(Q,) s vp|r € Py(T) for T € ﬂh},

where P;(T) is the space of polynomials of degree 1 on
T, V}, is a vector subspace of H{ (£2) and W}, is a subspace
of H*(Q).

We use the Lagrange interpolation operator

I, : C(Q) — Wy

ITj, z being the unique element in W, such that 11, z(z;) =
z(x;) for every node z; of the triangulation. In the case of
a function z vanishing on 9, we extended I,z to Q by
zero and we denote this extension by 11}, z, too. In the last
case, we have that I,z € V},.

4.2. Numerical solution of the semilinear problem.
By virtue of the assumption F' € C%'(Q x R) and by
the mean value theorem, we deduce the following local
Lipschitz condition: For all M > 0 there exists cps > 0
such that

|F({E,’U1)—F(£L',1)2)| SCJVIWI_UQ'; erv

|’U1|, |’U2| S M. (59)

Using classical arguments, we can deduce from the mono-
tonicity of F'(z,-) and (39) the existence of a unique so-
lution to (Z) in HE(Q2) NC(Q). We refer to (Stampacchia,
1965) for the boundedness of the solution. From to the
convexity of 2, we can deduce that the solution is in
H?(Q) (Ladyzhenskaya and Ural’tseva, 1968).

The weak formulation of the equation (7)) is the fol-
lowing:

a(v,z) = (F(z,v),2)2), %€ Hi(Q), (60)
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where

a(v,z)z/ﬁVv(m)Vz(x)dm.

The numerical approximation v;, of v is then the solution
of the problem

{ Find v, € V}, such that
a(vn, zn) = (F(w,vn), 2n) L2(0), for any z, € Vj,.
(61)
The proof of the existence of a solution of (&) is
well known (Stampacchia, 1965). It is enough to apply,
in a convenient way, Browder’s fixed point theorem along
with the monotonicity of F'(z, -).
We rewrite problem (36) in the form

{ —Ap(z) = Fo(z,p(x), = €Q,
p(z) =0, x € 0N,

where Fy(z,p(z)) = F)(z,v(x))p(z) + J' (x,v(x)). Fy
is linear with respect to the second variable, so that Fjy €
CY1(Q2 x R).

Then the variational formulation of the linear prob-
lem (36) is the following:

(62)

a‘(pa Z) = (Fo(x,p)7Z)L2(Q), S H(%(Q) (63)

Thus, numerical approximation of p is the solution of the
variational problem

{ Find p;, € V}, such that

a(pn, zn) = (Fo(x,pn), zn)12() for any z, € Vj,.
(64)

Due to the hypotheses (H1) and (H7), the linear problem

(64) has a solution in space V},.

In the next section we give L>°-estimates for the fi-
nite element approximation of v, Vv, p, Vp and the topo-
logical derivatives in the case of the semilinear elliptic
problem.

4.3. Convergence of finite element approximation for
the semilinear problem and the adjoint state problem.
We are going to use the recent results on the convergence
of the finite element method in W1 spaces. The topo-
logical derivative is a pointwise expression with the values
of the solution and the adjoint state, as well as with the
values of the gradient of these functions. In order to de-
rive the error estimates in the L°° norm for the topological
derivative, it is required to have in hand the error estimates
in the /1> norm for the solutions of the semilinear equa-
tion as well as the linear adjoint state equation. The results
presented below lead to the error estimate for the topo-
logical derivative. We refer the reader to (Casas and Ma-
teos, 2002; Demlov, 2007; Frehse and Rannacher, 1978),
for the proofs of error estimates for linear and semilinear
elliptic equations.

The following L>°-estimate for approximation by fi-
nite elements of solutions to the problem (7)) was proved
in (Casas and Mateos, 2002).

Theorem 7. Let v and vy, be solutions of the variational
problems (60) and (61), respectively. Then there exists a
constant C' > 0 independent of h such that

[v = s L= ()| < Chljo; H*(Q)]].

In addition, assuming that ; C £2, we have the
following estimates, proved in (Demlov, 2007) (see also
(Frehse and Rannacher, 1978)).

Theorem 8. Let v and vy, be solutions of the variational
problems (60) and (61)), respectively. Then there exists a
constant C' > 0 independent of h such that

IV = Vor; L(Q) [l < Chllo; H*(Q)]).

On the other hand, we have the following L*° - es-
timates for the approximation of solutions to the linear
problem (36).

Theorem 9. Let xg € §2, and let p and py, be solutions of
the variational problems (63) and (64), respectively. Then
there exists a constant C' > 0 independent of h such that

lp — pr; L= ()| + VD — Vpu; L ()]
< Chl|p; H*(Q)]|.

4.4. L°°- estimates for the approximation of the topo-
logical derivative. We denote by 7q ; numerical ap-
proximation by the finite element method of the topologi-
cal derivative 7. Then
Ta,n(0) = — mesq(w)J (O, v,(O))
+ Vapn(0)'m(w) Va2 (0) (65)
+ F(O,vn(0))mesz (w)pr(O).

‘We obtain

|70(0) — To,n(0)|

= [ — mesy(w)[J(O,v(0)) —
+ [Vap(0) 'm(w) V0 (0)
— Vapn(0) ' m(w)V,va(0)]
+ [F(O,v(0))mesz (w)p(O)
— F(O,v(0))mesz(w)pn (0)]|
< mesz(w)[J(0,v(0)) — J(O, v (0))]
+ |Vep(0)'m(w) V,v(0)
— Vapn(0) ' m(w) Vv (0)]
+ mesz (w)|F (O, v(0))p(O)
— F(O,v,(0))pn(0)|.

[J J(0,vn(0))]

(66)
We have

17(0,v(0)) = J(O, v (0))]

< cllo —on; L= ()] (67)

aamcs
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It follows that
|70 (0) — Ta,n(0)
< ellv —vp; L) ||
+|Vap(0)'m(w)V

(0(0) = v (0))]
+ V2 (p(O) = pr(0)

(
) m(w)Vavn (0)
) )

|
)

+ mess (w )|F(O v(0))(P(0) — pr(0))|
+ mess (w)|(F(0,v(0)) — (O,vh(o)))ph(o)l-
(68)
Therefore,
|F(0,v(0)) = F(O, v (0))

< cllv —on; L= ()], (69)
and we obtain
70(0) — Ta,n(0)|
< eflv —on; L(C) ||

+ || V2 (v(O0) — vr(0)); L= ()| (70)

+¢[[Va(p(O) = pr(0)); L= ()|

+ ¢llp(O) = pr(O0); L™ ()]
Finally, by Theorems [8] and [0l we deduce the following

result.

Theorem 10. The following error estimate holds for the
evaluation of the topological derivatives:

|70(0) — Ta,x(0)|

< Ch(|lvs H* Q)| + llps H2(Q))). - (71)

4.5. Numerical examples. In this section, we present
some numerical examples to show the behavior of topo-
logical derivative approximation with respect to the evo-
lution of discretization step size. We derive errors and
verify that the computed error satisfies the estimate from
Theorem (I0) in each case.

For each of the examples, we choose the domain §2
as a square (0,1) x (0, 1) and the following energy func-

tional:
J(v;Q) = /|Vv( )2 dae + i/v‘l(m) dz
* (72)
- /f(x)v(x) dx
Q

where v is the solution of the nonlinear problem
~Ago(a) = —v@ + @), wEQ o

v(z) =0, x € 0f).

We take different right-hand sides f in each of the exam-
ples. The size of discretization is determined by h, which
decreases in each iteration. We compute the error in 20
iterations starting with 2 = 0.2 and reduce it by 0.01 in
each step.

Example 1.
by

In the first example the function f is given
f@) =f(x1,22) = ((x% + x2) sin 7wz sin wx2)3
+2 (n%(af +23) —
— 47 (z1 cos a1 sin g + sin wrq cosTx2)

2) sinway sin wxy

We calculate the exact solution of (Z73)

u(xy, o) = (x% + x%) sin Ty sin Txa,

and the corresponding adjoint state

1 2 2 . .
—5 (a:l + a:2) SIN X1 SIN TX2.

p(z1,22) =
Exact and numerical approximations of the topological
derivative are presented in Fig. [[l In Fig. 2] we plot the
relative evolution of the error and the behavior of the error
with respect to the discretization step size.

The exact 1o pological dervative

Thie nurmsrical topological dervative

Fig. 1. Topological derivative: exact 7o (left) and approximate
TQ, h (I‘ight)‘

ITD exact-TD mumercalliITD sxact]

5 10 1 20
Iterations

Fig. 2. Error: |Tq — Ta.n|ec /|70 |oo-
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Example 2. Let us choose

f(x) = f(x1,22)
= (21(21 — Daa(wz — 1))°
—2(z2(x2 — 1) + 21(x1 — 1)).
In this case,
u(zy, x2) = z1(x1 — Dwo(a2 — 1)

and

1
p(1,22) = —§x1(x1 — Dag(xy — 1).

The exact topological derivative and it numerical ap-
proximation are presented in Fig.[Bland in Fig. @ we show
the relative evolution of the error and the behavior of the
error with respect to the discretization step size.

The exact topological defvative

The numerical topological derva fvs

Fig. 3. Topological derivative: exact 7o (left) and approximate
TQJL (I‘ight).

045

04
0.35
0.3
0.25
0.z
015

01

ITD gxact-TD mumercalliITD sxact]

0.0s5

5 10 1 20
Iterations

Fig. 4. Error: |7a — To,n|eo /|70 |oc-

@amcs

flz1,22) = (1002723 (21 — 1)%(z — 1)2)3
— 200 [27 (21 — 1)%(623 — 622 + 1)
+ x3(zy — 1)* (627 — 621 + 1)] .

Example 3. In the last example, we take

Then

u(z1,29) = 1002323 (21 — 1)* (22 — 1)?

and

p(z1,22) = —502223(x; — 1) (22 — 1)2

For this last example the exact topological derivative
and it numerical approximation are presented in Fig. [3
and in Fig. 6] we show the relative evolution of the error
and the behavior of the error with respect to the discretiza-
tion step size.

The sxact topological derivative
- & b o L oo

— kb o4

The nurmsrical topological dervative

Fig. 5. Topological derivative: exact 7q (left) and approximate
TQ, h (I‘ight)‘

ITD exact-TD mumercalliITD sxact]

5 10 1 20
Iterations

Fig. 6. Error: |7a — To,n|eo /|70 |cc-
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5. Conclusions

In the paper the form of topological derivatives of the inte-
gral shape functional was obtained for semilinear elliptic
boundary value problems in two and three spatial dimen-
sions. The finite element method was used to compute
an approximation of the topological derivatives. Con-
vergence analysis of the finite element method was per-
formed in two spatial dimensions. Since the application
of topological derivatives in shape optimization requires
pointwise values, we provided L°°-estimates for finite el-
ement approximations. The results of computations con-
firmed the a priori estimate of the numerical approxima-
tion error. The presented results can be used for shape
and topology optimization for semilinear elliptic bound-
ary value problems.
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