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In this paper, we deal with a system of integral algebraic equations of the Hessenberg type. Using a new index definition,
the existence and uniqueness of a solution to this system are studied. The well-known piecewise continuous collocation
methods are used to solve this system numerically, and the convergence properties of the perturbed piecewise continuous
collocation methods are investigated to obtain the order of convergence for the given numerical methods. Finally, some
numerical experiments are provided to support the theoretical results.
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1. Introduction

Integral Algebraic Equations (IAEs) are not as well known
as integral equations or Differential Algebraic Equations
(DAEs). But there are some major reasons that make
their investigation important. One of these is that a DAE
problem can be considered an IAE problem. The second
one is that IJAEs are more general than integral equations
of the first and second kinds and so on.
Here we consider an IAE of the form

A(t)y(t) + / k(L $)y(s) ds = F(1).
tel=1[0,T], (1)

where A ¢ C(I,R™7"), f € C(I,R") and k €
C(D,R™7) with D = {(t,s) : 0 < s <t < T}.
If A(t) is a nonsingular matrix for all ¢ € I, then
multiplying (I) by A~! changes it to a system of Volterra
integral equations of the second kind, whose theoretical
and numerical analysis has been already investigated (see,
e.g., Atkinson, 2001; Hochstadt, 1973; Bandrowski et al.,
2010; Saeedi et al., 2011). If A(t) is a singular matrix
with constant rank for all ¢ € I, then the system () will be
an IAE or a singular system of Volterra integral equations
of the fourth kind, and if A(t) is a singular matrix with
constant rank for some ¢ € I, then the system (I)) will be a
singular system of Volterra integral equations of the third
kind or weakly singular Volterra integral equations.

In this paper, we confine ourselves to a study of
integral algebraic equations of the Hessenberg type:

Aqa(2) Ar,-1(t) O y1(t)
: : : y2(t)
A,_14(t) 0 0
0 . 0 0 Yu(t)
k‘171(t,s) kLQ(t,S) k17y(t,8)
* /0 kl,,m(t,s) kl,,Lg(t,s) 0
ky 1 (t, S) 0 O
y1(s) fi(?)
y2(s) f2(t)
X : ds = : , 2)
Yu(8) fu(t)

where H;:ll A;p—iand [T_, kivt1-(¢,t) are assumed
to be invertible and A, ;, k; ;(¢,t) and f;(t) are matrix
functions of sizes r; X 7, r; X r; and r; X 1, respectively,
withr =r +...4+7r,, 7 =741, and 7y = 1y,

i =1,...,v—1, whichimply ry = r, = ... = r,.
Hence, we use the symbol r for the size of a system and
the symbol ry instead of r; forz = 1, ..., v. For the sake

of simplicity, we consider the following system of Volterra
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integral equations of the first kind for v = 1:

Akm@mM$®=ﬁ@7

and we suppose that k;; is an invertible r x r
matrix-valued.

There are different notions of index for classification
of TAEs. For example, Gear (1990) introduced a
differential index for IAEs. The left index for (I
is another notion that was used firstly by Russian
mathematicians (Bulatov, 1994; Chistyakov, 1996). For
the ‘degree’ of ill-posedness, Lamm (2005) as well as
Lamm and Scofield (2000) introduced ‘v-smoothing’ for
Volterra integral equations of the first kind, which is
equivalent with a differential index. The tractable index
1 and 2 problems are defined respectively by Brunner
(2004) and Hadizadeh et al. (2011).

Piecewise polynomial collocation methods are
popular methods for solving various types of operator
equations, such as integral, differential and partial
differential equations. From many existing papers on
this subject, those which are close to our study the ones
by Brunner (2004; 1978; 1977), De Hoog and Weiss
(1973a; 1973b), Kauthen and Brunner (1997), as well
as Weiss (1972). Piecewise (discontinuous) polynomial
collocation methods for IAEs with differential index 1 of
the form

y(t)+K11y(t) + Ki22(t)= qu(t), (3)

Koy(t) + Kaaz(t)= ¢a(t), 4

where K, ;jy(t) = fot kij(t, s)y(s)ds fori,j5 € {1,2}
with det k;; # 0, were investigated by Kauthen (1997;

2001). He showed that the order of the error for these
methods is m and m — 1 if the stability function

].—Ci

R(o0) = (-1)" [ —
i=1

respectively satisfies the condition R(co) € [—1,1)
and R(oco) = 1, where ¢;, 4 = 1,...,m, are the
collocation parameters. The paper deals with application
of the piecewise polynomial collocation method to higher
index TAEs of Hessenberg form, since there are fewer
investigations on these equations and their analysis is not
as easy as that of index one TAEs.

The paper is organized as follows. In Section 2,
we introduce a new definition based on the left index.
In Section 3, we recall application of the piecewise
polynomial collocation method for the system (D).
In Section 4, we introduce generalized difference
inequalities for supporting our analysis. In Section 5,
a global convergence theorem is proved which implies
the convergent properties of the given methods for the
research problem given by Brunner (2004, p. 499). In

Section 6, we extend the results to the nonlinear case.
Finally, in Section 7, we illustrate the obtained results by
numerical experiment.

2. Existence and uniqueness of the solution

The existence and uniqueness theorems for the solution of
IAEs depend on the definitions of the index. One of the
definitions for the index of TAE, was introduced by Gear
using index reduction procedure (Gear, 1990).

Definition 1. The differential index of the system (I)) is
m (indg = m), if m is the minimum possible number of
differentiatons of (I)) required to obtain a system Volterra
integral equations of the second kind.

By accepting this definition, in order to find the index
of a given IAE, we must use a new proof associated
with it. So there may exist different concepts of the
index which are well formulated and working with them
is simple. The left regularization index is one of them that
was introduced by Bulatov and his collaborators (Bulatov,
2002; 1994; Chistyakov, 1996).

This definition and related powerful theorems make
the investigation of existence and uniqueness results for
solutions of IAEs comfortable. It is clear that for each IAE
of the left index m we have indy = m, but its converse
has not been investigated yet.

Definition 2. (Chistyakov, 1987) The matrix pencil
AA(t) + k(t, t) satisfies the ‘rank-degree’ criterion on the
interval I, if rankA(t) = degdet(AA(t) + k(t,t)) =
const> 0, forallt € I.

The following conditions are necessary and sufficient

for the existence of a semi-inverse matrix A~ (¢) with
elements in CP(I,R"*") (Chistyakov, 1996):

1. the elements of A(t) belong to CP(I,R"*"),
2. rankA(t) = const, V¢ € I.

Definition 3. Suppose that A € C¥(I,R"*") and k €
CY(D,R"*"). Let

A() = A, k‘o = k‘, ki-{—l = A7k‘7,
d _
Ay = 2 (B = ADAT (1)) +,

Aip1 = Ai +(E— Ai(0)A; ())ki(2, ).
Then we say that the ‘rank degree’ index of A, k is v if
rankA;(t) =const, Vte€ I for i =0,...,v,
det A; =0, for 1 =0,...,v—1, det A, # 0.

Moreover, we say that the ‘rank degree’ index of the

system (1) is v (ind,, = v) if, in addition to the above
hypotheses, we have f € C¥(I,R") and
Fi+1 = AlFl, F() = f,

where F is an identity operator.
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Lemma 1. (Bulatov, 2002) LetrankA(t) = const, Vt € I
and the elements of A(t) are in CP(I,R"*"). Then the
initial value problem

(E—AA7)z(t)®) 4+ z(t) =0,

2(0)=2'(0)=...=2P"V(0) =0, tel,

has only a trivial solution.

Now we can state the following uniqueness and
existence theorem for higher index IAEs.

Theorem 1. Suppose the following conditions are satis-

fied for ([):
1. ind, =v > 1,

2. A(t) € CY(I,R™), f(t) € CY(I,R") and

& g(tt, 9) ¢ C(D,R™™"), fori=1,...,v,

3. A;(0)y(0) = F;(0), for i =0,...,v— 1 (consis-

tency conditions).
Then the system (1) has a unique solution on I.

Proof. The proof is based on the fact that the systems

A;(t)y(t) +/0 ki(t, s)y(s)ds = Fi(t), ®)

tel:=1[0,T],i=0, ...,v,

are equivalent (i.e., every solution of the system 7 4 1 is a
solution of the system ¢ and vice versa, if the consistency
conditions were satisfied). To prove this assertion, let y be
a solution of the system ¢ and apply the operator A; on the
system ¢. Then the system ¢ 4+ 1 will be obtained. Hence
y is a solution of the system ¢ + 1. Conversely, let y be a
solution of system ¢ + 1, and define

/kts s)ds — Fy(t).

d ((E — Ai(t)A7 (t))Diy)
dt

Dix=A

Then

D;y(0)

Because y is a solution of system ¢ + 1, from Lemma 1,
we conclude that D;y = 0. Since the final system is a
Volterra integral one of the second kind, it has a unique
solution. Therefore, a unique solution satisfies all systems
in @. [ |
We need to check whether or not the matrix A, is
invertible. To this end, we use the following lemma.

= Ai(0)y(0) = F(0) = 0.

Lemma 2. (Bulatov, 1994) Let the matrix pencil NA(t
k(t,t) satisfy the ‘rank-degree’ criterion on the mterval I
Then

det (A(t) + V(O)k(t, t)) £0, Vtel,
and
det (A(t) + V() (A'(t) + k(t, 1)) #0, Viel,
where V(t) = E — A(t) A~ (t).

To prove the existence of the solution for the
system (2), it is enough to show that its index is v, and
the consistency conditions hold. The proof is given in
Appendix.

3. Collocation method for IAEs

The contents of this section is recalled after Brunner
(2004). Let

Ih = {tn

be a given (not necessarily uniform) partition of I, and set
Op = (tn,tn+1], Oy = [tn;tn+1]7 with h,, = th+1 —
t, (n = 0,1,...,N — 1) and diameter h = max{h,,
0 < n < N}. Each component of the solution of (1)
is approximated by elements of the piecewise polynomial
space

:0=t0<t1<"'<tN=T}

SO(1,) :={veC():

Vg, € Tm(n=0,1,...,N = 1)}, (6)

where m, denotes the space of all (real valued)
polynomials of degree not exceeding m. A collocation

solution u; € (S£2> (Ih)) for () is defined by the
equation

+/0 k(t,s)un(s)ds = f(t), )

fort € Xp ={tn;i :=th+ch,:0=c<c <...<
¢m <1,n=0,---, N —1} and the continuity conditions

unfl(tn) — un(tn)v

The collocation parameters ¢; completely determine
the set of collocation points X;. By defining u, =
Uplz, € (Tm)", we have

n=1,...,N—1. (8)

Un(tn + shn) =Y Li(s)Un;, s€ (0,1, (9

where

@amcs
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denote the Lagrange fundamental polynomials with
respect to the distinct collocation parameters ¢;. By
partitioning the domain of integral in (7)) and changing the
variables, we have

+ h/ ety b+ o) (tn + shy) ds,
0

(10)
where the lag terms are defined by
n—1 1
EF,i=nh Z / k(tmi,tl + shy)u(t; + shy) ds.
1=0 70
Substituting from (@) in (IQ), for i = 1,...,m and

using the continuity conditions (&), we obtain the rm x rm
system

At ;) Um+hZ/ (tnistn + shn)Lj(s) dsUn, ;
J= 10
=— h/ k(tn istn + shp)Lo(s)ds Uy,—1(ty)
0
- Fn,i + f(tn,i)a

(1)
with
n—1 m
Fo= hzz (/ (tn,iti +sh))Lj(s)ds U, ;
=0 j=1
1
+ k(tmi,tl + Shl)Lo(S) ds Ul—l(tl)) .
0
(12)

By solving the system (1), the approximate solution
of (@) is determined at the collocation points and ¢,,.1 by

+ZL

Remark 1. To apply this method, it is necessary to
compute the integrals appearing in (IT) and (I2). To do
this, we apply the following quadrature rule by using the
same collocation parameters ¢;, ¢ = 0, ..., m, such that
the order of the quadrature rule is at least the same order
of the method (O(h™*1)) |

Un (tng1) = Lo(1)un—1(

/ k(tn,i7 tn + Shn)LJ (S) ds ~ Cl@jk(tmi, tn + thn)7
0

1
/ k(tn,i; t; + Shl)Lj (S) ds ~ bjk(tmi, t; + thl);
0

with a; ; = [;* L;(t)dt and b; = fo t) dt. Using this
quadrature rule considerably 51mp11ﬁes our computations.
When all the integrals are computed by the quadrature
rule, the method is called fully discretised.

Remark 2. Choosing ¢,, = 1, we have t,,11 = tm
and u(tp41) = u(tpm). Thus we obtain u,y; =
U,,m without reusing @©). This also makes the analysis
of existence and uniqueness of the approximate solution
simple, which will be discussed in the next section.

Some existence and uniqueness conditions for the
solution of continuous collocation methods can be found
in the work of Brunner (2004).

4. Difference inequalities

Firstly, we recall the following lemmas. Note that we

write v = O(h™™) whenever ||v|| = O(h™).

Lemma 3. (Gronwall’s inequality (Brunner, 2004)) As-
sume that {k;}, (j > 0) is a given non-negative sequence,
and the sequence {e,,} satisfies eg < po and

n—1 n—1
€n §P0+qu‘+z/€j6j
=0 =0

with po > 0,¢; >0, (j > 0). Then

n—1 n—1
€n < po+qu exp ij
j=0 J=0

Lemma 4. Let B;, j > 0, be a uniformly bounded se-
quence of v X v matrices, M = diag(\y,...,\,) and
A = max; |\;|. Let also { E,,} be a set of vectors with

Ey = O(h™)
and
n—1
E, < ME, 1+hY_ BE+O0O(h"), n=1,..N.
1=0
(13)
Then
N —o0
Nh=const
for A > 1, and
lim ||Ey|| < O(h™n{unu2}y (14)
N —oo

Nh=const
forx, €[-1,1),i=1,...,v.

Proof. The proof can be derived easily by using
Gronwall’s inequality. [ ]

5. Convergence analysis

Before stating the convergence properties of continuous
collocation methods, we investigate the convergence
properties of perturbed continuous collocation methods
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for a System of First kind Volterra Integral Equations
(SFVIE). The proof of TheoremPlin this section is similar
to the standard technique introduced by De Hoog and
Weiss (1973a; 1973b), Brunner (1978; 1977), as well as
Kauthen and Brunner (1997). An excellent book for this
technique is the one by Brunner (2004). However, for
the convenience of the readers and self-dependency of the
paper, we give the proofs of all theorems in detail.
Consider the SFVIE

t
[ ke swis)as = o). (15)

0
where k(t,t) is an invertible r x r matrix for all ¢t € I.
We analyze the convergence properties of the perturbed

continuous spline collocation method. For solving the
SFVIE, we perturb the system (11) as

hZ/”’ K(tnis tn + sha)Ly(s) ds Un,;
j=1"0

—_h / et o+ sha)Lo(s) ds Un_1(t)
0

- Fn,i + f(tn,i) + 5(h7 n, Z)a

(16)
where
n—1 m 1
Fri=h Z Z (/ k(tn,i; t; + Shl)Lj (s)ds U
1=0 j=1 0
1
+/ k(tn’i, t + Shl)Lo(S) ds Ull(tl))
0
(17)
with

Fo; =0.

Here, the perturbed term §(h, n, 7) only depends on h and
tn,i, and it is of order O(h™1).

Theorem 2. Let

0'k(t, s

78(75; ) € C(D,R™")
for i = 1,....m + 1, satisfy the system ([3). Then
the approximate solution uy, of the perturbed continuous
collocation method with distinct collocation parameters
Cly--osCm € (0,1] and ¢, < 1 (if exists) converges to
the solution y for any m > 2 if and only if

f(t) € C™T2(1,R"),

o = max{[A],[A2[} <1,

where \1 and Ao are the eigenvalues of the matrix A-'B
with

Amo QAm1 ceo Qmm

and
Lo()  Lil) ...  Lp(1)
amo —bo  am1 —b1 ... Gmm — b
B = . ’
amo —bo  am1 — by Umm — bm

and the collocation error satisfies

1y — ual

min{m,—1,m+1
< O(h . 1 })
= O(hmm{mlfzm})

if A1, Ao € [—1,1),
if Ay =1 or Ay =1.

Remark 3. The eigenvalues A\; and Ay can be computed

by
A= % (tr(l—lB) + \/(tr(fT”B))2 - 4(Lo(1))2> ;
(18)
e = 3 (63 B) = T B)2 - 4a(1)).
(19)
where
i=1 ¢ =1 ¢
for ¢, < 1 and
A1 =0, (21)
m—1 1— ¢
R | =
i=1 g

for ¢,,, = 1 (see Kauthen and Brunner, 1997).
Proof.  Solving (I6) and (I7) is equivalent to finding
up(s) € (S;?(Ih)) such that

tni

E(tni, s)un(s)ds = f(tni) +6(h,n,4).  (23)
0

Subtracting this equation from (I3) with ¢ = ¢, ;, we
obtain

tni
/ F(toi, )e(s)ds = 6(h.m. ), (24)
0

where e(s) y(s) — u(s). Introducing e, = elz, €
C™ 1ty tay1], we have

m

en(tntvh) = en_1(tn) Lo(v)+Y_ L;j(v)en(tn ;) +7n(v),
j=1
(25)
v € [0, 1], where the interpolation error is determined by

Tn (V)

= pmtl y(m+1)(§n(v))
(m+1)!

vH(v—ci) En(v) € (tn, tnt1)-

(26)
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(Notice that we have f(t) € C™2(I,R"), % c

C(D,R"™7), fori =1,...,m + 1, by assumption.)
From (24)), we have

/ k(tni, tn + sh)e(t, + sh)ds
0

n—1 1
:—Z/ E(tni,t1 + sh)e(t; +sh)ds  (27)
—0 70

0(h,n,t)
+ ==

Rewriting 7)) with n replaced by n — 1 and j = m
and subtracting it from (27)), we obtain

/ Z k(tni,tn + sh)en(t, + sh)ds

0

:/ k(tn—1m,tn—1 + sh)en—_1(tn—1 + sh)ds
0
/ k tniy tn— 1+3h)€n 1( n— 1+3h)d

+Z/ tp— l,mvtl+5h)

—k(tni, t1 + sh)) e;(t; + sh) ds
d(h,n,i) — 6(h,n —1,m)
+ N .

(28)

Using

/ k(tni, tn + sh)L;(s)ds
' = k(tn, tn)ai; + O(h),
/Cm k(tn—1,m, tn—1 + sh)L;(s) ds
’ = k(tn, tn)am; + O(h),

1
/ k(tni, tho1+ Sh)Lj (S) ds

0
= k(tn, ta)b; + O(h)

and

k(tnfl,m,tl + sh) — k(tni, t; + sh)
=h(l4c¢; — cm)ke(En, tr) + O(h)

in (28), we obtain

(k(tn,tn) Za”en i) + O™
j=

= (k(tn,tn) + O(h))

X Zamjenfl(tnfl,j) +O(hm+1))

j=0 (29)

n—2 m

<> D bie(ty) + OR™
1=0 \j=0
0(h,n,i) —d(h,n—1,m)

_|_

Since k(t, t) is invertible and continuous with respect
to ¢, k(tn, t,) +O(h) has a continuous inverse, say W, for
sufficiently small h. Hence, Eqn. (29) can be written as

m
Zaijen(tnj)
” m
Z jEn— 1 th— 1,j)
=0
n—2 m
—Zben 1(tno1) +BWU Y 0 “bjen(ty;)
=0 j=0

F o)+ 0,
(30)

where hU := h(1+¢; —cm)ki(&n, t1) +O(h) and so U is
bounded with respect to its variables. Using (23) and the
continuity conditions (§), we have

en(tn) =e€n—1(tn—1 +h)
=€, 1(n 1)Lo(1)

—I—ZL Yen—1(tn-14) +1mn-1(1).

€29

Thus from Eqns. (31) and (30), we can write

I o ... O en(tn)
apl anl ... ainl en(tn,1)
amol amil ... ammlI en(tn,m)

Lo()I ... Lyl
(amo — bo)I e (amm — bm)I
(amo — bo)I e (amm — bm)I
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en—l(tn—l)
enfl(tnfl,l)
X .
en—l(tn—l,m) (32)
n—2
+h Y BE + O™ ") + O(h™th),

1=0
where O and I are zero and identity r X r matrices,
respectively, E; = [e;(ti0),...,ei(t,m)] and B; are
appropriate matrices. By using the Kronecker product, we
summarize Eqn. (32) in the form
n—2
E,=(BoL)E,_1+h Y _ BE+0(h"), (33)
1=0

(A®T)

w = min{m; — 1,m + 1}. Since A and I are invertible
matrices, we have
E, = ((A"'B)@D)E,_1+h Y _(A7'®IB)E+O(h").
1=0
(34)
After Kauthen and Brunner (1997, Lemma 2),
there exists an invertible matrix P such that D :=
P(A71B)P~! = diag(\1, X2,0,...,0). Thus, we can
use (PoD)(A'B)o)(PeD) Y (PeI)=D®Ito
write (34) as
(PRI)E,
=De)(PRI1E,_;
n—2 . (35)
+hY (A eDB(PRI)H(PeDE
1=0
+ O(h"),

where A1 and )3, are obtained by (I8)—@20). It is obvious
that Fy = O(h™in{m1,m+1}) Thus we can use Lemma 4]
to prove

hm H(P X I)EN” :S O(hmin{mlfly’mﬁl*l}),
Nh ('onst

and by using (23) the proof is completed for the case
AL, A2 € [—1, ].)

For the case \; = 1 or Ay = 1, we apply the
given ideas of Kauthen and Brunner (1997) to use the
interpolation formula for e(¢) at a smaller number of
collocation points, but this application in the perturbation
case is not as simple as the ideas of Kauthen and Brunner
(1997) and we need the following remarks.

Remark 4. Leta;; = [ L;(s)dsandb; = [, T;(s) ds,

where L;(v), j = 1,...,1, are the Lagrange polynomlals

of degree [ defined with respect to the points 0 < d; <
. < d; <1.Then M = A~'DB has only the eigenvalue

l

i=1 v

where A = (a;5) and B = (B;;) with B;j = aymj —
Moreover,
! (z) - l
e(tp+uvh) = Zﬂ v)en nj—i—hm HT i),
=1

J=1 =

(36)

7 € [0,1], where ¢,, ; = t,, + d;h, (see, e.g., Kauthen and
Brunner, 1997).

Remark 5. For the case Ay = 1 or A2 = 1, we know
the matrix M from Remark [] with respect to the points
c1,...,Cnp has the only eigenvalue

R(o0) = (—1)mH ! ;Ci <1

(see Kauthen and Brunner, 1997). Hence it can be easily
proved that, for each [ < m, we can choose [ points
dy,...,d; throughcy, ..., ¢y, such that

l
1—d;
R(o) = (1) [ —= < 1.
i=1 d;
Let Iy = min{m; — 1,m + 1}. Then we use the
above remarks with [ = [; — 1 and the collocation points
dy,...,d;toget

l

> L

Jj=1

n(tn +vh) = v)en(tn,;) + O, ve[0,1].

(37)
By substituting (37) into (28) and following the lines of
the proof after Eqn. (28)), we obtain

n—1

En=(M&U)E, 1 +h» BuE + O(h').
=0

Since M is diagona&zable, there exists P sgch that D =
PMP~! = diag(R(c0),0,...,0) with [R(c0)| < 1.
Now applying Lemma[4] to the equation

(PRI)E, = (M I)(PR)E, 4

+h Y (PRI)B,E + O
=0

completes the proof. ]

Remark 6. The trivial conclusion of Theorem [2] is for
the case d(h,n,i) = 0, (e.g., m1 = o0). This case is
equivalent to using the continuous collocation method for
the system of first kind Volterra integral equations, where
one can use this theorem to prove

et < { Gihmy

if Aj, Ao € [—1,1),
if Ay =1 or Ao =1,

which is the same as the result of Kauthen and Brunner
(1997) for the Volterra integral equation of the first kind.

aamcs
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This perturbed analysis on the numerical solution of
the Volterra integral equations of the first kind makes it
easy for the Hessenberg form (we claim that without this
perturbation analysis, the proof of the next theorem will
be more complicated).

Theorem 3.  Let f(t) € C™F2(I,R"), % €
C(D,R™™"™)  fori = 1,....,m + 1 and A(t) €
C™FL(I,R™™") be satisfied for the system () and sup-
pose that the system has Hessenberg form of index v (see
Egn. [@). Also suppose that the consistency conditions
of Theorem[I| hold for this system. Then the approximate
solution uy, of the continuous collocation method with dis-
tinct collocation parameters ci, . . ., ¢y € (0, 1] (if it ex-
ists) converges to the solution y if and only if

0 = max{[\1], 2]} <1,

where M\ and )y are given by (I8)—(22), and the colloca-
tion error satisfies

(9( lf )\1,)\2 S [_Ll)?
||y1 —’U,1|| < { O(hm) if A =1o0r Ay = 1,

O(h™) if M, € [_1;1)7

O( if i=1o0r \y=1,

(hm+2—u)

O lf /\1,/\2 S [—1,1),
I =l < { Glhmraa)

l:f )\1 =1 or )\2 =1
and hence

O(hm+2—u)

if A\, € [<1,1),
Hy - Uh“ < { O(hm+2—2v) b [ )

l.f/\lzl or /\2217
where up, = [uy, ..., u,]T.

Proof. The proof is derived by induction on v. For the
case v = 1, it is trivial (Remark[6). Suppose that it is true
for v = n. For v = n + 1, the problem takes the form

Aa(t) Ain(t) 0 y1(t)
N
An,l(t) . 0 0
0 ... 0 0| ya(d
k‘Ll(t,S) kLQ(t,S) k17n+1(t,8)
N R
knJrLl(t, 8) 0 SN 0
y1(t) fi(t)
y y2Ft) e — szt)
Yo (1) Fara (8)

(38)

The last n equations of this system form an IAE of
index n. By the hypothesis of induction, we have

feal < { Gty

leall < { i)

if Ay, Ao € [—1,1),
if )\1:1 or A2:17

if)\l,/\g S [—1,1),
if Alzl or AQZL

if Aj, Ag € [—1, 1),

O(heran)
HenH < { if My =1o0r Aa=1,

O(hm+2—2n)

(here ¢; = y; —u; fori =1,...,n), and hence

[A11(t)er(t) + ...+ A1 n(t)en(t)
+ /0 k11(t,s)er(s)ds...+

O(hm+2—n)
S { O(hm+2—2n)

/ k1o (t,s)en(s)ds|
0

if A1, Ao € [—1,1),
if )\1:101' )\221
(39)

The first equation of the system (38) is a Volterra
integral equation of the first kind, i.e.,

/ k1 nv1(t, s)yny1(s)ds
= f1(t) = A1 (Oyi(t) + - — A ()yn(t)

(40)
/ kll t S yl dS—

/km@$%0d~

0

From (@9), the corresponding continuous collocation
method for Eqn. (@0) is equivalent to the perturbed
continuous collocation method with the perturbation term

N O(hm+2_n) if A1, A € [—1, 1),
5(h,n;l) - { O(hm+272n) if \y=1o0r Ao =1.
Then Theorem 2] yields

||yn+1 - un+1||
< O(hm+1_n) if Ay, Ao € [—1,1),
=1 Oh™m=27)  if Ay =1o0r Ay =1,
which completes the proof. ]
The fully discretised perturbed — continuous
collocation solution Uy, (t, + shn) = >0, Lj(s)Un,;,

for the Fully Discretised Continuous Collocation Method
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(FDCCM) is obtained by solving the system
hzaijk(tn,i; tn,j)ﬁn,j
Jj=1
= —haijk(tmi, tmj)ﬁn—l(tn) + f(tni)
n—1 m
—h Z Z bik(tn,i tn,;)U;
1=0 \j=1

+bok (tn.i, tn,j)ﬁzq(tz)) +(h,n,i).

(41)

The FDCCM has also the same order of convergence
which we obtained for the continuous collocation method.
To prove this, we need a new version of Theorem 21
Theorem 4 Let f(t) € C™2(I,R") Ph(te) o

. Py )5 ot
C(D,R™") fori = 1,...,m + 1 be satisfied for the
system (L3). Then the approximate solution uy, of the fully
discretised perturbed continuous collocation method with
distinct collocation parameters c1,...,cy, € (0,1] and
cm < 1 (if it exists) converges to the solution y for all
m > 2 if and only if

o = max{[\],[A2} <1,

where \1 and Ny are given by (I8)—(22) and the colloca-
tion error satisfies

Iy — unl|
O(hmin{m1*17m+1}) if A\, Ao € [_17 1)’
S O(hmin{ml—lm}) ifAdy=1lorX=1.

Proof. We can proceed similarly to the proof of Theorem
2lto show that ||y, — up, || has the same order of ||y — up,||.
Then using

ly = unll < [[un = unll + lly — unl]

completes the proof. [ ]

Analysis of index 2 IAEs of the form (@) was
introduced as a research problem by Brunner (2004),
(p- 499), so by using the previous theorems we have
following corollary for this problem.

Corollary 1. Consider the system of IAEs (2)) of size r =
71 + 19 and suppose following conditions are satisfied:

1. the functions f;(t) € C™T(I,R") and A; ;(t)
CmHY(I,R"*"9), fori,j =1,2.

m

2. Ok j(t,s)/0tt € C™TYD,R™¥7), for | =
1,....om+1and 1,57 =1,2.

3. f2(0) = 0 and f1(0) = f4(0)/k21(0,0) (the consis-
tency conditions).

Then the following statements hold on I :

1. The system (2) has a unique solution.

2. The approximate solution wup of the colloca-
tion method with distinct collocation parameters
€1y .-y Cm € (0,1] (if exists) satisfies

O(hm) if A\, € [—1, 1),
ly = unll < { Oh™=2) if Ay =1or Ay = 1.
6. Nonlinear case

Suppose that the equation

Altyy(t) + / a(t, 5,9(s)) ds = F (1),
tel:=1[0,T], (42)

has a unique solution. Then, the collocation solution u;, €
(8,(,? ) (I h)) to Eqn. (2) is defined by the equation

Altyun(t) + / Kt sun(s)ds = f(1),  (43)

for t € Xj. Proceeding as in Section 3, we obtain the
nonlinear equations

= A(tn,l)Un,l + Fn,i

+ h/ H(tn,iv tn + Shnv LO(S)Unfl(tn) (44)
0
m

+ 3 Li(8)Un;) ds

j=1
fori =1,...,m, where the lag terms are defined by

Fni

s

n—1 1
= hZ/O K(tni, tr + shy, Lo(s)Ui—1(tn)
1=0

+ Z Lj(S)UlJ') ds.
j=1

A suitable method for solving this system is
Newton’s iterative method, since it can be proved (see
Atkinson (2001)) that this method converges to the
solution U, ; by the initial value U, ; for sufficiently
small h. Subtracting (#3) from (42)), we obtain

t
A@elt) + [ (st5,(5)) = (8.5, un(5)) ds =0
0
for t € Xj. Now supposing k(t, s,y) is continuously

differentiable with respect to ¥y, using the mean value
theorem and letting ¢ = ¢,, ;, we obtain

A(tyi)e(tn) + /0 " Ky (tn,iss,m(s))e(s)ds = 0,

aamcs
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where 7(s) is between y(s) and wu(s). This equation is
linear and 1ts index can be considered an index for the
nonlinear system @2). Hence for the nonlinear equation
of the Hessenberg type

Aq1(2) Ar,-1(t) O yl(t;

Ayra®) . 00 :
0 0 Yu (1)
k1 (t7 5, y1(5)7 y2(5)7 s 7yl/(5))

: ds (45)
+/o bt (5): 12 (5)
ot 5,91(5))

fi(t)

R RELY

fo(®)
theindexis v, if [T/_; ki yo oy, (66,51 (1), .o yug1—i(1))
is invertible in a neighborhood of (y1(t),...,y.(t)). We

should have the same results for the order of the
collocation methods that we obtained in previous
sections.

Theorem 5. Let
f(t) e C™T2(I,R"),

13
O M5, 31 (5), - a5 (5)) € O(D,R™)

Jori =1,...om+1land j = 1,...,v and A(t) €
C™HL(I,R"*") be satisfied the system (43)), and suppose
that the system has Hessenberg form of index v. Also sup-
pose that the consistency conditions of Theorem[Ilhold for
this system. Then the approximate solution up, of the (fully
discretised) continuous collocation method with distinct
collocation parameters ci,...,cm € (0,1] (if it exists)
converges to the solution y if and only if

o = max{[A[,[Aof} <1,

where 1 and \y are given by (I8)—(22), and the colloca-
tion error satisfies

O(hm+1)

if A\, A € |—1,1),
|y1—u1|§{o(hm) if A1, A2 € | )

l.f/\lzl OI‘/\2=17

O(h™)

l.f)\l, Ao € [—1, 1),
oo = uall < { gL,

l.f/\1=1 OI'/\QZL

O(hm+2—u)

ifAh)\Q S [_17 1))
Hyl/_ul/” < { O(hm+2—2v)

l.f)q:l 01')\2:1

and hence

O(hm-i-Q—l/) if)\l, )\2 € [_]—a 1)
R R AR A
where up, = [uq, ... auv]T'

7. Numerical experiments

In this section, we illustrate the efficiency of the
introduced methods by applying them to some linear
and nonlinear problems, in comparison with the existing
methods (e.g., Kauthen, 2001; Hadizadeh et al., 2011).
In the designed package for these methods, we have
provided techniques for solving linear and nonlinear
systems. It is also worth mentioning that the capability
of these methods for solving nonlinear and higher index
problems distinguishes them from the methods mentioned
above. We do the comparison after presenting some
examples for confirming the theoretical results. We note
that the order of the error is the slop of the function
log(||(e(h))]]) with respect to log(h) with h = 1/N. The
numerical computations have been done using MATLAB
and MAPLE.

Example 1. Let

cos(t) t+1 0

At) = 5 o 0 [,
0 0 0

—6 ts—1 3

k(t,s) = sin(t) s+1 0 |,

sin(ts) + 1 0 0

and determine the function f in such a way that the exact
solution of () is

sin(t)
y= | cos(t)

et

For solving the system (1) on [0, 1], we use the

FDCCM with ¢ = [0, .35, .8, .95]. With this
vector, ¢, we have \y = —7.2578e¢— 004 and \y =
—0.8227. Figure [ shows logarithmic plots of three

components of the error function with respect to log(h) =
—log(N), N = 2,...,40, where the slopes of lines are
4, 3, 2, respectively. These plots confirm the results of
Theorem[3] ¢

In the proof of convergence properties of the
perturbed continuous collocation methods for the SFVIE,
we use interpolation of the error function with a smaller
number of collocation parameters in the case \; = 1
or A\s = 1. Hence, the order of the method may be
greater than m. However, the existence of an example with
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Fig. 1. Fully discretised continuous collocation methods with
¢ = [0, .35, .8, .95] in Example 1. The plotted func-
tion is log(||e(h)||) with respect to log(h). The symbols
(plus, pentagon and star) are used to show the first, the
second and the third components of the error function.

The lines have respectively the slops 4, 3 and 2.

approximate solution of order m shows that the obtained
order is optimal. For the SF'VIE, we refer the reader to
the examples given by Kauthen and Brunner (1997). For
IAEs, we give the following example.

Example 2. Let

24+t 0

A(t)z( : 0)7

t exp(s)
exp(—ts) 0

- ).

. ( —t 4+t x exp(t) 4 sin(t) + (2 + t) exp(t) )
- (1 —exp(—t* +1))/(t—1)

Then the exact solution of the index 2 IAE in (1) is given

by
_ exp(t)
y= cos(t) exp(—t) )~
For solving this IAE on [0, 1], we use FDCCMs with

¢ =10,0.3, .4, c5, .95]
and

Cc3
= 0.8850192409343446350142328261033222536980988641879.

With this vector, ¢, we have Ay = 1 and \y =
0.0005727614821446677. To obtain this collocation
parameters, we use (I8)—(20) to change the value of c3
continuously until obtaining A = 1. We set “Digits:=50"
in the MAPLE software to obtain more accurate results.

Tables [Tl and 2] show the error of each component at
the collocation points ¢ty 4, ¢ = 1,...,m, for different
values of N.

aamcs

Table 1. Error of the continuous collocation method for Exam-

ple 2 at the collocation points tn.1,...,tN,4.
[N T 16 [ 3 [ 6 [ 128 |
e1(tn.1)]| ] 9-580e—12 | 5.898¢—13 | 3.659e— 14 | 2.278¢—15
e1(tn,2)|l | 8.458e—12 | 5.312e—13 | 3.326e—14 | 2.081e—15
e1(tn,3)|l | 1.321e—11 | 8.074e—13 | 4.990e—14 | 3.102e—15
e1(tn,a)|l | 1.74le—11 | 1.077e—12 | 6.697e—14 | 4.175e—15
e2(tn,1) 1.322e—7 | 3.372e—8 | 8.514e—9 | 2.139e—9
ea(tn,2) 1.324e—7 | 3.232e—8 | 7.985e—9 | 1.984e—9
e2(tn,3) 1.765e—7 | 4.549¢e—8 | 1.152e—8 | 2.970e—9
e2(tn.a) 2.747e—7 | 6.587e—8 | 1.612e—8 | 3.986e—9

Table 2. Order of the continuous collocation method for Exam-

ple 2, where p denotes the order.

| N [ 8 [ 16 | 32 | 6 [ 128 |
p( e1(tN,1) ) | 4.0890 | 4.0437 | 4.0217 | 4.0108 | 4.0054
p( e1(tN,2) ) 3.9649 | 3.9857 3.9935 3.9969 | 3.9985
p( e1(tN,3) ) | 4.1452 | 4.0679 | 4.0328 | 4.0161 4.0080
p(lex(tn.4))) | 40544 | 4.0285 | 40145 | 4.0073 | 4.0037
p(lez(tn 1)) | 1.8685 | 1.9395 | 1.9710 | 1.9858 | 1.9929
p(lea(tn2)]) | 21237 | 20656 | 2.0338 | 2.0172 | 2.0087
p(lea(tn.3)]) | 17907 | 19097 | 19577 | 1.9795 | 1.9899
p(lea(tn.a)]) | 22144 | 2.1155 | 2.0603 | 2.0308 | 2.0156

Remark 7. Tables [1] and 2] show that the order of the

errors cannot be exceeded from what we proved in the
case A\; = 1. These tables confirm the fact that the order
of continuous collocation methods decreases by two when
the index of the method increases by one for the special
case \1 = 1.

¢

Example 3. Let

1 0

‘4“)::( 00

ki(t,s,y1,92) = (U5 + 2)ya + €d,
kao(t,s,y1) = (1 + s)y1

and

. tsin(2t) sin(t)? 52
t

t) — R
e’ + sin(t)

sin(t) — cos(t) — tcos(t) + 1

-1

Then the system (@3)) has the exact solution
_ [ sin(t)
()

Ok ks ,
D +
8?./2 8?./1 ((yl

For this system,

2) 4+ e¥2)(1+s)
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which is positive for all y; and y» and s > —1. Hence
the index of this nonlinear system on I := [0, 1] is 2. For
solving this IAE on I, we use FDCCMs with

c=10,.7,.9].

With this vector, ¢, we have Ay = 0.8484 and )\ =
0.0027.

Table3shows the maximum error of each component
at the collocation points and their convergence orders for
different values of N. This table confirms the theoretical
results for the nonlinear case (see Theorem[3)).

¢

7.1. Comparison. We chose the following examples
by Hadizadeh et al. (2011) to make a comparison between
the presented methods and Jacobi spectral methods of
Hadizadeh ez al. (2011).

Example 4. (Hadizadeh et al., 2011) Let

1 0 0
Aty=10 1 0 |,
0 0 O
“5R s 20-)
k(ts) = —+% +1 —1 :
—(s+2) —(s*—4) 0

where f is determined so that the exact solution of the
index 2 TAE in (1), is

_ etet_et g
y_ ) 9 2—t

on I = [0,1]. Let {d;}I¥, be the roots of the Chebyshev
polynomial of degree N. Then the collocation parameters
proposed for FDCCMs are

1+dy 1+do 1+dn

C:[O’ 2 Y 2 yr 2

Al

with Ay = (=1)N+1 for N = 1,...,12. First, by setting
h = 1, we compare these methods with the Jacobi spectral
method of degree m + 1 (if the criteria of the comparison
are the size of linear system it may be m). In Table (]
we compare these results with the corresponding results
of Hadizadeh et al. (2011), which shows the efficiency of
the introduced methods.

Now, since the convergence results were only
guaranteed for sufficiently small %, let us fix m = 7
and compare those with the results of h = 1/ N N =
1,...,4. Table [3] shows that these results are a little less
efficient than the previous ones. Therefore, one may
question, why we use the piecewise polynomials instead
of one large degree polynomial as done by Hadizadeh
et al. (2011). The answer is that, although the methods

which use large degree polynomial in the whole interval
of the solution are efficient for simple linear cases,
they cannot be packaged for the nonlinear cases or stiff
equations. ¢

Example 5. (Hadizadeh et al., 2011) Let
1 0

ko= (0, ),

s+t+2)

where f is determined so that the exact solution of the
index 2 Hessenberg form in (1), is

y = (sin(t), cos(20))”

on I = [0,1]. For this example we use the FDCCM
with ¢ = [0,0.13,0.36,0.77,0.84,0.93,1], Ay = 0 and
Aoy = 0.05095. Table [6] shows the results of this method
for N' = 1,2,3,4. This table shows that these methods
are as efficient as those of Hadizadeh et al. (2011).

Table 6. Maximum absolute error of applying the FDCCM with
¢ =10,0.13,0.36,0.77,0.84,0.93, 1], m = 7 and dif-
ferent values of h for Example 5.

(N1 A [ e [ Jell [ ol |
1 [ I [0.003s [ 1.2255¢—07 | 4.4608e—05
2 | 12 [ 0.007s | 1.0320e—09 | 4.4916e—07
3 | /4 | 0.015s | 8.0568e—12 | 3.4297e—09
4 [ 1/8 [ 0.036s | 7.8271e—14 | 3.4259e—11

8. Conclusion

In this paper, we investigated integral algebraic equations
of the Hessenberg type. We also stated a useful
existence and uniqueness theorem for IAEs and analyzed
the convergence properties of collocation methods and
perturbed collocation methods for IAEs and SVIEs,
respectively. The analysis showed that the order of
collocation methods decreases by one when the index of
methods increases by one for the case A\; < 1or A\ < 1
and by two when one of the stability parameters A; or Ay
is equal to one. In the future it can be investigated if each
IAE of index v has the same convergence properties that
we obtained for the Hessenberg type.
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Appendix

Suppose that in the system [2), A €
CY(I,R™"), f € CY(I,R"), k € CY(D,R"™*"),
Hi”:_f A i and T17_, kivr1-4(t, t) are invertible, then
the index of this system is v.

Lemma Al.

Proof. We prove the following statement by induction
on v. There exist A; for i = 0,...,v, where the last

ry columns of A; fori = 0,...,v — 1 are zero column
vectors and the ‘rank degree’ index of A, k, is v.

For v = 1 this statement is true. We assume that the
statement is true for v = n, and we show it is true for
v=mn+41.Set

_ R kl,nJrl
“\H 0

with a = [Al,la .- 7A1,n]; R = [k171, ceey kl,n];
Az (t) Az n-1(t) 0
e S
Apa(t) ... 0 0
0 e 0 0
and
kg,l (t, S) k‘272(t, S) kg,n(t, 8)
| kaa(ts) kna(ts) ... 0
kn+1,1(t,8) 0 e 0
By the induction hypothesis, there exist II; for ¢ =
0,...,n, where the last r; columns of II; for ¢ =
0,...,n — 1 are zero column vectors and the matrix II,, is

invertible. Now we set

a « BQ

(5 7)
witha = [0,...,0, (Aiil)T]T, and we prove there exists
a matrix By of size (r — 1) X (r — r1) such that

- I 0
A°B°_<0 T[Ty )

which implies By is a semi-inverse matrix of the matrix
Ajg. Therefore, the equations

HQO{ = 0, HB() = H()Ha, CLBQ =0

should hold. Since the last ; columns of Il are zero
by hypothesis, the first equation holds. The equation
I1By = IIpII, makes (r—ry)(r—r1) consistent equations
(because 11, is one of the solutions of this equations) and
(r1) % (r—71) unknowns of B are absence in this equation,
and these unknowns can be found from a By = 0.

Now, one can check that A, = By and hence

_ 0 0
I=Ady = < 0 I-TI, )

([ a O _( F king
v ) w= (i )
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Using the hypothesis of induction, we proceed similarly and
to obtain

deg det(NA, + k)

a=( o) w={( g M) = dog(~1)"*? det (Fy 1 (A(TT) + H)
' ' = deg(—1)""2\""" det (k1 p 1 I1;) = 7 — 1.

fort=1,...,v.

Since the ‘rank degree’ index of II and H, is v, we u
use Lemma [2] to show that there exists invertible A, 1, Received: 2 May 2012
which completes the proof. To this end, we show that Revised: 7 October 2012
AA, + k, satisfy the ‘rank degree’ criterion Re-revised: 14 January 2013

rank A, =r—1r
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