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MINIMUM ENERGY CONTROL OF FRACTIONAL DESCRIPTOR POSITIVE
DISCRETE-TIME LINEAR SYSTEMS

TADEUSZ KACZOREK

Faculty of Electrical Engineering
Biatystok University of Technology, ul. Wiejska 45D, 15-351 Biatystok, Poland
e-mail: kaczorek@isep.pw.edu.pl

Necessary and sufficient conditions for the positivity and reachability of fractional descriptor positive discrete-time linear
systems are established. The minimum energy control problem for descriptor positive systems is formulated and solved.
Sufficient conditions for the existence of a solution to the minimum energy control problem are given. A procedure for
computation of optimal input sequences and a minimal value of the performance index is proposed and illustrated by a

numerical example.
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1. Introduction

A dynamical system is called positive if its trajectory
starting from any nonnegative initial state remains
forever in the positive orthant for all nonnegative inputs.
Overviews of the state of the art in positive systems
theory were made by Farina and Rinaldi (2000) as well
as Kaczorek (2001). A variety of models having positive
behavior can be found in engineering, economics, social
sciences, biology and medicine, etc.

Mathematical fundamentals of fractional calculus
are given by Oldham and Spanier (1974), Ostalczyk
(2008) as well as Podlubny (1999). Positive fractional
linear systems were investigated by Kaczorek
(2008a; 2011b; 2011c; 2012). The stability of fractional
linear 1D discrete-time and continuous-time systems
was investigated by Bustowicz (2008), Dzielinski and
Sierociuk (2008) as well as Kaczorek (2012), who also
characterized the stability of 2D fractional positive linear
systems (Kaczorek, 2009) and introduced the notion
of practical stability of positive fractional discrete-time
linear systems (Kaczorek, 2008b). Some recent interesting
results in fractional systems theory and its applications
can be found in the works of Dzielinski et al. (2009),
Kaczorek (2011a; 2008c), Radwan et al. (2009),Tenreiro
Machado and Ramiro Barbosa (2006) or Vinagre et
al. (2002). The minimum energy control problem for
standard linear systems was formulated and solved by
Klamka (1991; 1983; 1976) and for 2D linear systems

with variable coefficients by Kaczorek and Klamka
(1986). The controllability and minimum energy control
problems of fractional discrete-time linear systems
were investigated by Klamka (2010), while minimum
energy control of fractional positive continuous-time
linear systems was addressed by Kaczorek (2013a), who
also discussed its counterpart for descriptor positive
discrete-time linear systems (Kaczorek, 2013b).

In this paper, necessary and sufficient conditions
for the positivity and reachability of fractional descriptor
systems will be established, and the minimum energy
control problem will be formulated and solved.

The paper is organized as follows. In Section 2,
the reduction of fractional descriptor linear systems
to an equivalent standard system by the use of the
shuffle algorithm is addressed. In Section 3, the
solution to the standard equivalent fractional system
is given, and conditions for the positivity of the
fractional descriptor system are established. Necessary
and sufficient conditions for the reachability of positive
fractional descriptor systems are given in Section 4.
The minimum energy control problem is formulated and
solved in Section 5. Concluding remarks are given in
Section 6.

The following notation will be used: R, the set of real
numbers; R"*™ the set of n X m real matrices; Rﬂ;xm,
the set of n X m matrices with nonnegative entries and
R} = }Rin; 2T, the transpose of the vector x; I,,, the

@


kaczorek@isep.pw.edu.pl

anxs‘ﬂﬁ'

T. Kaczorek

n X n identity matrix.

2. Reduction of fractional descriptor
systems to standard systems

Consider the descriptor discrete-time linear system

EAO‘xH_l = Ax; + Bu;,

O<a<l, i€Zi=1{01,...}, (1)

where
‘ (%
Aaxi = Zle‘i_j,Cj = (—1)J< ,),
7=0

( >
j
1 fOI ]_0)

=93 ala—1)...(a—j+1)
j!

for j=1,2,...,
2

is the a-th order fractional difference of the state vector,
z; € R™ and u; € R™ are respectively the state and input
vectors, B, A € R"*" B ¢ R™*™,

It is assumed that det £ = 0 and the pencil £z — A
is regular, i.e.,

det[Fz — A] #0 forsome z € C. 3)
Substitution of @)) into () yields
Ea:i_,_l = Aaxi — Echi_l — E(33a:i_2 — e — Ecixl
— ECH_lJ?O + Bu;, 1€ Z+, 4)

where A, = A+ Ea.

Theorem 1. Ifthe pencil of the fractional descriptor sys-
tem () is regular (i.e., (3) holds), then the system can be
reduced to the standard equivalent form with the use of
the shuffle algorithm:

Tiv1 = A + Ais1xio1 + -+ Aozo + Bou;
+ Biujg1 + -+ + Byuigg, (5a)
where
A e R, k=0,1,...,4,
B eRY™, k=0,1,...,q, (5b)

and q is the number of the shuffles.

Proof. The following elementary row operations will be
used (Kaczorek, 1992; 2011):

1. Multiplication of the ¢-th row by a real number c.
This operation will be denoted by L[i x c].

2. Addition to the ¢-th row of the j-th row multiplied by
a real number c. This operation will be denoted by
Lii+jxd.

3. Interchange of the i-th and j-th rows. This operation
will be denoted by L[z, j].

Performing elementary row operations on the array

[ FE Aa —ECQ —ECiJrl B ] (6)
or, equivalently, on (@), we get
E, Aun —Fic —FEicit1 By 7
0 A 0 0 By

and

Erzipr = Avizs — Bicoxi—1 — Eicsxi—o
— -+ — Eiciy170 + Brug, (8a)
0= Apow; + Bou,. (8b)

Substituting 7 in (8b) by 7 + 1, we obtain
— An2xip1 = Bouiq. C)

Equations (8a) and (9) can be written in the form

Ey | Aa | —FEico |
[—Aaz]x”l_[ 0 }:”[ 0 }m”

—Ficit B, ,
+---+[ 0 ]xo—k{o}uz

0
+ [ B, :|'U'z'+1-

(10)
The array
E, Au —Eie —FEiciyi Br 0
—Aao 0 0 0 0 B
(11)

can be obtained from (Z) by performing a shuffle.

If the matrix
Ey
_Aa2

is nonsingular, then solving (I0) we obtain the standard
system

-1
E A, —-F
Tiy1 = [ —Alag ] ( [ 01 } i + [ 0162 :|33i—1

—FEic; B
+-~+[ 16“}%—#{ 01]Ui

(12)
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If the matrix is singular, then performing elementary
row operations on (1)) we obtain

Ey, Ay —FEse —FEsciy1 By DBy
0 Az 0 e 0 Bz By |’
(13)
where F5 has full row rank and rank Fo > rank Fj.
Substituting ¢ in 0 = A,sx; + Bsu; + Bsui1 by
i + 1, we obtain
— Aa3Tiy1 = Bauiy1 + Bsuigo. (14)
The equations
Eoxip1 = Anoxi — Eaco — -+ — Eaciqq
+ Bau; + Bauit

and (I4) can be written down as

e
_14&3 i+1
| As2 | —FEaco |
e e
E. B (13)
+ + [ 0 ] To + |: 0 :| U;
B 0
+ [ B; :|'Ufz'+1+ { Bs ]UH-Q-
The array
Ey  Ana —Eaco
—Ans 0 0 ..
—FEscit1 By By 0
0 0 Bs Bs } (16)
can be obtained from (I3) by performing a shuffle.
If

Es
det[ A } #0,

we can find z; 1 from (I3). Otherwise, we repeat the
procedure for (I6). If the pencil is regular, then after g
steps we obtain a nonsingular matrix

]
_Aaq+1

and the desired equation (5). [ |

Example 1. Consider the fractional descriptor system ()
with a = 0.5 and the matrices

[ 0

—_

E =

O =
o O O

A7)

N
I
=0 OO0 H+~= OO
(=)
ot
o

To reduce the descriptor system to an equivalent
standard system using elementary row operations, we
reduce the array

0 0 -1 0 0 (18)
0 —Ci+1 0 0 0 1
0 0 —Ci+1 01 0
0 0 0 0 1 1

to the form (). In this case, the array (I8) has already the
desired form (7)) with

1 0 0
El__o 1 0}’
(15 0 0
Aal_ O 1 O:|)
0 0

Eico = %2 e 0};
s 0 0
Eicit1 = 051 Cit1 O]
Apa=[0 0 —1],
[0 1
Bi=|4 0}’
By=[1 1]. (19)

Performing the shuffle, we obtain

By Au —FEice —FEiciyn Br 0
—Ape 0 0 0 0 Bs
10 0 15 0 0 —c2 0 O
=010 0 1 0 0 —c2 O
001 0 0 O0 0 0 O
—Ci+1 0 0O 0 1 0 O
0 —Ci+1 01 0 0 O
0 0 0 00 11
(20)
and the equivalent standard system
Tip1 = Az + Aimioy + -+ Aoo
+ Bou; + Biuiy1, i€ 7y, (21a)
where
B 1.5 0 0
A; = 0 1 0|,
0 0 0

aamcs
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B —C2 0 0
A?,—l = 0 —C2 0 )
0 0 O
B I —Ci+1 0 0
Ay = 0 —ciy1 0 |,
| 0 0 0
) [0 17
Byp=1|1 0], (21b)
. 0 O -
- [0 0]
Bi=|0 0
. 1 1 -
In this case, the number of shuffle is ¢ = 1. ¢

3. Solution for the standard equivalent
system and the positivity of fractional
descriptor systems

To find a solution x; of the standard discrete-time linear
system (5), we shall apply the Z-transform method.
Let X (z) be the Z-transform of x; defined by

o0
= Z ziz (22)
=0

Taking into account that
Zlri—p) =27PX(2)+ 277 Z w2, (23a)
j=—1

Zlxiy) = 2P X (2 me’ L (23b)

p = 1,2,... and applying the Z-transform to Eqn. (5),
we obtain
q —
Z[wip] ZAkZ Ti—k] Z B; Z[u; 4]
§=0
(24a)
and

k=0
a q—1
+Zszq U(z)—Zulz l] ,
7=0 1=0

where U(z) = Z[u;]and x; =0, j = —1,..., k.

Multiplying (24b) by z~! and solving with respect to
X (z), we obtain

— [In _ ZAkz(kH)]
k=0

q
X |xg + E Bqu_l
Jj=0

-1

Substitution of the expansion

i -1 00
l[n -y Akz<k+1>] = ;27 (26)
k=0 j=0

into (23) yields
X(2)

o0
— =]
= E Dz
Jj=0

q
X QTQ—FE szq_l
j=0

q—1
—Zulz_l] . @27
=0

From definition of the inverse matrix, we have

[In — i:Akz(k“)] i @jz*j
§=0

k=0
> @ lIn = Akz(’““)] =1, (28)
j=0 k=0

Comparison of the coefficients at the same powers of z %,
k=0,1,... from 28) yields

®y =1, Py = Ao,
Oy = Ag®y + Ay, O3 = Ag®s + A1 P1 + Ay

and, in general,

Dp = AgPp_1 + A1 Pp_2+ -+ A1
=&, 1Ag + PpoAs + - + DAy,
k=1,2,.... (29

Applying the inverse Z-transform and the
convolution theorem (Kaczorek, 2012) to @7), we
obtain the desired solution

x; = Pz

7 q
+ Z Pi_p—1 ZBjujJrk , 1EZLy.
k=0 =0

Thus, the following theorem has been proved.

(30)
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Theorem 2. The solution of Eqn. (5) has the form (30),
where the matrices ®y, are given by (29).

Definition 1. The fractional discrete system (I) is called
(internally) positive if x; € R’} for every consistent zo €
R’ and all inputs u; € R, i € Z .

Theorem 3. The fractional descriptor system (1) is posi-
tive if and only if the matrices of the equivalent standard
system (5) satisfy the conditions

Ap e RYP™, k=0,1,...,i

and

By e RY™  j=0,1,...,q. (31)

Proof. 1t is well known that the state vectors of the
descriptor system (I)) and the equivalent standard system
(5) are the same. By Definition 1, the descriptor system
(@ is positive if and only if the standard system (5) is
positive. From @0) it follows that z; € R%, i € Zy
if the conditions (3I) are met and zo € R%, u; € RY.
The necessity of the condition (3I)) follows from the fact
that z; € R} for every consistent zg € R’} and arbitrary
u; € RT, 1 € Z4 (Kaczorek, 2012). [ |

Example 2. (Continuation of Example 1) Check the
positivity of the fractional descriptor system (I)) with @ =
0.5 and the matrices (I7). In Example 1 it was shown that
the equivalent standard system has the matrices given by
(21a) and (21b). The matrices have nonnegative entries
since

-1
02=%<0 for aa=0.5
and
-1 (a—k+1)(a—k)
— _1 k+1 O[(Oé
Ck+41 ( ) (k’+ 1)'
k—«
= 0, k=23,.... 32
Ckk-f—]. < U, ’ 9y ( )
Therefore, the fractional descriptor system () with
a = 0.5 and (I7) is positive. ¢

4. Reachability of positive fractional
descriptor systems

Consider the positive fractional descriptor discrete-time
system (D). It is called reachable in n steps if and only if
the equivalent standard system (5) is reachable in n steps.

Definition 2. The positive system (5) is called reachable
in n steps if for any given xy € R’} there exists an input
sequence u, € R fork = 0,1,...,h—1,h = n +q,
which steers the state of the system from xg = 0to xy €
R%,ie., &, = xy.

Theorem 4. The positive system (5) is reachable in n
steps if and only if the reachability matrix

Rn = [ q)nfl-BE) q)n72BI 3 (33)
Ppg-2Bg-1 Png-1Bqg ]
contains n linearly independent monomial columns.
Proof. Using (B0) for i = n and zg = 0, we obtain
Tf = XTn
= [ (I)nqulgq q)nfq72Bq71
Un+q
— _ unJrqfl
®, 2B1 @, 1By ]
(34)
ug
ug
Uy
- Rn . 5
Uh+q
where R,, is defined by (33).

From (B34) it follows that there exists an input
sequence uy, € R for k = 0,1,...,7+ ¢ if and only if
the matrix (33) contains n linearly independent monomial
columns. ]

Remark 1. Assuming that the components of the input
sequence which do not correspond to the chosen linear
independent monomial columns are zero, we obtain a
different input sequence which steers the state vector from
z9 = 0tox, = xy.

Example 3. (Continuation of Examples 1 and 2) Check
the reachability of the positive fractional descriptor
system (I) with o« = 0.5 and the matrices (I7), and
compute an input sequence that steers in two steps the
state vector of the system from zg = [0 0 0 ]T to

zy=[1 1 1 ]7. 1In this case, the reachability matrix
(33) has the form
Ry=[ By By+AiBy AiBy ]
00010 15 35)
=10 01 0 1
110 0 0 O

The matrix (33) contains three linearly independent
monomial columns, and by Theorem 4 the positive
fractional descriptor system is reachable in two steps.
Choosing as linearly independent monomial columns the
fifth, fourth and first column of the matrix (33), we obtain

0 1 0 u21 1
0 0 1 U112 = 1 5
1 0 O uon1 1

aamcs
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<
=
(V]

Il
(e
O O =
o~ O
=
Il
—

and

U2
(36)
Uo

<

i

-
== o O

U2 0

If we choose as linearly independent monomial columns
the second, third and last ones of the matrix (33), then we
obtain

u21 0 0 1.5 1 1
U112 = 0 1 0 1 = 1
o1 10 0 1 12
and
uz1 1
g ug2 0
_ U1 _ 0
w =l | = (37)
0 U1 0
Uo2 %
¢

5. Minimum energy control problem

Consider the fractional descriptor positive system (I)
reduced to the form @). In Section 4 it was shown that
if the positive system is reachable then there exist many
input sequences which steer the state of the system from
zog = 0 to the given final state zy € R’ . Among
these input sequences we are looking for a sequence
up € R for k = 0,1,...,n+ ¢ — 1 that minimizes
the performance index

h—1
I(u) = ul Qui, (38)
=0

where @ € R’"*" is a symmetric positive definite matrix
such that
Q™' e RPX™, 39

and h = n + ¢ is the number of steps in which the state
of the system is transferred from zy = 0 to the given final
state vy € R”}.

The minimum energy control problem for the
fractional descriptor positive discrete-time linear system
() can be stated as follows.

Given the matrices F, A, B of the descriptor positive
system (I), the number of steps h, the final state ;€ Rﬁ
and the matrix Q € R}*" of the performance index (38)
satisfying the condition (39), find a sequence of inputs

up € R for k = 0,1,...,h — 1 that steers the state
of the system from o = 0 to x5 € R’} and minimizes the
performance index (38).

To solve the problem, we define the matrix

W, = RyQ;, 'R} € R, (40)
where Rj, € R’ is given by (33) and

Q; ! = blockdiag [Q',...,Q "] e Rh™*hm  (41)

The matrix Q) is non-singular if the positive system is
reachable in h steps.

For a given zy € R, we may define the input
sequence

2
= } =Q; 'RIW, 'y, (42)

where Q}jl, W}, and Ry, are defined by (1)), (0) and (33),
respectively.
Note that @ € Rﬁm if

Wt e R, (43)
and this holds if the condition (39) is met.

Theorem 5. Let the fractional descriptor positive system
(D) be reachable in h steps and the conditions (39) and
(@3) be satisfied. Moreover, let

_ 2 hm
W= : € Rh™, (44)

be an input sequence that steers the state of the system
from xo = 0 to x5y € R’. Then the input sequence ([42)
also steers the state of the system from xo = Oto zy € R}
and minimizes the performance index (33), i.e.,

I(a) < I(a). (45)

The minimal value of the performance index (38) is
given by
I(0) = 2} W, 'y (46)

Proof. 1f the conditions (B9) and @3) are met and the
system is reachable in h steps, then the input sequence
@2) is well defined and 4 € R’ . We shall show that the
input sequence @2) steers the state of the system from
xo = 0toxy € R} Using (33) and @2), we obtain

zp = Ryt = RyQ, 'REW, Yoy =y, (47)
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since, by (@0), RhQ,IlRT = W), Hence, x5 = Ryt =
Ryu or
Ruli—a) = 0. 48)

The transposition of (8) yields
[a —a]" RT =o0. (49)

Postmultiplying the equality @9) by W, 'z, we
obtain
[ —a)" REW, oy = 0. (50)

From (@2), we have Q@ = R} W, 'x;. Substitution of
this equality into (30) yields

[a—a]"Qui =0, (51)

where Qp, = block diag [Q, . ..
From (31), it follows that

Q] c Rhmx hm
) + .

a'Qpu = 0" Qua + [u — )T Qulu — 1, (52)

since, by 1), u Qnto = 0T Qpnit = 47 Qp .

From (32) it follows that @3) holds since [u —
)TQulu — 4] > 0. To find the minimal value of the
performance index (38), we substitute (2)) into (38) and
obtain

= (@ REW, g1 Qul@, " REW), fay] - (53)
=axf W, "RyQy, ' REW, g
= x?W,;le,
since, by, @0Q) W{thleRf =1,. [ ]
From the above discussion we have the following

procedure for computation of the optimal input sequence
and the minimal value of the performance index (@2).

Procedure 1. B
Step Z Knowing F, A, B, compute Ay, fork =0,1,...,14
and B; forl =0,1,...,q.

Step 2. Using (33), compute Rj,.

Step 3. For given Q, using (&I), compute Q;l.
Step 4. Using (@0), compute W}, and W,~ L

Step 5. For given zy € R, using (#2)), compute .

Step 6. Using (46), compute the minimal value of the
performance index I ().

Example 4. (Continuation of Examples 1-3) For the
fractional descriptor system (I) with « = 0.5 and (I7),
compute the optimal input sequence that steers the system

&g
|7, and

Qh = dlag [27 2; 27 2] (54)

fromzg = [0 0 0]Ttway =1 1 1
minimize the performance index (38)) for

Using Procedure 1 and results of Example 3, we obtain
the following.

Step 1. The desired matrices Ay fork = 0,1,...,4 and
B; for [ = 0,1 are given by (21).

Step 2. The matrix Ry is given by (33).

Step 3. Using (#1) and (34), we obtain

Q' = diag [0.5,0.5,0.5,0.5,0.5,0.5].  (55)

Step 4. Using (@0) and (33), we obtain

Wi = RyQ;'RT

000 10 15
=0 0101 0
1 1000 0
05 0 0 0 0 0
0 05 0 0 0 0
.| 0 0 05 0 0 0
0 0 0 05 0 0
0O 0 0 0 05 0
0 0 0 0 0 05
[0 0 1
00 L s 0 0
X = 0 1 0| (569
L 00 0 0 1
0 1 0
| 15 0 0
and
06154 0 0
Wt = 0 1 0. (56b)
0 0 1

a=| w1 | =Q ' RIW, tu;
g
050 0 0 0 0
0 05 0 0 0 0
|0 0 05 0 0 0
0o 0 0 05 0 0
0 0 0 0 05 0
0 0 0 0 0 05
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0 0 1
001 0.6154 0 O 1
0 1 0
X 0 1 0 1
100 0 0 1 1
0 1 0
1.5 0 0 57)
0.5
0.4615
| 05
0.3077
0.5
0.5
Step 6. Using (@6) and (56b), we obtain
I(a) = 2F Wy lwy
0.6154 0 O 1
=[1 1 1] 0 10 L] (59
0 0 1 1

= 2.6154.

Note that the optimal input sequence (33) is different
from the input sequences (36) and (7). ¢

6. Concluding remarks

Necessary and sufficient conditions for the positivity and
reachability of fractional descriptor positive discrete-time
linear systems have been established (Theorems 1
and Theorem 3). The transformation of the fractional
descriptor system to an equivalent standard one with
the use of the shuffle algorithm has been addressed.
The minimum energy control problem for fractional
descriptor positive systems has been formulated and
solved (Theorem 5). A procedure for computation of
optimal input sequences and a minimal value of the
performance index has been proposed (Procedure 1). The
procedure has been demonstrated on a numerical example.

An open problem is the extension of these
deliberations to fractional positive descriptor 2D
continuous-discrete linear systems.
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