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ANALYTIC RESULTS FOR OSCILLATORY SYSTEMS WITH EXTREMAL
DYNAMIC PROPERTIES
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The maximal value of the error is the most important criterion in system design. It is also the most difficult one. For that
reason there exist many other criteria. The extreme value of the error represents the attainable accuracy which can be
obtained and the corresponding extreme time gives information about how fast the transients are. The extreme values of
the error and the corresponding time are treated here as functions of the roots of the characteristic equation. The proposed
analytical formulae allow designing systems with prescribed dynamic properties.
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1. Introduction

Oscillations can be observed in electrical, mechanical and
many other types of systems. Analytical results allow
deep inspection and understanding of the system behavior.
The proposed method allows the design of a system
with required values of the amplitude and period of the
oscillations.

2. Problem statement

Let us consider the linear differential equation
determining error in a linear system of the n-th order with
lumped and constant parameters:

™) + a1z V@) + -+ an_12M (1)
+apx(t) =0. (1)

The initial conditions are determined by the force function
and the system’s parameters.
Let us assume, in general, that

2®(0) = cip1 £0, i=0,1,...,n—1.
The characteristic equation of (I) is

"+ a1s"  ass" 24 Fan_1s+an=0. (2)

The solution of Eqn. () has the form

m p
x(t) = Z Apett + Z [Bk cos (wyt)
k=1 k=1 3)

+ C; sin (wyt) ] ekt
where Ay, By, ¢, Sk, g, Wi are real numbers, sy, are real
roots and o + jwr = i, ap — jwr = T, (k=
1,2,...,p) are complex conjugate roots.

The necessary condition for the error x(t) to attain
an extremal value at ¢ = 7 is given by the relation

p
+ Z [(—Bk sin w7 + Ck COS Wi T )wi @)

=1

k
+ (B coswiT + Ci, sinwkT)ak} e — ().

The constants are determined from

= (5)
+ 3" [BiRe(r}) + Cilm(r)]

1=0,1,...,n— 1.
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The extreme value of the dynamic error is
m
T) = Z Ape® T
k=1

P
+ Z [By; cos (wiT) + Cj sin (wiT)] e“F7.
k=1

(6)

The extremum of the extreme value of the dynamic error
given by Eqn. (@), computed with regard to the parameters
Sk,ay and wg, is obtained by equating the respective
partial derivatives of x(7) to zero.

Denoting by

ox(T)\" ox(T)\" oz(t)\"
6sk ’ 80ék ’ 6wk
the partial derivatives of the expression (&) for constant 7,
we may write

Ox(T) B ozx(r)\"  Ox(r) Or

s}, _< s}, ot sy’

Ox(T) _ (6m(7) dx(r) O )
O, O, or Oay’

Ox(t) [ 0x(7) * . Ox(T) ot
Owp  \ Owy or Owy
However, from Eqn. (@) we have

x(l)(t)’

dx(t)  (Ox(r)\"
o) Eai‘z%%{ N

and therefore

80zk 80zk
dx(t)  (0x(7) -
&uk a &uk '
We obtain the following conditions:
m 9A
> o= kT 4 AjTesiT
- sjaB aC
P
+ kgl (8—; COS WLT + 87; sinw;n) e =0,
j=1.2....m,
m 9A
Z _kerT
k=1 aa]
OCY,
+ > —COSWkT+ —— sinwyT | eX*7
k=1 80{7
+ (B, coswjr + Cjsinw;7) e T =0,
m 9A
Z _keSkT
= B aC
P k b . anr
+k§1 (8% COS Wy T + B, smwk7> e
+ (Cj cosw,;T — B;sinw;T) e*7T =0,

1=12...,p.
©)

In this way, we have a system of n linear and
homogeneous equations with n unknowns which are

e’ T, e T sinwgT, e“*T coswyT.

The determinant of the system (Q) must vanish if
there are nontrivial solutions. The same determinant (after
being reflected about one of the main diagonals) is

|D + A, (10)

where D and A are matrices determined by the following
equations:

m m A
p-3% 3%,
j=1k=1 USk
P m aB, C
+ ‘21 kZl (83;3 Erntoj—16+ 5 Epiojk
= =
m. P 6Aj 0A
—E B /iy 2y m
+j§1k§1 (8ozk j,m~+2k 1+8wk i +2k)
p p aB
+ Zl kz [(aaiEm+23 1,m+2k—1
J=1k=1
0B;
+a—w2Em+2j71,m+2k
oC; 0C;
- ) -~ I Brioi maon | |,
+ <6ak m+2j,m+2k—1 + B 124, +2k>:|
A= E A;Ejj
j=1
+ Zl (B (Emt2j—1,m+2j—1 — Emy2j.m+25)
j:
+C (Em+2j 1,m~+2j + Em+2] m+2j— 1)]
| (11)
Ejr = (el(f,]f/)) . v =1...,n,
o 12)
G _ s s _ [ 1 forp=j v="k (
Crop = Oujluk = { 0 otherwise.
Finally, we have
D+ Ar| =0, (13)

for the unknown 7 and the system (9) yields (after some
algebraic manipulations) the following equation:

(_

HES

p
H Bi+C}) =

We obtain the following necessary condition.

Theorem 1. (Gérecki and Turowicz, 1965) The necessary
condition for the extremal extremum x(7) as the function

of (T, 81,82, ...,8,) s
m p
A ] (BE+CR)=0. (4
k=1 k=1
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The relation (T4) can be fulfilled if at least one of the
conditions is met:

T =0, (15)
which means
c2 =0, (16)
or
A =0 A7)
or
B} +Cf =0. (18)

The conditions (I6) or (I7) lead to a reduced order of
Eqn. (@.

It might be asked whether the time 7, corresponding
to the extreme value of the dynamic error, attains an
extreme value with respect to the parameters sy, ok, W.
To investigate this, we assume that

or

8—20, k:].,...,m,

S

o _or o, (19)
aak_awk ’ — 4y P

We compute the partial derivatives of Eqn. (9), taking
into account Eqn. (19):

0A
> aT]‘CskeW + (14 s;7) Ajed™
J

P
+> {<@coswk7+ %sinwkT) oL

k=1 (9Sj 8SJ (20)
(3Ck By . >]
+ | =—coswipT — ——sinw,T | | %7 =0,
88j 88j
j=1,...,m,
mo QA
> —speT
= on
P
+ Z (—k COS WET + —— slnwkr g
k=1 aa] 0] @1
+ [(Bj cosw;T + Cj sinw;T ) (14 a,T)
+ (Cj cosw,;T — Bjsinw;T) w;T] €7 =0,
j = ]‘) AR 7p7
m QA
- ST
kgl Oow; ohe
" [ (G omenr + g smar)
+ —— COSWET + —— SinwyT | ag
k=1 8("')] 8&}3
(80k . 0By . anr (22)
—— COSWELT — —— SINWET | wi | €
awj 8(4}]‘

_|_

+[(C; cosw;T — Bjsinw;T) (14 a;7)

— (Bjcosw;T + Cjnsinwjr) w;T]eMT =0,
j = 1, R 7p

—~

Let
F= 3" suEu,
p=1
p
+ > low (Bma2p—1,m+2u-1 + Emtopm+2u—1)

1
+wp, (Em+2p,71,m+2p, - m+2,u,m+2/1,71)]~

(23)
Using the relations (II), Eqns. (20)—(23) yield, after
equating the determinant to zero,

|FD + A+ FAr| =0, (24)

m P
1" I Ax H B +C})

k=1

We obtain the following necessary condition for the
extreme time 7(81, ..., Sp).

Theorem 2. (Gérecki and Turowicz, 1965) The neces-
sary condition for the extreme time T as the function of
S1y---,8p IS

(-1 [T A I (B2 +C3)
X H Sk H (ai + wﬁ) (25)

The relation (23) can be fulfilled if at least one of the
conditions is satisfied:

T =0,
which means
ca =0, (26)
or
A =0,
{ B? + 0,3 0 @7
or
s =10,
{ a2 +w? =0 (28)

or, finally and most interestingly,

T 1 1
_‘l§§+,§<ﬁ+ﬁ>

(29)
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Using Vieta’s formulae, 7 from (29) is equal to

; (30)

where a,,_1 and a,, are the coefficients of Eqn. (2).

The set of equations @ZQ)-@2) gives also another
necessary condition for the extreme time 7(sq, ..., Sy),
which was presented by Goérecki and Turowicz (1966).

Theorem 3. The necessary condition for the extreme time
T(S1,...,8n) is

C1 Cy C3 C4 ... Cp,
_n2 g 0
an
e ) 0
Dy(r)=| =0
T B 2—n
“T
- 0 0 0 T
an

€29

It is obvious from the condition (3I) that there may
exist n — 1 values of 7. Taking into account that 7 =
an_1/an, we eventually obtain from Eqn. 1) n — 2
values of 7. In general ifall 7, >0 (i =1,2,...,n—1)
exist, then all the ratios ¢;/¢; (i = 2,3,...,n — 1) can
be determined univocally.

The solution of the algebraic equation (3I) for
a higher degree may be obtained using additional
assumptions (see Gorecki, 2009; Goérecki and Zaczyk,
2010).

After substitution of 7 = a,,—1/a, into Eqn. (31D,
we obtain the relation between the initial conditions
ci+1, ¢t = 0,1,...,n — 1, and coefficients ar, k =

1,2,...,n.
C1 C2 C3 Cq
p—2 —0p-—1 QAn 0
Dn — An—3 0 —OGp—1 2an -0
a1 0 0 0
1 0 0 0

(32)

3. Problem solution
Theorem 4. (Sedziwy, 1969) The sufficient conditions for

the extreme T(s1,...,Sy) are
d?r
— #0, k=1,...,n, (33)
ds?
d’r

- k#j, k=1,....,n. (34
dSdeJ 07 #]) Y 7n ()

The Hessian H,, # 0, where

d2
_g 0
dsy
o &7 0
—_ —2 e
Hk d82 O 75 0 y (35)
d?r
0 0 0 —
dsi
k=1,2,....n
If Hop—1 < 0and Hop, >0 for k = 1,2,...,n, then T
attains the maximum value with respect to s, . .., Sn. If
Hop 1 >0 and Hy, >0 (36)
fork =1,2,... n, then T attains the minimum value with
respect to 81, . .., Sp.

Theorem 5. The conditions for the existence of

T1(81y 3 8pyCly - vy Cpe1) are
2 (1) =0, (37)
Dy(ay,...,an,¢1,-.,Cn1) =0. (38)

These two equations, (37) and (B8), are linear with
respect to the initial conditions c1, . ..,cn—1. It is easy to
solve them.

Theorem 6. The conditions for the existence of
T2,T3y...,Tpn—2 adre
zM(r) =0, (39)
D, (1) =0, (40)

where 71 = ap_1/an.

4. Particular cases

We illustrate the theorems in the particular cases of the
equations.

4.1. Second-order equation (r» = 2). Letusconsider
the second order differential equations

A%z dx
@4‘&154-&21':0, 41)
with the initial conditions
z(0) = 1, x(l)(O) = co.
The characteristic equation of Eqn. @I is

32+a15+a220 , ay,as > 0. 42)

We denote by s1, s2 the roots of this equation and
consider three cases:

1. s1 # so real and negative,
2. s; = s real and negative,

3. 51 =a+jw, S2 =a— jwcomplex with o < 0.
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4.1.1. First case: s; # s3. The solution of Eqn. (1)
is

oty = 2L Bont f AU 7B oot 43
S9 — 81 S1 — 82
The derivative of x(t) is equal to
x(l)(t) = 781(8261 — Cz)eslt
S9 — 81 (44)
sa(s1c1 — 02)682t
51 — 82
The necessary condition for the extremum x(t) is
2 (r) =0. (45)

From the relation (@4)), using the condition ([@3)), we obtain

s2(s1c1 — ¢2)

6(51752)7 _
51(5261 — CQ)

. (46)
The necessary conditions for 7 as the function of
(s1, $2) attains an extremum are

dr 1

C2
- T —
d51 S9 — S1 81(8161 — CQ)

dr 1 Co >
- — =0. 48
dSQ S9 — S1 <T 82(8261 — CQ) ( )

It is easy to show that there may be at most one value of
extreme 7. In consequence, it is required that

> =0, 47)

;- c2 - AT
si1(s1c1 —ca)  sa(sac; — ¢2)

From (49) we obtain

31—1—82:2—2, z—2<o. (50)
1 1

Substitution ¢y from (30) into the relation @9) gives

C2
T=
82(8261 - 62)
(s1+ s2)cq

- sa[sac1 — (s1+ s2)ci] 5D

S1 + So 1 1
 s182 <51+52)'

Sufficient condition for 7(s1, s2). After differentiating

@7) and @8), we obtain

d?7  ca(2s101 — ¢2)
ds?  s2(s1e1 — c2)? (52)
d?7 (28901 — ¢2)
a7 53
ds?  s3(sact — c2)? (53)
2
1
d*r - _ dr (54)

d51d52 (52 — 51)2 dSQ’

but d7/dse = 0 (see (48)) and

d2r
=0. 55
dSldSQ ( )
The Hessian for 7 = — (é + é) is equal to
d3r d3r
d'r _d’7
H = ‘ o A
dsids2 dsg
C2(231(!1—(32) O
_ | s¥(sici—c2)? (56)
- 0 02(28261762)
s2(s2c1—c2)?

c3(2s1¢1 — ¢2)(282¢1 — c2)

- s283(s101 — 2)2(s201 — €2)

2 )
and, taking into account (30), we finally have
2
2 _ g2
H= [% >0
5152

This means that if there exists an extremum
7(s1, 82), 81 # S2, then it has to be a minimum.

Existence condition. Substituting co from the relation
(30) into the relation (@6), we obtain

2
re—t (3—1) . (57)

§2 — S1 52

Comparing with 7 from (31, we have the equation

2
In (3—1) - (3—2 - ﬂ) . (58)
S92 S1 S92
The only solution of Eqn. (38) is
81 = 52 = 8, (59)

which is in contradiction with the assumption that s; #
S9.

We deduce that there does not exist an extremum 7
for real s; # sa.

4.1.2. Second case: s; = s3 = s < 0. The solution
of Eqn. 1) is

z(t) = [e1 + (ca — sc1)t]e™ (60)

and its derivative is

dfiit) = [e2 + (c2 — scr)stle”. 61)

From the necessary condition z(!)(t) = 0 and (61) we

obtain .
T= (62)
(sc1 — ca)s

Gamcs
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The derivative is

dr (251 —c2)co

ds  s2(sc1 — )2 (63)

From the condition d7/ds = 0 we finally have ¢z = 0. In
consequence, 7 = 0 or

1 Co
-2 64
S=3G (64)
and 5
m=—2=-4% 50, (65)
S Co
x(r9) = —cre™?, ¢ >0 (66)
a2 s
ST 32(2) , ae<o (67)
ds? co

In conclusion, 7 has a minimum with respect to s.

4.1.3. Third case: s; = a + jw, S3 = a — jw are
complex and o < 0. From the relation (46), we have

2jwr (0 + w?)er — ac] + jwep

= . 68
[(a2 + w?)c; — acs] — jwes (68)
From the relation (68)), we obtain
[(a? 4+ w?)er — acs)? — w?c3
3(2 = 69
COS( LUT) [(0[2 T WQ)Cl — OZCQ]2 + wQCgv ( )
. 2wea[(a? + w?)ep — aca)
sin(2 = . 70
bln( WT) [(0[2 + w2)61 - OCCQ]Q + (JJQCg ( )
After division of (69) by (7Q), we find
[(a? 4+ w?)er — aca)? — w?c3
t(2 = 71
cot(2wT) 2wes|(a? + w?)ep — acs] 1
From the necessary condition
dr
da =0, (72)
we have
2jwea(2ae1 — ¢2) _0 (73)

[(c2 — c1a) + jwer]? (a + jw)?
From (73) we deduce that c; = 0, then 7 = 0 or w = 0 or

1

-2 2, (74)
2c c1

After using (Z4) in (ZI)), we obtain

(w? — a?)? — 4aw?

cot(2wT) = Tow(W? —a?)

(75)
From the necessary condition

dr
— = 76
1o 0, (76)

after differentiating (G8)), we have

weiler(a? — w?) — caq]

—27sin(2wr) = —4
7 sin(2wT) (e — c10)? + Bl

77
[e1(a? + w?) — c20] 7
(@ + 7)
After elimination of ¢z, using (74), we get
_ 2
_ orsin(2wr) = 168 = @latwwa o

(@® +w?)3
and
[c1(a? — w?) — c20]
(a2 + w?)?
@ +e?) —elatw)] (79
[(c2 = c10)? + cfw?]?
X [e1(0® + w?) + oo — w)).

After elimination of ¢y from (74),

27 cos(2wT) = 2 e

27 cos(2wT)
a(a? = 2aw — w?)(a? + 20w — w?)

—_— Foar . (80)
From (77) and (80),

42— g Gl W) - cal 81)

(a2 4+ w?)[(c2 — c1a)? + Aw?]?’
After elimination of cs,
2 _ (2a)2
T = (@2 +w?)?’ (82)
and, finally, for 7 > 0,
2a

The determinant (36) in this case for s; = o + jw and
So = — jwis
2 2
(53 —s7) dow
H=|——+~| =—|————| <0. 84
{ 5252 a? + w? (84)
It is obvious that 7 has a maximum with respect to w.

Sufficient condition. After dividing both the sides of (Z79)
by (7)), we have

cot(2wr) = 1 (a? — 20w — w?)(a? + 20w — w?)

4 aw(a —w)(a+ w)
(85)
Comparing (1) with (83), for a = 1c;/cy we obtain
w = =Fa. (86)
Substitution of () into (83) gives
1
T=—— (87)
o
which, together with (Z4), yields
r=—29 9y (88)
Co Co
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4.2. Third-order equation (n = 3). Consider the into (92) and using (93), Eqn. (92) takes the form
following equation (Gérecki and Zaczyk, 2013):

M (1)
d3z(t) d2x(t) dx(t) 1. [—4jsicoow + 2js1w3c1 + 2js1010%w
a a asz(t) =0. (89 =—= - -
de3 A T dt +asz(t) (89) X (o — jw —s1)(a+ jw — s1)w
+ 2jcswsy si7
The initial conditions are (o — jw —s1)(a+ jw — s1)w
1. {—c;;ozsl + s1c1wla — jc3wsy — j51w301
z(0) = ¢1, 97 (o — jw —s1)(a+ jw — s1)w
x(l)(o) = C2, s%czoz + ¢ — jslclagw —|—jczw3 —|—js%02w — coad
2 (0) = ¢s. — i — i —
(a—jw—s1)(a+ jw—s1)w
jeaaPw — caw?a — s3e1a? — s2ciw? + 510
The characteristic equation is (o — jw —s1)(a + jw — s1)w
o plotiw)T
s® +a15® + azs +az = 0. (90) 1 [eaw?a — c3w? + caa® + czasy — jesws
—3J - -
2 (a—jw—s1)(a+ jw—s1)w

3 2 2

s1c1wia —|—jczw3 — js1w’c1 — jsiciafw — sicac

(a0 — jw — s1)(a+ jw — s1)w

js%czw + s%clag + jczozgw

We assume that the roots of (O0) are —

51, Ssp=atjw,  s3=a— jw, (@ —jw—s1)(a+ jw — 81)w
slcla3 + s%clcﬂ — 63042
where a < 0. (@ — jw—s1) (@ + jw — s1)w
The solution of Eqn. (89) is x (@I =

(94)

c3 — ca(s2 + 83) + 18283 4
(51— s2)(s1 — 83)
c3 — ca(s3 + 51) + c18351 psat

z(t) =

The derivatives of 7, determined by Eqn. (94), with
respect to s1, a and w, yield the necessary conditions for

91) the extreme 7:
(s2 — s3)(s2 — s1) d
-
c3 —62(51 +52)+618152633t d_sl =0, 95)
(s3 — 51)(s3 — 52) '
dr
The derivative of x(t) is equal to do 0, (96)
20 (p) = S1les —ealse Ts) ¥ ersasa] ar _y, ©7)
(s1 = 52)(s1 — s3) dw
n saes — ca(s3 + s1) + c18351] ot ©2) We get

(s2 = 53)(s2 — 51)
83[63 — 62(81 + 82) + 618182] esat e(faJrsl)‘r COS(WT)

(s3 = s1)(s3 — 52) ' B ( 2

TS| — Tsloz2 + 781w2

s1(T2w2a? + (a + Tw?)?)
The necessary condition for the extremum x(t) is 0.57%s202 4+ 0.57%52w? — 725103 — T2s510%
s1(72w2a? + (a + Tw?)?)
2.4 2 2 2 2 4
x(l)(t) —o. 93) 0.57%a” + 77w a” 4+ 0.57°w* + 51«
t=7 s1(T2w2a? + (o + Tw?)?)

x (a+ Tw2) ,
After substitution of s;, s = a4+ jw, and s3 = a — jw (98)
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e )T gin(wr)

2

. ’7'048% — 7'810z2 + TS1Ww
(31(72w2a2 + (a + Tw?)?)
0.57%52a2 + 0.57%s%w? — 725103 — T2510°%
s1(T2w?a? + (a + Tw?)?)
0.572a* + 120w2a? 4+ 0.572w* + 51
s1(T2w2a2 + (o + Tw?)?2) ) (a7w),

(99)
. . 2
2jwr _ Jo+ JTW® — Two 100
jo+ jTw? + Twa’ (100)
From Eqn. (T00), we have
(a+1w?)? — a?w?r?
2 = 101
cos(2wT) (0 F ra?)? + a2wis? (101)
and
2(a + Tw?)awr
in(2 = . 102
sin(2wT) (0 ra?)? + a2uis? (102)
The relations (O8) and [@9) lead to the assumption
that

$1 = . (103)

In this case, the necessary condition for the extreme 7 is

1 1 1
T=—|—++ — + -
ST atjw  a—Jw

3a? + w?
ala? +w?)’

(104)

Substitution of 7 from the relation (I04) into the relation
L02) gives

sin(2wT)
o aw(3a? + w?)(at — 20%w? — w?)
N (a? + w?)(a* + 3a2w? 4+ w?)

(105)

One of the solutions of Eqn. (I03) is
w=+a\/V2—1. (106)

sin(2wr) = 0. (107)
Substitution of (I06) into (IOT) gives

Then

cos(2wT) = 1. (108)

Taking into account (I03) and (I06) in the relation (104,
we finally obtain

1+2
= +a‘[, a < 0. (109)

Substituting s1 = a, s23 = a +jv/v2 — 1 a into @0),
we finally obtain that
- a3(9 — 4\/5) — a10a9
2a% + 2a3(1 — 2V/2)

(110)

Sufficient conditions. Calculation of the second
derivatives of 7 with respect to sp,s2,s3 gives the

following results for 7 = — (é + o+ é)

d?r ( 5183—|—8182—|—8283)
— =exp| —
2
ds? $159
—5253C1 + 53C2 — C3 + 5202 (111)
3.2 2
s7s5(s183 — 53 + 5152 + 5253)

X (s183 + $152 + 5253)2,

d?r
=0 112
dsidsa ’ (112)
d?r
=0, 113
d81d83 ( )
d?r ( 5153+5152+5253)
—— =exp| —
ds; 5152
—5153C1 + 53C2 — C3 + 51C2 (114)
s35%(s183 — 8% + S182 + s253)
X (5153 + 152 + 8283)2,
d?r
= 115
d82d83 ( )
d?r ( 5183 + S159 + 5253)
—— =exp| —
dsg 5182
—5152C1 + 51C2 — €3 + 5202 (116)
$35%s3(s153 — 83 + S152 + 5283)
X (8183 + 8182 + 8283)2.
The Hessian is equal to
d3r
a7 0 0
H=| 0 L2 o | (117)
2
d’r

From Eqns. (IT1), (IT4) and (I16), we obtain that
H,y
< (s183 + s182 + s253)(s1 + S2 + 83))
=exp | —

515283

(8183 + 5182 + 8283)6

5

X
5.5 2
s75553(—s5 + 153 + S253 + S152)

(c3 + sas3c1 — S2c2 — 53C2)
2
ST — 8182 — S183 — $283)

(c3 + s183¢1 — S1C2 — S3¢2)
(—82 + s283 + S153 + 5152)

X (c3 + s182¢1 — S1¢2 — S2c2),
(118)
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or, after symmetrization,

HY

—ag (a%c? + C%C3(L3a1 + 26%02a2a3
5 3 2 2 2
a3(—4a3 + a3 + 2a1az2a3 + aza;)

3cic3coas + cic3coaran + clcgagal + clcgag
a3(—4a3 + a3 + 2ajaza3 + a3a?)
—cgag + cgalag + clc§a2
aj(—4a3 + a3 + 2ajaza3 + a2a?)

03(:%(12 + c;;c%a% + 2a1c§(32 + cg) )

aj(—4a3 + a3 + 2a1aza3 + a3a?)

aia2
X exp _a ,
3

H, = H?, (119)
Hs = H}. (120)

Sufficient conditions. From (18], (I19) and (120), we
finally find that

H 0 0
H=|0 H 0 |. (121)
0 0 H

From (I21) we deduce that, if

Hy >0, (122)
it is a minimum 7 with respect to s1, s, S3, and if

H, <0, (123)

7 has a maximum, according to (B@), with respect to
51,52, 53,

d2_‘r
ds% dg 0
H=1 0 §& 0
d°r
0 0 Z=
d%r 0 0
awr ) (124)
0 0 4z
dw?

_ d2r 2 d2r

T \da? ) dw?
This indicates that for « there is a minimum of 7 and for
w there is a maximum of 7.

Existence conditions. Substituting 7 from (109) and w
from (T06) into (O4)), we obtain the relation

x(l)(t)

t=1

= 0.0800187074 o?

—0.07571678 az—z + 0.01954085? —0. (125)
1 1

The second equation for the determined co/c; and
cs/c1,¢1 # 0 is obtained from

c c
a% + (ag + alag)c—2 + agc—g =0. (126)
1 1

4.3. Fourth-order equation (n = 4). Consider

d*z(t) " d3z(t) " d2z(t)
dtt e 2T ae
dx(t
+ CL3% Fag(t) =0. (127)
The initial conditions are
z(0) = ¢q, x(l)(O) = (o,
2@0) =c3, 23 (0) =y

The characteristic equation is
4 3 2 _
s+ a18° +ass” +ass+ag =0. (128)
The first derivative of the solution of Eqn. (I27) is

dx
dt{,_.
(s2c3 + 83¢3 — €4 — $384C2 — S253C2
(51— 83)(s1 — 52)(51 — 84)
S4C3 + $28384C1 — S284C2)s1€%17
(51— s3)(s1 — 52)(51 — 84)
($103 + S3C3 — S183C2 — €4 — $354C2
(2 — s3)(s1 — 52)(52 — 54)
$4C3 + $18384C1 — S184C2)82€%27
(52 — s3)(s1 — 52)(52 — 84)
(s1C3 4 S4C3 — C4 — S182C2 — S184C2
(83 — s4)(s2 — 53)(51 — 83)
5182841 — $254C2 + SoC3)s3€%37
(83 - 84)(52 - 53)(51 - 53)
(—s183¢2 + s3¢3 + 5203 + s1¢3 + S515253C1

(83 — s4)(52 — 84) (51 — 54)

$283C2 — §189C — C4)S4€
(53 — 54)(52 — 54)(51 — 54)

=0.

(129)
Derivatives of 7 determined by with respect to
s1, S2, s3 and sy give the following necessary conditions:

6(31—84)7'

= —54(—5355817% + 525377

— 51857 — 83557 + 52897 + 28953 (130)
— 51525372 — 52537 + 25189 + 5%525372

+ 251850837 + 25153 + 55537 — 51837') =0,

aamcs
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e So—84)T

= 54(5%50537% + s783T
— 5%5372 + 5%527 — 51535372 — 251589 (131)
— 28189837 — 28183 — 51537 + 51525372
+ 815§T + 828%7‘ — 28983 — 53537) =0,
6(83—34)7'
= —s4(—535083T2 — 53837
+ S%S%TQ — 5%527 + 25159837 + 25152 (132)
+ 815§T + 81828%7‘2 + 25183 — 818%83T2
- 31537 - 53537' + 52537 + 2s983) = 0.

‘We assume that

§1 =82 = qQ, S3=a+jw, S4=0a—jw.

The optimal value of 7 is

1 1 2
T= ot ot a2
S1 S9 a4+ w

s1o + a2 + w?
s1(a? +w?) -

(133)
=2

From Eqn. (I132), we obtain (134) and its solution
gives
w=+a V3. (135)

In the special case, when
S1 =83 =Q+ jw, Sy =84 =0a— jw,

we obtain

o)
and from the equation
. (—w? + 3a?)
2 =—
sin(2wr) = -8 9al + 420202 + W) 137
(—w* — 140%w? + 3a*)aw
(a? +w?)?
we have that
w=+a V3. (138)

4.4. Fifth-order equation (n = 5). Consider

d5z(t) d*z(t) d3z(t)
ars TN Tae T s
2
4o 20 L dng) Fasa(t) = 0. (139)

de? d

We assume one real root and a double pair of the complex
roots:

{ S1 = @, 82:T94:O[+jw) (140)
§3 = S5 = Q¥ — JW.

In the same way, we obtain (141), from which we have

w==a«a. (142)
Last example of the fifth-order equation. We assume
that
{ 51232:.53=a,34:a+jw, (143)
S5 = o — Jw.
In this case, we obtain (144) and its solution is
w = 0.7606336797 c. (145)

5. Basic results

Theorem 7. If the characteristic equation () has
complex-conjugate roots, then the optimal time T can be
computed numerically from the system of equations ((L08)),

Theorem 8. The optimal times 7; > 0, ¢ =
1,2,...,(n—2), n > 3 are determined by D, (1) = 0
(31, if they exist, and the equation dﬁf) |- = 0. Here )
gives (n—1) linear algebraic equations for the initial con-
ditions ca/c1,cs/c1, ..., cn—1/c1, c¢1 # 0. This set of
equations represents the solution of the problem.

6. Numerical examples

6.1. Third-order equation. Consider

d3x(t) d2x(t) dx(t)
a3 a1 1z as i +asx(t) =0. (146)
‘We assume that
s1=a=—1,
S9 = o + jw, (147)

S3 = — jw,

and, according to the relation (I06), we have

w=4a\/V2 -1 = £0.6435942526. (148)

From (109), we get

142
Lo 1Hv2 2.414213563, (149)
(6%

= —0.07330051053c3

t=71
— 0.2840244129c¢, (150)

—0.3001615506¢; = 0.
From the relation (126) we get

da(t) }
dt

D3 = a%cl + (ag =+ a1a2)02 +ascz3 =0
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(—w* + 3at)aw(2a? + w?) (—5wb — 17a’w?* — 13aw? + 3af)

in(2wr) = —4 134
sin(2wr) (a? + w?)? (910 + 48w2a® + 106wrab + 92wl + 33a2ws + 4wlo) (134)
sin(2wr) = —2 (a? — w?)(wW? + 302)(w? + 5a?)aw (—2wb — 1302w* — 240*w? + 3a8)
N (a? 4+ w?)? (9010 + 6308w? + 153a8w? + 8204wl + 1602w8 + w10)’
(141)
sin(2wT)

(—2(9w!? + 1202w8 — T20w5 —1720%w* —9308w? + 12a!0) (—9w® — 2202w — 5atw? + 12a8)(5a? + 3w?)aw)
((9wb + 18c2w* + 9atw? + 4a8)(9w™0 + 69a2w8 + 208atwb + 2978w + 189a8w? + 36a10)(a? + w?)?)

(144)
and 1
3.414213562¢3 + 11.65685425¢2 0.8
+ 11.65685425¢1 = 0, (151)
06
where
a1 = 3, 0.4
as = 3.414213562, (152)
a3z = 1.414213562.
0.2
From (I30) and (T31), assuming ¢; = 1, we have
¢o = —1.47T984236, 153 R i 5 6 7 8
c3 = 1.631940262. !
We finally obtain Fig. 1. Optimal transient of x(¢) (one real root and one pair of
complex roots).
x(t) = 0.2177267¢ "
+0.7822733¢ " cos(0.6435942526t)  (154) 6.2.1. Casel. Assume that
—0.74267947¢ " sin(0.6435942526t).
§S1 =8y =a=—1,
In Fig. 1 we present the optimal transient of z(¢). 53 =+ jw, (156)
S4 = — jw,
6.2. Fourth-order equation. Consider and, according to the relation (I33), we have
d*a(t) . d3x(t) . d2x(t) w = +a V3 = +1.316074013. (157)
d? e *Tar
da(t
+ a3 —zi ) 4 ax(t) = 0. (155 ~ from (133, we get
T = 2.732050808, (158)
We shall analyse two cases:
e one double real root and one pair of dz = —0.04383663c, — 0.224546377c3
complex-conjugate roots, dt{,_.

— 0.430314558¢2 — 0.314690486¢; = 0.
e one double pair of complex roots. (159)
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Let ¢ = 0. Then

j_x = —0.0438366299c4 — 0.224546377c3
-

—0.31469047¢1 = 0.
From the relation (32)), we obtain

3 2 2
Dy = cra3 + (aza2 + arasaqs + 2a3)co

+ (2azaq + alag)c;g + a§C4 =0.

(160)

(161)

Forc, = 0,and o« = —1, w = —1.316074013, from (T6&1)

we have

Dy = 415.8460971cy + 263.63586¢3
+55.7128129¢4 = 0.

From (@60) and (162),

we finally have c3

(162)

0.7312184409¢q, ¢4 = —10.92426443¢1, and for ¢; = 1,

x(t) = —3.463269te " + 1.999519¢ "

—0.999519433 cos(1.316074t)e " (163)
+3.39135125 sin(1.316074013t)e "
In Fig. 2 we present the optimal transient of x(¢).
6.2.2. Case2. Assume that
{ S1= 83 =a+ )W, (164)
Sg = 84 = QO — JW.
Then the optimal time is
e
From (I37) we obtain that
w=+a V3. (166)
1_
0.8
0.6
0.4
0.2
0 1 8
4.2
.4

Fig. 2. Optimal transient of z(t) for c2 = 0 (double real root

and one pair of complex roots).

For
o= —1,
{ w = £1.732050808 (167)
we get the coefficients
ay = 4,
as = 12,
as = 16, (168)
ayg = 16,
and from (163),
T=1. (169)

In much the same way as in to the previous case, we
assume co = 0 and obtain that

dx

— = —0.716547371
T 0.7165473715¢cq

t=r1

1
+ 0.1505743654c3 (170)

+ 0.06003569669¢c4 = 0.
From (I&1), we get

4096.000008c; + 1536.000002c3
+256.000003c4 = 0.

The solution of (T70) and (T71) is

c3 = —8.00000005¢1,
¢4 = 32.00000002¢;.

(171)

(172)

For c; =1, we get

x(t) = —2cos(1.732050808t )te "
+ c0s(1.732050808t)e "
— 1.154700539 sin(1.7320508t )te
+ 1.732050808 sin(1.7320508t)e~".

(173)

In Fig. 3 we present the transient of x(t).

6.3. Fifth-order equation. Consider

ddz(t)
de®

d*x(t)
di4
d2x(t)
dt?

d3x(t)
de3

dx(t)
dt

ay a2

+ as

o +asx(t) =0. (174)
We consider the case of one real root and double pair of

complex roots,

S1 =
S =84 = a+ jw,
§3 =85 = @ — jw.

(175)

From (I41), we have

w = +a. (176)
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For v = —1,and co = 0, c3 = 0, we obtain the following
results:
ap =95, az=12,
a3 =16, a4 =12, (177)
as = 4,

and the optimal time
T=—=3. (178)

From the equations

d_a: = —0.3541478601c;
dt t=T1
—0.1112703¢4 — 0.1109075¢5 = 0 (179)
and from

Ds = 20736¢1 4 10368c4 + 1728c5 = 0, (180)

the solution is

{ cqy = —4.942537184¢;, (181)

cs5 = 17.6552231¢;.
The optimal transient z(t), for ¢; = 1, is

x(t) = 1.885074362¢ "
— 0.8850743624¢ " cos(t)
+ 1.471268592¢ cos(t)t (182)
— 0.47126859¢ " sin(t)
+0.0574628215¢ " sin(t)t.

In Fig. 4, x(t) is presented.
In the same way, for co = 0, ¢4 = 0 we obtain

c3 = —1.145649523c¢;,
{ cs = 6.33039236¢1, (183)

1_
0.8
0.6
0.4]
0.2]

0 12 W 5 & 1 8

Fig. 3. Optimal transient of x(¢) for c2 = 0 (double pair of
complex roots).

and for ¢; = 1 the optimal transient is

x(t) = 1.1651196176¢ "
+0.7184742831e " cos(t)t
—0.1651961744e " cos(t) (184)
— 0.1554228492¢ " sin(t)t

+0.2815257151e *sin(t)

)

which is presented in Fig. 5.
For ¢4 = 0, ¢5 = 0 we obtain

cg = —0.9458611703cy,
c3 = 0.5111482271¢y,

and for ¢; = 1 the transient is

z(t) = 0.5223¢ " + 0.125¢ " cos(t)t
+0.4777035489¢ " cos(t)
+0.048564717¢ ' sin(t)t
—0.07086117224¢ *sin(t),

(185)

which is presented in Fig. 6.

7. Conclusion

Our basic theorems derive the solution of the problem of
determining an optimal time 7. The presented examples
of the differential equations of the order n = 2,3,4,5
illustrate the solution method. We stress that for the
differential equation of the m-th order it is in general
necessary to determine n — 2 values of 7; > 0, ¢ =
1,2,...,n—1.

Remark 1. The functions e®, sin(s), cos(s) are analytic
in the whole domain and have all derivatives. For that
reason it is sufficient to consider the real, negative roots s.

"
[ Eig
0.6
0.4
0.2
0 33 4 5 s

Fig. 4. Optimal transient of z(t) for coc = 0,c3 = 0.
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0.2

Fig. 5. Optimal transient of z(t) for co = 0,c4 = 0.

0.6

0.4

0.2

Fig. 6. Optimal transient of z(t) for c4 = 0,¢5 = 0.
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