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For general boundary control systems in factor form some necessary and sufficient conditions for generation of an analytic
exponentially stable semigroup are proposed in both direct and perturbation forms for comparison. The direct approach is
applicable to operators with the numerical range satisfying certain additional conditions. In particular, it applies to operators
similar to convexoids and therefore it generalizes previous results known for hyponormal operators. The perturbation result
(indirect approach) is derived and formulated as an exponential stability robustness result using the frequence-domain
considerations. It is expressed in terms of some estimates of the resolvent growth over the open right complex half-plane
and compared with some recent results. The analysis is illustrated in detail with examples of an unloaded and loaded
electric RC-transmission line with proportional negative feedback.
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1. Introduction

Well-posedness and stability are usually a starting
point for the analysis of infinite-dimensional systems.
Exponential stability is the most important kind of
stability in engineering applications. After building an
abstract model of dynamics, well-posedness is reduced
to examination whether the state operator is generating a
Cy or analytic semigroup. Standard tools for that are the
Hille—Phillips—Yosida, Lumer—Phillips or Hille theorems.
In some cases verification of their assumptions may turn to
be difficult and one has to apply indirect approaches such
as spectral of perturbation methods. The same concerns
verification of the stability examination. Both problems
are much more subtle when feedback is introduced
because generation of the semigroup property as well as
exponential stability might then be lost. Robustness of
semigroup generation as well as exponential stability with
respect to a prescribed type of feedback is the most desired
case.

The problem of spectral characterizations of
semigroup generators has a long history (Roh, 1982b;
1982a).

Application of Riesz bases of eigenvectors and
generalized eigenvectors has been a topic of several
survey papers addressing control theory problems
(Curtain, 1984; Curtain and Zwart, 1995; Grabowski,
1990; 1999; 2006). It is emphasized in last two references
that we have numerous effective criteria of recognizing
whether a given linear differential operator has a
Riesz basis of eigenvectors and generalized eigenvectors
(Kesel’man, 1982; Mikhajlov, 1962; Katsnel’son, 1967,
Shkalikov, 1982; 1986; Mennicken andMoller, 2003).
Spectral properties of the second order differentiation
operator are fully analyzed by Lang and Locker (1989;
1990).

As arule, the strict regularity of boundary conditions
leads to the existence of such a Riesz basis. Regular
boundary conditions lead to either Riesz bases of
eigensubspaces or to nonspectral Dunford—Schwartz
operators.

The direct approach to the strongly continuous or
analytic semigroup generation problem employing Riesz
bases becomes complicated when explicit calculation of
spectra or eigenvectors/Riesz projectors are required. In
such cases one can try to apply perturbation methods.
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Those are quite natural in control theory since a feedback
state operator can be regarded as a perturbation of an
open-loop operator, perturbed by a feedback of a linear
and nonlinear type.

The aim of this paper is twofold. Firstly, we present
a basis theory of boundary control systems in factor
form; within the frames of it, the spectral approach and
perturbation attempts aiming at semigroup generation will
be the given. Secondly, we compare the efficiencies of
spectral and perturbation analyses.

Earlier foundations of perturbation methods in
semigroup generation aspects can be found, e.g., in the
works of Pazy (1983) or Engel and Nagel (2000). A
recent paper by Adler et al. (2017) brought the sharpening
of several previous perturbation criteria including the
Weiss—Staffans perturbation theorem to its contemporary
form. The authors proved two results. The first one
concerns Cyp-semigroup generators.

Theorem 1. Let A generate a Co-semigroup {T (t)}1>0
on a Banach space X, B € L(U,X*,) andC € L(Z,Y);
U, Z and Y be Banach spaces, X 141 be a Sobolev extrap-
olated space. Moreover, assume that there exist 1 < p <
0o, t > 0 and M > 0 such that

(i) range((A\] — A_4

w [r.

t
(iii) / |ICT(s)x||},dt < M|z|% for all z € D(A),
0

(iv / je [ 1

forall uw € Wy ([0,]; U),

)"1B) C Z for some \ € p(A),

1(t — s)Bu(s)ds € X forallu € LP(0,t; U),

T*sBM)($%dTSANM@

(w1ep@$3@;

F,EA’B’C) — C/O T_1(r — s)Bu(s) ds,

Then the operator Apc generates a Cy-semigroup on X,

Apec = (A71 + BC)|X,
D(ABc) = {x ez (A_l + BC)CL’ S X}

Here X%, is defined as completion of X with
respect to the norm |[lz|ya = A tz||x; A
(D(A) C X) — X as the generator of a Cy-semigroup
{T(t)}+>0 C L(X) extends to Ay : (D(A_y) =
X Cc X fl) — X 141, generating a Cp-semigroup
{T_1(t)}+>0 C L(XA,), with T_1 () being the extension
of T'(t).

The second result of Adler et al. (2017) concerns the
robustness of analytic semigroup generation.

Theorem 2. Let A generates an analytic semigroup of
angle 0 € (0,7/2] on X. If there are € [0,1] and
€ (0, 1] such that

(i) range((\] — A_1)"'B) C Ff‘lﬁ for some \ €
p(A), where F* is the Favard space of order a,

(ii) [D((M — A)7] < Z for some A > wy(A), where
wo(A) denotes the semigroup type,

(iii) B+~ <1,

then Apc generates an analytic semigroup of angle 6 on

X.

Theorem [1] has to be compared with the result of
Grabowski (2017), repeated for convenience in the present
paper as Theorem[§] Here H = X, U and Y are assumed
to be Hilbert spaces and A generates an exponentially
stable EXS Cg-semigroup on H. Since A~! € L(H),
one has Agc = A., A, is given by (I0) with £ = —T
and D = A_; B (factor control dynamics do not involve
XA). Our condition R(D) ¢ D(C), CD € L(U,Y)
implies (i) with A = 0. The assumptions (ii), (iii) hold
with p = 2 as C and D are infinite-time admissible. By the
Paley—Wiener theory the assumption (iv) holds as @) is
satisfied. Finally, (v) is fulfilled thanks to our assumption
@®) with £ = —1.

In terms of factor control systems with .4 generating
an EXS analytic semigroup, the condition (i) of
Theorem 2l requires that

range(A(A — A)~'D) C Ff‘iﬁ,

={zreX:
lim H)\O‘A()\I Atz x =0}

A—00,AE

for a € (0,1), while (ii) means that range(H*) C
D((—.A)7), and (—.A)7 is the fractional power of (—.A)
of order .

Those facts show that Theorem [ ensures robustness
of a semigroup generation while Theorem yields
robustness of EXS semigroup generation. Similarly,
Theorem 2] concerns stability of generation of an analytic
semigroup of angle 6 while Theorem establishes
robustness of analytic EXS semigroup generation, with
indication for which X this is true. Thus, in the
case of Hilbert spaces, the perturbation results of the
present paper yield stronger statements under stronger
assumptions.  Theorems [l and 2] are time-domain
results on a finite horizon, while Theorems [§] and [9] are
frequency-domain results. Let us mention that the finite
time admissibility and the infinite one are equivalent
under EXS. Though Theorem in comparison with
Theorem ] seems to be a simple result, a deeper fact
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is that in Theorem [9 the system-theoretic operators are
treated to act in the balance aspect, contrary to Theorem
D where their actions are treated separately. It should
be stressed that in the case where the open-loop system
is statically exponentially stabilizable the assumption that
open-loop system operator generates an exponentially
stable semigroup is not too restrictive. = There are
also open-loop systems which do not generate any
semigroup, but the closed-loop state operator generates an
exponentially stable analytic semigroup. An example of
such a system is given in Section[6l

Example 1 of the present paper corresponds to

an SISO control system with D = d € F1f}4—a

(by @2) and H* = h € D((—A)3/* %), ¢ > 0
({(Az, P)i20.0) = (=AY )z, (AP h)2 01y
(see @7)). Thus the assumption (i) of Theorem [ is
satisfied with § = 3/4 + ¢ and the assumption (ii)
holds for v = 1/4 + ¢, so 8+ v > 1 and the
assumption (iii) is not satisfied. Thus this example is
beyond the scope of Theorem Pl but it is captured by
Theorem [9] as elucidated in Section 4.1l Moreover, as
shown in Sections and spectral methods can
also be applied to establishing EXS analytic semigroup
generation under feedback perturbation, although with
tiresome consideration.

A relation with the theory of robustness of strong sta-
bility (Paunonen, 2014) is commented in Remark[3l

Example 2 of Section[3] demonstrates that Theorem[9]
still remains an effective tool for obtaining analytic
EXS semigroup generation, contrary to spectral methods
(its state operator is not a Dunford—Schwartz spectral
operator).

The paper is structured as follows. In Section [2] an
overview of the theory of boundary controlled systems in
factor form is presented. The main aspects of direct and
perturbation attempts are stated in Section 8l Examples
are widely discussed in Sections[and[3l Complementary
results and relationships with some related problems are
given in Section[@

2. Overview of control systems in factor
form

Consider a class of control systems with observation
governed by the model in factor form,

(t) = Alz(t) + Du(t)],
z(0) = zo, (D
y(t) = Ca(t),

where the linear state operator A : (D(A) C H) — H
acts on a Hilbert state space H with scalar product (-, - )y
and is invertible with A~! € L(H).

C : (D(C) € H) — Y is an observation (output)
operator, such that D(A) C D(C) and H := CA™! €

L(H,Y). Here Y denotes an output space which is a
Hilbert space with scalar product (-, -)y.

D € L(U,H) with range R(D) C D(C), CD €
L(U,Y) is a factor control operator and U stands for a
space of controls which is also a Hilbert space with scalar
product (-, )y.

Two cases where CD € L(U,Y) are indicated in
Section[6l

2.1. Semigroups and state operators.

Definition 1. A family {S(t)}+>0 C L(H) is a
Co-semigroup on Hif (i) S(0) = I, S(t +7) = S(t)S(7)
for t,7 > 0 and (ii) S(¢t)xo0 — o ast — 0 for every
xg € H.

{S(t) }+>0 is exponentially stable (EXS) if there exist
M > 1, a > 0 such that

”S(t)”L(H) < Me™ o vt > 0. 2)

The generator of a C semigroup {S(t)}+>0 is defined by

1
Axy = }IZILI%) E[S(h):vo — Zo),

D(A) = {ro € H: 3 Jim %[S(h)xo — o))

Theorem 3. (Hille—Phillips—Yosida) A linear operator
A : (D(A) C H) — H generates a Co-semigroup
{S(t)}t>0 satisfying the growth estimate ||S(t)|Lm) <
Me*t fort > 0 and some M > 1, w € R (by the prin-
ciple of boundedness every Cy-semigroups satisfies this
estimate) iff A is closed densely defined and its resolvent
(sI — A)~! satisfies the estimate

|[(sT — A)inHL(H) < Vs >w, VnelN.

(s —w)m

Theorem 4. (Priiss—Huang—Weiss) A Cy-semigroup gen-
erated by A is EXS iff s — (sI — A)~*! is in the Hardy
class H°(CT,L(H)), Ct = {s € C: Res > 0}.

The main contribution is due to Priiss (1984). A new
short proof is given by Curtain and Zwart (1995, Theorem
5.1.5, p. 222). A yet another proof is given by Engel and
Nagel (2000, pp.302-303).

In what follows we shall assume that A generates
EXS semigroup {S(¢)}+>0 on H. As H is a Hilbert
space, this implies that A* generates EXS semigroup
{S*(t)}+>0 on H. Since the resolvent s — (sI —A) 1z
is the Laplace transform of t +— S(t)xo, by @, the
half-plane {s € C : Res > —a} is contained in p(A),
the resolvent set of A, which, in particular, implies that A
is invertible with A~1 € L(H).

aamcs
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Definition 2. Let 2o € Hand u € L?(0,00;U). A
continuous vector valued function ¢ — x(t) € H is called
a weak solution of (@) if #(0) = x( and z satisfies (I) in a
weak sense, i.e., the function t — (x(¢), w)y is absolutely
continuous and, for almost all ¢ > 0,

d

3 (@), win = (2(t), Awin

+ (Du(t), Aw)n, w e D(A").

Theorem 5. (Ball, 1977) A linear operator A generates
a Co-semigroup {S(t)}1>0 on H iff A is closed densely
defined and for each o € H there exists a unique weak
solution of ({I) with D = 0 and C = 0.

It is known that, if X is a Hilbert space, then
EXf = flv
D(Lx) = WH3([0,00); X)

= {f €L?(0,00;X): f' € L2(0,oo;X)}
C C([0, 00); X)

generates Cp-semigroup {Tx(t)},~, of left-shifts on
L*(0, 00; X),

(Tx()f) (7) = f(t+7),

whilst its adjoint L3 := Rx,

t>0,

Rxf=—f, D(Rx)=Wy>([0,00);X),

W4 ([0,00); X)
= {f € WH([0,00);X) : f(0) =0},

generates an adjoint Cg-semigroup of right-shifts on
L?(0, 00; X),

flr—t) ifm >t
0 if0 <7<t

(Tx(£)f) (1) := {
t>0.

2.2. Admissible observation operators. Define Z €
L(H,L?(0,00;Y)),

(Z20) (£) == HS(t)zo
[ 207 = /S*(t)H*f(t)dt .

The operator, called the observability map,

U= LyZ, D(®)={reH: Zz € D(Ly)},

is closed and densely defined, with P| DAy = ZA,
and therefore it has a closed and densely defined adjoint
operator,

P* = A*Z*’
D(¥*) = {y € L*(0,00;Y) : Z*y € D(A")},

and ¥*| 5 ) = Z*Ry.

Definition 3. C is an admissible observation (output)

operatorif ¥ € L(H,L*(0, 00;Y)).

In Definition 3 one can alternatively assume that ¥
is bounded or, by the closed graph theorem, R(Z) C
D(Ly).

Lemma 1.  If C is admissible, then ¥ is also a lin-

ear densely defined and bounded operator from H into
L'(0, 00; Y).

This result is proven by Grabowski (2017,
Lemma 2.1).

2.3. Admissible control operators. Define W €
L(L*(0, 00; U), H),

Wf ::/ SE)Df(t)dt
0
[& W™ xg) (t) = D*S™*(t)xo] .
The operator, called the reachability map,

P = AW,
D(®) = {u € L?(0,00; U) : Wu € D(A)},

is closed and densely defined, with ®| D(Ry) = WTRuy,
and therefore it has a closed and densely defined adjoint
operator,

@ = Lywr,
D(®)={ze€H: Wz e D(Ly)},

with &%, 4. = W7 A",

Definition 4. D is an admissible factor control operator
if ® € L(L*(0,00; U), H).

In Definition 4 one can alternatively assume that ®
is bounded or, by the closed graph theorem, R(W) C
D(A).

Using duality arguments, we can state the following
result (Grabowski and Callier, 1999).

Lemma 2. D is an admissible factor control operator iff
D* A* is an admissible observation operator with respect
to the semigroup {S*(t) }1>o.
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2.4. Representation of the state. In what follows
BUC([0,0);Z) denotes the Banach space of bounded,
uniformly continuous functions defined on [0,0c0) and
taking values in a Hilbert space Z, equipped with standard
norm

[ fllBuc((o,00);2) = sup [Lf(£)1z,
t>0

f € BUC([0,00);Z),

whilst BUC ([0, 00); Z) will stand for its closed subspace
consisting of functions that have zero limit at infinity.

Theorem 6. [f A generates an EXS Cy-semigroup and
D is an admissible factor control operator, then, for every
xg € Handu € L*(0, 00; U),

x(t) == S(t)xo + PRy,

Jut—T1) ifT <t (3)

where R; € L(L2(0, o U)), |Rt||L(L2(0,oo;U)) = 1,
R: = Ry is called the operator of reflection at t, there
holds x € BUCy(]0,00), H) and x is a unique weak solu-
tion of ().

Furthermore, for every z € H the function t —
(z(t), 2)u is in L*(0, 00).

For a proof, see the work of Grabowski (2017,
Thm. 2.1).

2.5. Representation of the output. Now we pass to
the construction of the system output in operator form. For
that we assume that the system transfer function

G(s) :=sC(s] — A)"'D—CD

“4)
=s*H(sI — A)™'D —sHD — CD
(thus G is well-defined for Re s > —q) satisfies
G € H®(CT,L(U,Y)). (5)

Let us remark that G is analytic on a set containing c+
and (@), jointly with EXS, implies that G grows no faster
than quadratically on C™,

IG($) Loy < IsPIHI(I — A~ [[ID]
+ IslIIZI[IDI] + lcD]l,

whence, by the Phragmén—Lindelof theorem (3)) is met if
G is bounded on iR, 72 = —1 (Arendt ef al., 2011, Thm.
3.9.8, p. 176).

Theorem 7. Let C and D be admissible and let ©A) hold.
Then, for every xo € H and u € L*(0, 00; U),

y = Pxo + Fu, (6)

0+/\%
IC

where T € L(L*(0, 00; U), L*(0,00;Y)) constitutes the
input—output operator,

(Fu) (t) :== % (®[Du(1)]) (t — 7)dT — (CD)u(t).
0
Moreover,
d

g [Hxz(t)] = y(t) + CDu(t) e

= Cz(t) + CDu(t).

For a proof, see the work of Grabowski (2017,
Thm. 2.2).

3. Perturbation theorem for boundary
control systems in factor form

3.1. Problem statement. Consider the Lur’e sys-

tem of automatic feedback control having the structure

depicted in Fig.[[l Under the standing assumptions: A

generates an EXS Cy-semigroup, CD € L(U,Y) and

G € H®(C*, L(U,Y)) we formulate the following task.

Problem 1. Characterize those static feedback operators
K € L(Y,U), which gives rise to a closed-loop
state operator A, that generates an EXS Cy-semigroup
{Se(t)}i>o0-

3.2. Operator description of the closed-loop system.
Substituting the feedback equation © = —Ky into (@), we
get
y=Wxy+ Fu=Pzy—FKy
— ([ +FK)y = ¥a,

or, in the frequency-domain
(I+GK)j =Tz, .

The complete operator-theoretic description of the
closed-loop system is depicted in Fig.

The following result is clear (Weidmann,A 1980,
Problem 5.26, p. 106, with A = 1; A = K, B = G(s) or
conversely).

Lemma 3. IfC, D are admissible, [3) holds and
[I +GK]™' € H®(CT,L(Y))
— [[+KG|"' € H®(C,L(U)), (8)

CONTROLLER PLANT

u(t) |#(t) = Alz(t) + Du(?)] y(®)
y(t) = Cx(t)

Fig. 1. Lur’e control system with negative feedback.

aamcs
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S(t)
B CONTROLLER i
il
FEEDBACK ||
:1005r o Xy i u ®R, + Nzt

Fig. 2. Operator-theoretic diagram of the Lur’e control system.

then w € L*(0,00;U), or equivalently & = —K(I +
GK)~'Wzy € H*(C*,U). Moreover, K(I + GK)™! =
(I +KG)~K.

Remark 1. L, Lo € L(H). If || L=Y(L — Lo)|| < 1, then,

by the Neumann series theorem, [I — L7 YL - Lo)] =

L(H), whence [I — L™Y(L—Lo)] ' L™' = L;' «
L(H). Taking Ly = I + G(jw)K, L = I + G(s)K.
s € C*, |s — iw| sufficiently small, and we conclude that
(®) implies

[I+G(iw)K] ' € L(Y), weR.
3.3. Abstract differential model. Inserting the static
controller equation v = —Ky into (), we get the
closed-loop system equation

&(t) = Acx(t),
{x(O) = Zo, ©)
Az = A(x — DKCx),
(10)

D(A;) ={x € D(C): 2 —DKCx € D(A)}.

Lemma 4. If D* A* extends from D(A*) to an operator
D# with a larger domain D(D#) such that R(H*) C
D(D#), D¥H* = (CD)* and (I + G(0)K) is boundedly
invertible, then the closed-loop operator (I0) is densely
defined closed and has a densely defined closed adjoint
operator,

Atw = A* (w — H*K*D#w)
D(A}) = {w € D(D¥) : (11)
w— H* K*D#w € D(A*)}.
Proof. We start by demonstrating that
Al = At + DK[I - CDK) H*. (12)

Clearly, A;! € L(H), which implies that A, is closed.
Next, we find A_ * and verify that ker A * = {0}. Hence
R(A:') = D(A.) = H, so A, is densely defined. The
last step is to get (II). Details are given by Grabowski
(2017, Lemma 3.2). [ ]

3.4. Perturbations of Cy-semigroup generators.

Theorem 8. Let A generate an EXS Cy-semigroup
{S8(t)}4>0 on H, R(D) C D(C), CD € L(U,Y), C
and D are admissible operators, and D* A* extend from
D(A*) to an operator D¥ with domain D(D#) such that
R(H*) C D(D¥) and D¥* H* = (CD)*. Assume that )
and (8) hold. Then, the closed-loop operator A., defined
by (I0), generates an EXS Cy-semigroup {S.(t)}i>0 on
H.

Proof. By Lemmald] A, is closed and densely defined.
From Theorem [6] we know that for each o € H the
Cauchy problem (I0) has a unique weak solution and the
assertion follows from Theorem[3with A replaced by A...

]

Theorem [8] appeared in the work of Grabowski
(2017), where CA~! = H*, rather than H, so the role of
H and H*, reversed in comparison with the present paper.

3.5. Generators of analytic semigroups.

Definition 5. The Co-semigroup {S(t)}+>0 is analytic
if the semigroup operator [0,00) > t — S(t) € L(H)
extends analytically in some sector
Sp:={z€C:|argz| <0,|z| >0}, 0 e (0,7)
to an analytic function Sp > z — S(z) € L(H) and, for
every x € H, we have S(z)x — xasz — 0,z € Sp.
The extended function necessarily satisfies the
semigroup property
S(2)S(w) = S(z +w), Yw, z € Sy,
and is referred to as an analytic semigroup. The basic
theory of analytic semigroups is presented, e.g., by Pazy
(1983), Engel and Nagel (2000), Kantorovitz (2000) and
Arendt et al. (2011), and we mainly follow them below.
The next result will be of paramount importance.

Proposition 1. A generates an EXS analytic semigroup
{S(t)}i>0 on H iff (i) Ct U {0} C p(A) and (ii) s(sI —
A)~t € H*(C*,L(H)).

Proof. 1f A generates an analytic semigroup, then, by the
result of Arendt ez al. (2011, Cor. 3.7.17, p. 157, with a =
0), there exists 7 > 0 such that s(sI — A)~! is bounded
ontheset {s € C*:|s| >r > 0}.

By the EXS of {S(¢)}:>0, the resolvent set p(.A)
contains the half-plane Res > —e, ¢ > 0, whence (i)
holds. Moreover, (sI — A)~! is then bounded on C*.
Hence s(sI — A)~! is bounded on {s € CT : |s| < r}.
Thus s(sI — A)~t € H*(C*,L(H)), i.e., (ii) is met.

Conversely, if (i) and (ii) hold then, by Arendt et al.
(2011, Cor. 3.7.12, pp. 154-155), A generates a bounded
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analytic semigroulﬂ (Arendt et al., 2011, Def. 3.7.3,
p. 150). 0 € p(A) means that A=! € L(H), and the
resolvents of A and A~! are tied by the identity

(s —A)!

= sTIAT (T — AT, seCt, (13)

whence

s(sl —A) t=—A (s T A
=—s s -AH T+ L

The inversion s — 1/s is an isometry on H*(C ™, L(H)),
giving s(sI — A™')"! € H>*(C',L(H)), and,
consequently, sA™(sI — A1)~ € H>(CT,L(H)).
Applying the inversion s — 1/s once more, from (I3
we get (s — A)~1 € H®(CT,L(H)). By Theorem[] the
semigroup {S(t) }+>0 is EXS. [ ]

We can also formulate a sufficient condition for EXS
semigroup generation.

Definition 6. A densely defined operator A : (D(A) C
H) — H is a convexoid if the closure of its numerical
range W(A) := {{Az,z)y : * € D(A), ||z|u = 1}
equals co[o(A)], i.e., the convex hull of its spectrum.
Important facts concerning the numerical range are
as follows:
° al + BA) =a+ FW(A).
[

U*AU) = W(.A) for any unitary U.

w(
w(

e W(A) is convex (Toeplitz—Hausdorff theorem).
w(

A+ B) Cc W(A) + W (B), A, B € L(H).

Let A be the direct sum operator @@, Ay, defined
on the direct sum Hilbert space H = @ ; Hy,, Then

WA = cleo L"u_"l W(Ak)}

(Bouldin, 1971, Lemma 1, p. 214).

e A hyponormal operator is a convexoid. Recall
that a densely defined operator A is hyponormal
if D(A) C D(A"), and [|Af[la > [lA"fl[u for
f € D(A). Every hyponormal operator is para-
normal_, ie. |AfIE < |A2fllulflu for f €
D(A? ﬂ, however, the paranormal operator may be
not a convexoid (Furuta, 2001, p. 114, Example 4).

I'The analytic extension of a semigroup operator is bounded in a sec-
tor Sy for each 6’ € (0, 0).

’Let A be hyponormal. Then f € D(A2?) = ||A%f|ln =
(Af, Af)u. By hyponormality, Af € D(A) C D(A*), so
1A% flln = (f,A* AN < [Iflull A Aflln < [|A%Flull £l

whence A is paranormal.

Proposition 2. If W (A) C C\ Sy with 0 > /2 and
0 € p(A), then A generates an EXS analytic semigroup
on H.

Proof. Take A ¢ W (A). Then, with z € D(A), ||z|n =
1, we have

0 < dist(A, W(A)) = dist(A, W(A))||z||a
< X = (Az, 2)u| = [M]lf — (Az, 2)ul
= (M = A)z, z)u| < |(M — A)z||n.

Since A € p(A), we have

VA ¢ W(A).

(14)
The right-hand side of (I4) can easily be estimated (draw
a figure) by

1
— -1 dist(\. W(A))
(AL —A) " lom < dist(\, W (A))

o
|Alsin (0 — %)’

provided that A € C™. Finally,

v
sin (9 — g)

and the claim follows from Proposition[1l |

IAMAT — A) L) < <oco VYAeCTh,

Remark 2. In the proof we used the reasoning of Kato
(1995, Thm. 3.2, p. 268) and Pazy (1983, pp. 12-13).

The result takes a sharper form for convexoids since
then W (A) = colo(A)]. For a discussion of (I4) in the
last case, see the work of Orland (1964), Furuta (1977,
Prop. 2.1) or Gustafson and Rao (1997, p.154).

Proposition 3.  If A is similar to a convexoid, o(A) C
C\ So with§ > 7/2 and 0 € p(A), then A generates an
EXS analytic semigroup on H.

Proof. Let A be similar to a convexoid 7 via a Banach
isomorphism 7', that is, T AT = J. Moreover,

o(A) = 0(J) C colo(A)] = co[o(T)] = W(T).
For 7 the basic estimate (14) reads as

1

= dstOv, colo (7))
1

- dist(A, co[o(A)])’

1A = ) lzay

where A ¢ co[o(A)]. Multiplying both the sides on the
condition number cond(T) := ||T |, |7~ ||y of the
similarity transform 7", we obtain

B cond(T)
cond(T)||(A — T) ™ lnqw < distOn, colo (A])

aamcs
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The LHS majorizes || T'(A — J) " '"T~|pmy = [[(M —
A)~!|L(n) and the rest of our proof mimics the final part
of that of Proposition2] which is possible because, by the
convexity of C \ Sy, o(A) C C\ Sy implies co[o(A)] C
C \ Sp. ]

Proposition [2] generalizes the result of Janas (1989,
Prop. 3.1) proved for hyponormal operators.

Example 1. For H = C?,

A= [ R ] € L(C?),

which is not hyponormal, whence the result of Janas
(1989, Prop. 3.1) is not applicable. We have o(A) =
{)\7 A}?

1 V3

A=——+—1

52"
and co[o(.A)] is the segment joining eigenvalues. By the
elliptical range theorem (Shapiro, 2017), the numerical
range is the ellipse

2 2
W(A):{SE(CZ4<RQS+%) +(ImTS)§1},

depicted in Fig. B Since iR is tangent to W (A) at 0, the
assumption of Proposition2]is not satisfied. However, .4
is similar, via a modal matrix

1 o1 1 !
T{/\ X]‘:’T 2¢1mA{ A —1]’

to its diagonal Jordan form T—* AT := J = diag{\, A},
which is a normal matrix, whence A is similar to a
convexoid J. o(A) and its convex hull are contained
in C\ Sy with § > 7/2, and Proposition [3 confirms
the well-known fact that 4 generates an EXS analytic
semigroup. ¢

Fig. 3. Numerical range of A.

3.6. Perturbations of analytic semigroup generators.

Theorem 9. Let A generate an EXS analytic semigroup,
and assume that IC € L(Y, U) is such that (8) holds. Then,
the closed-loop system operator A, given by (I0) gener-
ates an analytic EXS semigroup iff

s+ sA(sI — A)"'DK[I + G(s)K] ' HA(sI — A)~!
€ H®(C",L(H)).
5)
Proof.  In accordance with Proposition [[l we have to
prove that C* U {0} C p(A.) and s(sI — A.)"! €
H>(C*,L(H)).
Consider the resolvent equation for A,

st — A(xr — DKCx) = z € H, seCT.

Applying the resolvent of A to both the sides, we obtain

s(sI — A)te — A(sI — A)~'(z — DKCx)
= (s — A)~ 'z,

which yields
x+ A(sI — A)'DKCx = (s — A1z . (16)

In order to determine Cz, we apply C to both the sides,
which leads to

[1 + é(s)pzc] Cx=HAGSI— Az . (17

Since A generates an EXS analytic semigroup, the RHS
of (T is in H*(C™T,Y), which, jointly with (8), yields
Cx € H®(CH)Y),

Cx = [I—i— é(s)lC} 1HA(SI - A7tz (18)

Substituting (I8)) into (16), we obtain the resolvent of
A representation on s € C*:

(sT — A)~"
= (s —A)~*

— A(sI — A)7'DK[I + G(s)K] " HA(sI — A),
(19)

but, due to Remark [I (I9) is valid on C*+. Multiplying
both the sides by s, employing (I3) and applying
Proposition[T] we get the claim. |

The assumption that A generates an EXS analytic
semigroup can be weakened using the stabilizability con-
cept as indicated in Section[6l

Under the parabolic regularity, there holds

S(t)xg € D(A™>) Vit > 0, Vzo € H.
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This enables us to state simpler definitions of the
system-theoretic operators. The observability map reads
now as

(Txo) () = CS(t)zo
= H.AS(t).’L'Q, t>0, zg € H,
C(sI —A)™' = HA(sI — A)~!
€ H*(C',L(H,Y))

whilst C is admissible iff C(sI — A)~!
for every xg € H.
Moreover, if the latter holds, then (I8) means that C
is open-loop admissible if it is closed-loop admissible.
For the reachability map one has

ro € H*(CH,Y)

‘I’u:/o AS(t)Du(t) dt

t
= ®Ru= / AS(t — 7)Du(r) dr.
0

For the kernel of this convolution one has A(sI —

A)~'D € H>*(C*,L(H,U)) whilst D is admissible iff

D*A*(sI — A*)~'xzy € H*(C*,Y) for every zp € H.
The following holds for the input—output map:

(Fu) (t /HA2 (t — 7)Du(r) dr,

(Fu)(s) =

and F € L(L?(0,00;U),L%(0, 00;Y)), provided that (&)
holds.

We can see that (I3)) establishes a balance condi-
tion between the growth of the Laplace transforms of the
reachability and observability maps and the closed-loop
system transfer function.

The assumption (I3) of Proposition [l holds if either
C = HA or D* A* is a bounded operator.

= CA(sI — A)'Da(s) = G(s)a(s)

4. Example 1: An unloaded RC electric
transmission line

Consider the negative feedback system, depicted in Fig. 4]
consisting of an unloaded electric ‘RC transmission line
and a proportional controller (operational amplifier) with
gain IC € R. Here R, € denote respectively the resistance
and capacity per unit of length.

The plant dynamics are governed by the equations

of a general SRLCS transmission line with & = 0
(conductance) and £ = 0 inductivity,
0 =—Vp(0,7) —RIO,7),
eVi(0,7) = —1Iy(0,7),
I(1,7) = 0,
U<T) - V(07T)7
Y(T) = V(l,T),

T > 0,60 € [0,1]. Time rescaling z(0,t) = V (0, RCt),
u(t) = U(RCt), y(t) = Y (RCt) yields
x4(0,t) = x99(0,t), t>0,0<0<1,
29(1,t) = 0, t>0, 20)

u(t) = z(0,¢), ¢>0,
y(t) = =(1,t), =0,

and we want to know whether this system is well-posed
and has desired asymptotic behaviour, possibly EXS.

In the Hilbert space H = L%(0,1) with standard
scalar product, the dynamics @2Q) can be written in
preliminary abstract form as

T =ox,
T = u, (21
y = cta,
with
ocx=12", D(o {J?EH2O : —O}

TT = x(O), D(r) = Cl0, 1] > D( ),

and o is a closed linear operator, while 7 is the so-called
operator of boundary control.
The observation functional C = ¢# is given by

ctr=2(1),  D(c*)=C[0,1]. (22)
From the relationships
de D(o), od=0, Td = —1,

we determine a factor control vector d,

d=—-1¢cL?0,1), 10)=1, 0<0<1, (23)

d € D(c#) with ¢#*d = —1. Thanks to this,
T[z(t) + du(t)] = Ta(t) + Tdu(t)
= 712(t) — u(t) =0,
i.e., z(t) + du(t) € ker 7. Next,
z(t) = ox(t
= ox(t) + odu(t)
= olz(t) + du(t)] = Alz(t) + du(t)],

~— —

R¢-electric
transmission line

v (o, T+

Fig. 4. Proportional feedback control of an PRC€ transmission
line.
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provided that A := o[, ., here given by

Ax = 2",

24
D(A) = {z € H*(0,1) : /(1) = 0,2(0) = 0};

A = A* < 0 with the resolvent (for a method of its
derivation, see Appendix [A])

((sI —A)~") (6)

_ _/0 sinh 1/s(6 — 1)
0 Vs

n sinh/s0 !

V/scosh /s Jg

The inverse of A

ne=-[{"

is a Hilbert—Schmidt operator and, by the discrete version
of the spectral theorem, the spectrum of A consists of
countably many eigenvalues {\,}nez+, Z* = N U
{0}, and there exists a system of the corresponding
eigenvectors {ey, }nez+ being an orthonormal basis of H,

v(r)dr 25)

coshy/s(1 — 7)v(7) dr.

if 6<7
if 6>r71

}f(T) dr (26)

Ap = — (g +n7r>2, en(0) = V2sin (/2 + nr) 6,

0 <60 <1, n e Z*. A generates on H an analytic,
self-adjoint semigroup {S(t) }+>o0,

oo

S(t)xo = Z e>‘"t<x0, €n)HEn

n=0

Vaeg € H, Vit >0.

This semigroup is EXS as, by Parseval s identity, @)
holds with M = landa = — Ay =

We have c# A~z = (z, h}H, Whence h(f) = -0,
6 €[0,1].

Similarly

<A!E, d>H = —

and thus d* A* = d* A extends to

d*x = 2/(0),
D(d#) =C'[0,1] > h,
d*h = —1=c*d.

Notice that h’ = d and

ey =en(1) = (—1)"V2,
d#e, =€l (0) = V2y/ =,

whence

Z(_/\n)2'€|<hven>L2(0,l)|2

n=0

= Z(—An)2“72|c#en|2 < 0
n=0
<~ K=3/4—c¢
= he D((—A)**=. (@27
Analogously,
Z(—An)2“|<d, en>L2(0,1)|2
n=0

— Z(f)\n)%’2|d#en|2 < 00

n=0

— k=1/4—¢
=d e D((—A)Y*=. (28)

Furthermore, for all f € L2(O, 00), if

5| = ‘/ = (1) dt‘ Il fllL2 o, N7 IL2(0,00)

vV—2Re\,
then
S leFenlf-an < 30 W o
n=0 ! " _n:0 _Re)\n 7

and, by the spectral criterion of admissibility (Grabowski,
1995, Prop. 2.1), c# is admissible.

For f(t) = t~*/*e~* one has f € L2(0,00), f(s) =
(s +1)73/41(3/4) and

Z |d#en|2|f<_)‘n)|2
n=0

_ Ar@))” & (2n+1)° _
u ,;J [+ (2n +1)2]*?

Thus d# is not admissible and, by Lemma 2] d is not
admissible. This eliminates the use of Theorems [§| and
Mwith p = 2.

4.1. Perturbation approach. Using 23) and 23) we

find L /36
“1g)() = OBVE

(A(sI — A) cosh /5
and, by @) and @2
~ 1
e LB S
G(s) =sc™ (sI — A)""d—c"d cosh 5 (29)

30ne can also use ¢#(sI — A)~'v = h*A(sI — A)~lv =
L sinh/s0

Sinh VS0 ) e,
o /scoshy/s
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where s ¢ {\, }nez-. Since for s € C* there holds

|cosh /s|”

:sinh2\/|s|+%+l sin 5 2R6321,

one has G € H™(C*) with the norm ||CA;HH00(<C+) =1
achieved at s 0. The boundedness of G on JR
is confirmed by the Nyquist curve depicted in Fig.

determining the spectrum o(F) = G(C+). Notice that
G(0) =1,

1
coshr’

G(£2r%) = —
and therefore
1
% ¢o(F)NR
= G(CH)NR < K (~1,coshm). (30)

This means that for K € (—1, cosh ) we have

s [T+ Gls)k] 1 = oS

— Y _ ¢ H>®(CM).
cosh\/g—i—ICE (€

Lemma 5. For s € Ct, we have the following estimates

1P* A(sT — A) 7 IE .0

2 1
< + , (3
2 (T V2Is3/2
|sI* + (2)
4 2
JA(sI — A)~ 1|l < 5+ (32)

ORI

Proof. Let s € C*. Using Parseval’s identity, we get

[P* A(sT — A) |3 .0
= [A(SI — A)~ 'l

oo

=" [(ABI — A hyen)n|”

n=0
o~ el

Z|S_)\ 2
_Z (Res— A

2 4+ Tm?s
2
n=0 2 (— )
|s] 2+ﬂ'n
2
<
TRGA T
2
<

Z
\

==l

Fig. 5. Nyquist curve {G (iw)}oer; G given by @9).

e 2
—d
+/0 5|2 + mind s

/ R | ™2
0 ]. =+ y4 4
from which we obtain (3I)). Similarly,

[ A(sT — A)~ ][

*Z| (sI — A", en)n iﬁ

s — Anl?
o0

B Z =2\,
= (Res—\p)? + Im? s

2
00 2(g+7rn>

- 4 +/°° 4 dn

sl + (I>2 o ls|+m2n2’
2

which yields (32). [

Since 1+11Cc6 € H>(CY), from Lemma[3] it follows

that
s r—)# [31/4.»4(3[ - A)_ld}
1+ KG(s)

X {53/4h*A(sI — A)_l}
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is in H*(C*, L(H)), so (T3 is fulfilled.

All assumptions of Theorem [9 hold and, by its
assertion, the closed-loop system state operator (10) here
equals

Acz = A(x — Kdc# z),
D(A.) = {z € D(¢*) : x — Kdc*z € D(A)};

equivalently,

Az = 2",
D(A,) = {z € H*(0,1) : 2/(1) = 0, (33)
z(0) + Kz(1) = 0}

generates an analytic EXS semigroup on H, provided that
K € (—1,coshm).

Remark 3. Let A be a closed densely defined and
boundedly invertible operator, A~ € L(H). Suppose that
the strong stability of the analytic semigroup {e™4" };>¢
(e " zlly — 0 as t — oo for every z € H)
implies that A generates an EXS analytic semigroup
{S(t)}+>0. One can apply Theorem [9 to find sufficient
conditions under which 4. generates an EXS analytic
semigroup, too. After DeLaubenfels (1988) and Arendt
et al. (2011, Thm. 5.5.5b, p. 374), we may conclude
that {e™A '}, is strongly stable. This method allows
getting the robustness of strong stability under a weakened
assumption in comparison with the result of Paunonen
(2014).

Indeed, in the example under discussion one has that
A=Y = A= < 0is a compact (even a Hilbert—Schmidt)
operator generating a strongly stable analytic semigroup
¢A"'. Hence A = A* < 0 generates an EXS analytic
semigroup. Above we established that A. generates
an EXS analytic semigroup for K € (—1,coshm).
By DeLaubenfels (1988) the operator A ' generates a
bounded analytic semigroup, and Arendt et al. (2011,
Thm. 5.5.5b, p. 374) yields strong stability of e . In
comparison, the results of Paunonen (2014) require that
the sum of fractional powers allowed in (27) and (Z8) be
greater than or equal to 1, which does not hold here.

4.2. Direct approach for |KC| # 1. We shall prove
that the closed-loop state operator 4. is similar to
a normal operator using the LM-similarity method,
presented below in several steps.

Step 1. We start from the discrete skew-adjoint operator
Ne:=¢', DN)={peH(0,1):9(0) = p(1)}

with spectrum {2nmi},cz.

Step 2. The operator (N — al)?, Ima € [0,27) is
normal,
(N —al)’p = ¢" —2a¢’ + a*p, D (N - al)?)
= {p € H(0,1) : 9(0) = (1),
¥'(0) = ' (1)},

with spectrum {(2n7i — a)?},ez located on a parabola
(possibly degenerated to a ray). An appropriate selection
of a allows us to match the spectra of (A" — al)? and A...

Step 3.  Apply the Banach isomorphism M € L(H),

p(0) = (M) (8) = e’ (6),

to get the similarity between (N — al)? and the second
order differentiation operator

6 €0,1],

M YN —al)* Mf = f",

D (M N —al)*M)
={f €H*(0,1): f(0) = " f(1),
f(0)=e"f'(1)}.
Hence, the operator M matches the formal definition of

(N —al)? with the formal definition of A.; however, their
domains are not the same (different boundary conditions).

Step 4. The domains (boundary conditions) can be
matched by applying the operator £ € L(H),

f(0) = (Lx) (0) = x(0) +yx(1-0). (34

which is a Banach isomorphism, provided that 1 —~?2 # 0.
Then the inverse operator reads a

f(0) —~vf(1-90)
1—72 '

(L)) =

L makes the formal definition of M~Y(N — al)*M
unchanged because L7 (Lx)" = L7 L2 = 2", but the
boundary conditions

{ re® — 1]2(0) + [ae® —y]a(1) = 0,
[1+ 7€ 2/(0) + [ — ev]'(1) = 0.

are matched iff
14+~e® =0,

y+et=—1, (e —~)=K(ye*—1).

Hence
v=—e" % cosha=—-K.

4From (34) we get f(1—0) = x(1 —0) +~x(6), whence the values
of f and x at 6 and 1 — 6 are tied by two linear algebraic equations.
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Excludinga =0 < K=-landa=mi < K=
1, we get

(Lz) (0) = 2(0) — e *z(1 — 0),

1
(E_lf) (0) = —m I:ZE(Q) + e_afE(l — 9)]
and
cosha = —K, \n = (2mni —a)?, n€Z.

Next, if I < —1 then

a€R, a=arccoshK =In(|K| + /K% —1).
Since cosh(a — wi) = — cosha = K, for L > 1 we have

a = arccosh K + mi = In(|K| + VK2 — 1) + mi

and, as cosh((m — arccosK)i) = cos(m — arccosK) =
—IC, we have

K| <1= a = (7 — arccos K)i.

Moreover, if K € (—1, cosh7), then the spectrum of A,
is in a sector C \ Sz 4. and \,, are zeros of cosh /s + K.

By Proposition B, A. generates an EXS analytic
semigroup, which confirms the result of the previous
section for £ # 1. The case K = —1 was treated
by Ionkin (1977), who proved that then .A. possesses
a system of eigenvectors and generalized eigenvectors
which forms a Riesz basis of H = L?(0, 1).

4.3. Direct approach for IC = 1. The case K =
1 <= a = im will be analysed in the present section
using the method of block operators. First of all we notice
that

(W =im)2f) (0) = f"(6), DN —im)?)
= {f €H(0,1): f(0) + f(1) = 0,
f1(0) + f'(1) = 0}
is self-adjoint with the double eigenvalues —(2km — 7)2,
k € N as depicted in Fig. |6l and with the ONB of the
corresponding eigenvectors
ean—1(0) := V2 cos[(2km — 7)),
ear(0) := V2 sin[(2kr — 7)6].

(® ®
—2572 —972 —72

Fig. 6. Spectrum of (N — i7)>.

This operator is no longer similar to the closed-loop
operator A, for I =1,

(Af)(0) = £,
D(A.) ={f €H*(0,1): f'(1)=0, (35)
f(0)+ f(1) =0},

with the adjoint operator (its form is consistent with (1))

(Azv)(0) =",
D(A?) = {v € H*(0,1) : v(0) =0,  (36)
v'(0) +v'(1) = 0}.

This is because .4, has generalized eigenvectors.

Lemma 6. A. has a system of eigenvectors and general-
ized eigenvectors

Usg—1(0) := 4 cos[(2km — m)0],
Usp(0) := 4(1 — 0) sin[(2km — 7)0),

which forms a Riesz basis of H.
Moreover, with respect to this basis, A. takes a
block-diagonal form,

Ao | Uiy Usy |

Ak =2V =M ] keN
N | :

—[Uar U ]|y

Similarly, A} has a set of eigenvectors and generalized
eigenvectors forming the biorthogonal Riesz basis,

Vaog—1(0) := sin[(2kw — m)0],
Var(0) := 0 cos[(2km — 7)0],

with respect to which it has block-diagonal form,

A Varer Vi |

=[ Var1r Var | { _2)L_)\k )E)k } , keN.
Proof. 'We shall use the method of Ionkin (1977) with
some essential modifications. The characteristic function
of the eigenproblems for (33) and @6) is cosh v\ + 1.
All its zeros Ay, are double. Writing py, := (2kw — 7) for
simplicity,

)\k = _Nia
-2 *)\k = 72/1]6,
cos i, = —1,
sin pg = 0,

we can solve the eigenproblem A, f + u3 f = 0 iff
F"(O) + ui f(0) =0,

f0)+ f(1) =0,
F(1) =o.

aamcs
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A general solution to this problem f(8) =
f1sin(ugd) + focos(ugb) is substituted into boundary
conditions, which yields f; = 0, whence f(f) =
f2 cos(uxb). Next we seek for a specially normalized gen-
eralized eigenvector determined by A.g+pig = —2u f,
g € D(A.). This requires solving the boundary-value
problem

9" (0) + pig(0) = —2p.f(0)
9(0) + g(1) =0,
g (1) =0.

A general solution of the first equation,

9(0) =go sin(px0) + g1 cos(uxb)
 fa[cos(urb) + pxd sin(px0)]
Ik ’

is again being inserted into boundary conditions, which
yields go = fo.  Moreover, one should assume
g1 = fo/ur in order to ensure that a system of
generalized eigenvectors will be quasinormalized. Recall
that quasinormalization is necessary for the existence of a
set of eigenvectors and generalized eigenvectors forming
a Riesz basis. Hence,

9(0) = fasin(uxt) — f20 sin(pr0)
= fo(1 — 0) sin(uxh).
It is clear that
_ —pE —2p

The biorthogonal system with respect to {f, g} is sought
in the form {G, F'} in order to have the representation

ale ri=[c r]| ph O]

Hence F' is an eigenvector of A’ and therefore it solves
the problem

F'(6) + 112F(6)

F(0)
F'(0)+ F'(1)

0,
0,
0.

After substitution of a general solution F'(f) =
Fysin(uxf) + Focos(ukf) of the first equation into
the boundary conditions we obtain F, = 0, F(f) =
Fisin(uif). G solves the boundary-value problem
determining the special type of generalized eigenvectors,

G"(0) + piG(0) = —2u,F (0),

G'(0) +G'(1) =

Substituting the general solution of the first equation
G(0) = Ga sin(urb) + G1 cos(uit) + F10 cos(urf) into
the boundary conditions, we obtain G; = 0. Therefore,

G(0) = Go sin(pi0) + F160 cos(ur0).
Now the biorthogonality conditions
<f7 >L2 0,1) 17 <f7 F>L2(O,1) = 07
(9,G)r2(0,1) = 0, (9, F)r20,1) = 1
hold if, e.g., F1 = 1, fo = 4, G2 = 0, whence
f(0) = dcos(uib),  g(0) = 4(1 — 0) sin(u0),
F(0) = sin(uxb), G(0) = 6 cos(u10).

In what follows we shall write Us,_1 := f, U :=
g and Voi_1 = G, Vo := F. In order to verify that
{Uk }ken is a Riesz basis on its span, we calculate

>, Uul?
k=1
= Z (2, Usi—1)ul* + Z (2, Uzk)u|?.
k=1 k=1

Comparing the formulae expressing e; and Uy, we get
(recall that H = L2(0, 1))
< 62k 1>
fo— H

Z| x, Us—1)
<8 |z, exul® = 8||z|f

2

and

2

(4052,

(1 =)z, expul® < 8l

2

<

9t

Thus we have

Yl Uiz < 16)12lf0- BT
k=1

Similarly,

00
PEAGH
k=1

=> N, Var-)ul® + ) Iz, Vaw)ul*.
k=1 k=1
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Comparing the formulae expressing ej, and V},, we get

ZlSEVzk

1
< 3 S 1O exul? < glal}
and
> @, Vak—1)ul
k=1
e’} 2
(= m>
k=1 H
1 — 1
52 T, ep)u|” = §||17H£1-
k=
Thus we have
Dl Vil < llzlfzg,)- (3%)

k=1

Since the characteristic function is not identically
equal to a constant (nondegenerate boundary-value
problem), one can apply the result of Marchenko (1977,
Ch. 1, Sec. 3, pp. 28-37, especially Thm. 1.3.1,
p. 36) to conclude the completeness of eigenvectors and
generalized eigenvectors {Uy tren as well as {Vj }ren
on H = L?(0, 1); alternatively, one can apply Lang and
Locker (1989, Thm. 7.1, p. 557).

By (@), (B8) and Bari’s criterion (Gohberg and
Krein, 1965, Thm. 2.1, pp. 374-375), the system and its
biorthogonal system {V}; }xcn are Riesz baseson H.  ®

By Lemma @] the projector onto the eigenspace as-
sociated with eigenvalue \j; = — u% reads as

Pih = [Usp—1Vay_q + U2 Vay | 1

v, (39)
= [ Usip—1 Usp ] |: ‘2/]“**1 :|h,
2k

de > 0Vh € H:

1 oo
IADIIE < Y 1IPehl < [l Achlfi. (40)
k=1
It will be verified in Appendix [Bl that P}, coincides with
the Riesz projector

Pv = L (s — A.) tvds
2mi J oy, (41)

= Re}\s(s[ A)t

where v € H and C} denotes a small disc containing
inside only one eigenvalue A\, k € N.

Here \, = —(2km—m)? and it is a double eigenvalue
foreach k € N.

Definition 7.  Subspaces H,, of the Hilbert space H
form an unconditional subspace basis of H if each vector
2 € H has a unique expansion = > x,, with x,, € H,
and the series unconditionally converges in H. A compact
resolvent operator A, is called a discrete spectral operator
if its generalized eigenspaces (ranges of Riesz projectors)
form an unconditional subspace basis of H.

The following criterion is known (Dunford and
Schwartz, 1971, Corollary, Sec. XVIIL.2.33, p. 2257).

Theorem 10. (Dunford-Schwartz) A, is a discrete spec-
tral operator iff the family of sums of finite collections
of the Riesz projectors Py is uniformly bounded, and
Pyh =0 forall k € N implies h = 0.

One can see that, by (39) and {@0), A. is a discrete
spectral operator. Observe that P, = P,f, P.D(A.) C
D(A;), AcPy = Py AcPy,but P, # P} (Py, isnoteven a
normal operator),

A Pih
= [ AUsey A || V21 |
[ cVY2k—1 c Zk] Vi
2k
2 -2 Vi
s [ ][

Accordingly, the restriction of A, to R(Py,
by the matrix
—HE 24
0 — u% ’

which can be seen by premultiplying A. P h on x*.

) is represented

Lemma 7. A. can be identified with the block operator,

o0

Aph =" AcPyih,
k=1
D(Ay) ={heH: (42)

Z A.Pyh strongly converges}.
k=1
Proof. Indeed, f,, := > ,_, Pyh convergesto h as n —

oo and f, € D(A,) foreveryn € N. If h € D(A,), we
have

Acfn =Y AcPch = Aph.
k=1

By the closedness of A, (A, has a compact inverse), h €
D(A.) and A.h = Aph, so we have A, C A..

wamcs
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Conversely, if h € D(A.), then

1Y AcPch — Achlln

k=1
= > PeAch — Achllu — 0
k=1
as n — oo; by definition of Ay, we have h € D(A,). =
Remark 4. In @2) >";° | A.Pyh strongly converges iff
v PR3 < oo. Indeed, it follows from ([#0) that

hE DAY AP = S0 | PeAchl <
oo, and A, = Ap.

The facts above justify the notation (here —iB3 is a
block operator consisting of classical Jordan cells)

N 2w
-Ac = @ Hi 2 = _827
Pl B
i [ Mk 1
ZB_@_ 0 Mk], (43)
k=1
oo r —1
_ A+ /L2 2/Lk
_ 1_ k
W -A)t=P| ") P
k=1 ‘-
Since puy = 2km — w > m, the spectral norm of the

resolvent block is

Atpdo2m ]
0 A+pf

_ Mkt g+ A+ g
A+ ug]?

If A\ ¢ B(—u2,2u), the closed ball with centre at —p?
and radius 2, then
e < A+ gl
& pi < A+ il

S uE N+ P < V2RI R,
whence

A2 2 17
0 A+ pi

1+42
A+ gl

/\EC\B(_N%72N7€)7 /Uc>0

We have |A+ p7]? = [A]2 4+ 2uy, Re A+ 3, and therefore
on C* we have

MM = Ao) Hoay < 1+ V2.

By Proposition [1, the operator A, generates an EXS
analytic semigroup on H.

The knowledge that (43) holds allows us to apply an
approach based on the concept of the numerical range. To
be more precise, we have

WA = cleo ([0, w(| 5F )

= clco (;_Jol B(—pz, 2;%)) ,

which is the set depicted in Fig.[7l By Proposition[2 the
operator A, generates an EXS Cy-semigroup.

5. Example 2: A loaded YR € transmission
line for K =1

Let us modify the example of Section [ by introducing
a resistance load Ry € (0,00) \ {1} on the output of
an RC-transmission line with X = 1. Then, still in the
Hilbert space H = L.?(0, 1) with a standard scalar product,
the preliminary dynamics (21)) are the same except for the
operator o, which by Ohm’s law takes the form

"
or =1a",

D(o) = {x cH2(0,1): /(1) = Rioxa)} .

This, via the relationships od = 0, 7d = —1 and A :=
|yer -» l€ads to the new factor control vector

1

A0 =1,

01,

and the new self-adjoint state operator

Ax = 2",
D(A) = {z € H(0,1) : /(1) = Rioxa), (a4
x(0) = 0}

with the resolvent (for a method of its derivation, see
Appendix[A)

((SI — A)_lv) (9)

0
_ sinh \/s(0—71)
= /0 — v(r)dr
sinh /s6 !

V/scosh/s — % 0
sinh /56

- Ry <\/§cosh\/§f %)

1
sinh \/s(1—7
></0 7\/\/;(1 )U(T)dT.

cosh/s(1 — 7)v(r)dr

(45)
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Fig. 7. W(A.) and its magnification close to 0.

The inverse of A,

(A7) (6)

B 1 (%—1)7’, if 7<46
a /0 (1_TR: _ 1) 6, if >0 fir)dr,
(46)

is a Hilbert—Schmidt operator and, by the discrete version
of the spectral theorem, the spectrum of A consists
of countably many eigenvalues (poles of the resolvent)
{ A} nens An = —72, where 7, are positive roots to the

equation
tan p

= R07

R0>1:>(n71)7r<7n<g+(n71)7r<mr,

R0<1:>n7r<7'n<f+n7r<2mr,
7(%+nﬂ), n €N,

~

Tn ~

and there exists a system of the corresponding
eigenvectors {e,}nen being an orthonormal basis
of H,

4T,

en(0) = sinT,f, 0<6<1.

27, — sin 27,

A generates on H an analytic, self-adjoint semigroup
S(t)zy = Z e (xg, en)uen Vag € H, Vt>0.
n=1

This semigroup is EXS as, by Parseval’s identity, @)
holds with M = 1 and o = — ).

The observation functional C = ¢ is still given by
[@2). We have ¢ A~1z = (x, h)u, whence

— RO
" 1—-Rp

Similarly, (Az, d)y = 2(0), and thus d*A* = d* A
extends to

h(6) 0

, 6€]0,1].

d#x = 2'(0), D(d#)=C'0,1] > h,
d#h = - = #d.

Notice that

1—-Ro

1 1
d=—h— W=—h-1
Ry R ’

Ry 0
4r,
# — _ 'm0
e, = sin 7,
"\ 27, —sin27, "

4,

d#e, =/ ————71,, neN.

27, — sin 271,

From (43) and (22)) we obtain
(sl — A)~ v

1 1

vl

V/scosh/s — st\/E 0
0

and (@) enables us to determine the system transfer
function
G(s) = sc™ (sl — A)~d — c¢*d
1
= S ¢ {An}nGNv
cosh+/s —

sinh /s7 v(7) dr,

47
sinh /s’ @7

Ro+/s

Lemma 8. G € H*(C*) with the norm ||CA¥HH00((C+) =
Ro

=Ryl achieved at s = (.

Proof. 1t is enough to prove that
sinh viw
Viw
(48)
With iw = (1 £19)Q, Q := /|w|/2, the left-hand side of
(@8) equals

sinh
20

2

Rg cosh Viw — >(1- RO)2 Yw € R.

sin 2
20)
sinh
2Q)

cos ) + cosh )

2
— Rg coshQcos Q]

sin Q)
20

2
+ {cosh Q cos () — Rpsinh 2 sin Q]

1
o |
+ 2Q Ry sin Q cos Q + cos® Q — 2RZ cos?

+2R20? — 2R20? cosh? QJ,

2R sinh Q cosh Q — cosh? Q
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and we have to prove that

VRy >0VQ eR:
20 [cos 202 4 cosh 202 — 2] R2
— 20 [sinh 290 + sin 2Q — 4Q] Ry
+ [cosh 200 — cos 2 — 492] >0

Since, for Q # 0, cos2Q + cosh2Q — 2 > 0,
this second order polynomial in Ry is nonnegative iff its
determinant —4Q2p(?) is nonpositive, where

p(Q2) := —2sinh 2Q sin 2Q + 802 sinh 20
+ 80 sin 20 — 802 cosh 20 — 802 cos 20

— cos? 20 + cosh? 2Q + 4 cos 20
— 4 cosh 20).

Observe that p(0) = 0 and, using Taylor’s expansion,

p'(Q) = 4(sinh 202 — sin 2Q)
X (cosh 22 — cos 2 — 4(22) >0,

whence p(Q) > 0 and therefore —4Q%p(Q2) < 0. ]

Boundedness of G on jRis confirmed by the Nyquist
curves depicted in Fig. determining the spectrum

o(F) = G(C+). Notice that

and

_ 1 (49)
— G(CY)NR < Ry ¢ (5,1).
Hence (@) holds iff Ry € (0,1/2) U (1, 00).

Lemma 9. Let Ry # 1. For s € C™, the following
estimates hold true:

3 3V2

* o —12
[[R*A(sI — A) ||L(H,C) < |s|2+Tf +4|s|3/2’ (50)

AsT — A)-d|p < — 200 !
[A(sI = A)"d|y < L sin 27y [s)2 + 7o

27'1 (51)

n 12
|s|1/2

Proof. Let s € CT. Using Parseval’s identity, we get

[P* A(sT — A) |3 .0

= |lAGI — A~}

—Z!

_ i |C#en|2
s = Af?

(51 — A)~'h, en>H|2

Z 1 —cos2Tm, 1
_ 8sin27, (Res +72)2 +Im?s
27'n

3
o) Y
2P

We employed the inequality

1 —cosx <3 ( )= 3sinx
sinx — aqL) = 2+cosx

T

for x > 0, which is true since ¢(0) = 0 and

q(z) = (m)z > 0.

24 cosx

Now, if Ry < 1 then
oo oo
3 3
- S - @@
2P S A P

</°° 3dn
=)y BEw

However, if Ry > 1, then
>
25y o

3 > 3
<
—|s|2+n4+z|s|2+ (n

- 3
P+

< 3 +/ 3 d
- — dn.
SEPEE Sy B

Thus, generally, we have

+ |s|2+n4 4
o0

1P* A(sT — A) 7|3 a0

- 3 +/°° 3dn
ST o Bt

whence, substituting
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Fig. 8. Nyquist plots of @(zw) for Ro = 2/5 (left), Ro = 1/2 (middle) and Ry = 7 (right).

we get (30) because while, if Ry > 1, then
> 27’,21 1
/ dy4:ﬂ-\/§' ;1_%|3|2+7’ﬁ
o 1ty 4 a 2Ty,
27’12 1
- sin 27 2 4
Similarly, 121 [s|* + 71
27’1
JA(sT — A)~dlf
50 H + Z | |2 n _ 1)
_ 2
— Z |<A(3[ —A) d, en>H| 27.1 1
";1 Y - 1 sin 27y |s|2 4 1
-y |7 ex| 21
n:1|37)\n|2 Z 3(n + 1)272
= a2 PR
< T .
N ,;1 1 _ SN2 [s]? 473 271 1
27'” - 1 sin 27’1 |5|2 + 7—{1
) 27
It is clear that -
+ Z 24’rl271'2 ].
2 2.2 2.2
33%33332 for x2§, o=t lsl A A fs] 4 mAm
_ 2 27'12 1
2z - 1 sin 27 |s|2 +7—{1
where its left-hand side is larger than 3 even for all x > 0. 27—1
Thus, if Ry < 1, then * Z |s| + n27r2’
- which for Ry # 1 ylelds &1). ]
27’7% 1
Z . By Lemmas [§] and [0} all assumptions of Theorem 9]

= sin 27, |s|2 4 74

hold, provided that Ry € (0, 1/2) U (1, 00), and then the

27 closed-loop operator A,

372

1k +7;T4n4 Acr = Az — dc*z),
D(A.) ={x € D(c*) : & — dc¥x € D(A)},

p'%g

n

g

12n°m
< Z 5|2 + mind generates an EXS analytic semigroup on H = L?(0, 1).
n=1 Its explicit form reads as
o 24n’m 1
< Ac — //’
—§||+n2w2||+n2w2 o "
oo D(A,) = {z € HX(0,1) : /(1) = 22,

< Z L Ry
= 25 £(0) + 2(1) = 0}.
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Let us compare the last result and that of Example 1
with an exhaustive study of the spectral properties of
the second order differentiation operator with boundary
conditions

)
aq bl ag bo ) o 0

|: C1 d1 Co do :| ) o |: 0 :| ’ (52)
)
which was done by Lang and Locker (1989; 1990). The
Lang—Locker classification is simplified in Table[I} where
A;; denotes the determinant of a submatrix obtained by
retaining the ¢-th and the j-th columns of the matrix in
(32). The second column corresponds to the classes I-VIII
and X introduced therein. Two last columns say whether
or not the operator is a spectral one (letter S or NS), while
the letter R informs us that boundary conditions are reg-
ular, see, e.g., the work of Grabowski (1999, Def. 2.9.1)
for details.

Boundary
correspond to

conditions D(A.)

appearing  in

ar b1 ap by | [0 1 0 —Ry*
C1 d1 Co do - 0 0 1
giving
App =A13=A414,=0,
Az =1, A=K, Az=Ry"

In the case of Example 1, Ry = oo, so A, belongs to the
second row of Table[dlif K # 1 and to the third row if K =
1. In the case of Example 2, KL = 1, so A, corresponds to
the last row of Table[Il In the last case all eigenvalues of
A, are single, and there exists a set of the corresponding
eigenvectors which is complete in H, but it does not form a
Riesz basis, while A, is not a spectral operator. Therefore
one cannot deduce whether 4. generates an analytic EXS
semigroup using the Riesz basis approach. This shows
that Theorem [0 yields a stronger result.

6. Discussion and conclusions

Two criteria of CD € L(U,Y). If C is closed and
R(D) C D(C), then, by the closed-graph theorem, CD €
L(U,Y).

IfY =R™and U = R", then

T
c:[ciﬁyé & ]
may even be not closable, but with

D=[d d d; € D(c;),

i=1,2,...,r; j=1,2,....m

one still has CD € L(U,Y).

Comment on the inversion formula. LetD = d € H
and H = h € H. Then the inversion formula (I2) shows
that the stated problem has common ingredients with the
theory of rank one perturbations of compact operators. It
follows from the results of Deckard et al. (1979) that there
exist d and h such that kernels of A, and A are both
trivial and eigenvectors of A, span H but the eigenvectors
of A7 do not.

Crouzeix’s contribution/conjecture. There is a link
(take r(z) = 1/\ — 2) between Propositions[2 and 3] and
the functional calculus based on the numerical range for
a closed densely defined operator A satisfying o(A) C
W (A). Then we have following:

(a) there holds that

[r(A)llee <12 sup |r(z)]
zeW(A)

for any rational function r, bounded on W (.A) (Crouzeix,
2008, p. 83);

(b) there exists a Banach similarity isomorphism 7" with
conditional number ||T|| ¢, |7 ||y < 12 such that

[r(T~ ATl < sup|r(2))]
zeW(A)

for any rational function r, bounded on W (A) (Crouzeix,
2008, p. 96). The constant 12 was later improved to 1 +
V2, and it is being conjectured that 2 is its minimal value.

Extension of Theorem [9] by stabilizability. If A does
not generate an EXS semigroup out of having a part of
spectrum o(A) in C*, one may extract, if possible, the
corresponding unstable part from (sI — A)~! using the
Riesz projector

Pf:= L/ (s —A)~'fds,
Nt

T 2mi

where 1 is a positively oriented rectifiable bounded
closed curve separating the unstable part of 4 from its
rest located in the exterior of vT. Next, representing
(sI — A.;)~!in the form

(sI —A)~*
= —P)(sI—-A)!
— {A(sT = A) DKL+ G(s)K) HA(T — A)
—P(sI —A)"'},
we can conclude that A. generates an EXS analytic
semigroup provided that the first component in the RHS
and the component in the brackets satisfy the assumption
of Proposition This idea is due to T. Kato and was

adopted to the control system & = Ax + Bu, B € L(H)
by Triggiani (1975).
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Table 1. Simplified Lang and Locker classification.

Conditions imposed on A;; Case > Pyl| | Class
A2 #0 I 1I < 00 R, S
A1g =0, A14 4+ Aoz # 0, A1g + Aoz # F(A13 + Aas) 1L, IV < 00 R, S

Aig =0, A14+ Aoz #0, Ara + Aoz = F(A13+ Aou), Asa # 0= A3 = A

V, VL, VII < 00 R, S

A1p =0, A14 + A3 =0, A34 #0, A1z + Aoy = 0, A3 = Aoy X < 00 R, S

| 0# Ay + Aoz = F(A1z + Aog), A12 = 0, A34 # 0, A1z # Ay

[ VI | o [RNS]

We have even more: the open-loop state operator
may not even generate a Cp-semigroup, but the
closed-loop state operator with static feedback K # 0
generates an EXS analytic semigroup. Indeed, take

H=120,1),
af =f", D(o)={f€H*0,1): f'(0) = 0}
T =xz(0), d=-1, Fax=uz(1),
D(7) = D(c#) = C[0, 1],
whence

A= G|ker7‘ = R2 7& "4*7

Rf=—f', D(R)=W;?0,1),
h(0) =1—0,
d*z = 2'(0), D(d*)=Clo,1],

d*h = —1 = c*d,
where d# extends d* A*. Next, the resolvent

(AT = A)"g)(0)
_ /9 sinh(vVA(0 — 7))
0 VA

is an entire operator-valued function and, consequently,

g(r)dr, g€eH

AN — A)~ g
= c#()\f — Ay
_ /1 sinh(vVA(1 — 7))
0 VA
(AN — A)~1d)(8) = cosh(VAG),
G(s) = cosh(v/s).
The closed-loop state operator has to be identified with
Acf = 1",
D(Ac) ={f € H*(0,2) : f'(0) =0,
f(0) +Kf(1) = 0}.

g()dr,

The last operator generates an EXS analytic semigroup
for K1 € (—1,coshm), K # 1.

No alternative to Lemma in Example 1. In
Example 1 one has K(I + GK)~' € H>(C") but
5 — sK(I4+G(s)K)~! ¢ H*®(C™"), so only the balance
between observation and control ensures that (I3) holds.
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Appendix A
Consider the following boundary value problem:

2'(0) = A(N)z(0) — eav(h), (A1)
M- (0) + N=(1) = 0. (A2)
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o[ 23]

— eGA(/\) _ [ cosh \/X@

sinh v\0
VA
VAsinh VA0  cosh VA0

A general solution of (AT)) is
0
2(0) = 2N 2(0) — / 0= AN gou (1) dr.
0

Substituting it into (A2), we get

(M + NeAWM)2(0) = Np,

<sinh VA= () >
=lnl=ly

hvA(1— (-
<COS V( ()),v>H
If det (M + NeAO‘)) # 0 for some A € C, then

2(0) =P AN (M + NeAM)~INp
T sinhvA(6 — 7)) )

— / N2 T dr,

0 cosh V(0 — 7)v(r)

whence the resolvent of A is

((sI — Ac) ') () = ef 2(6). (A3)

Appendix B

To justify that the projector P, (39) coincides with the
Riesz projector, we start from finding the resolvent of A,
for L = 1, which reduces to solving the two-boundary
value problem

Af(O) = f7(8) = v(6), wvel?(0,1),

f(0)+ f(1) =0, B
ff1)y=0
Introducing

o-[0]

we reduce (BI) to (&I, (A2) with M = ejef, N =1
and det (M + NeA™) = coshv/A + 1 # 0, that is, X is

not an eigenvalue of A.. Here

elTeeA()‘) (M + NeAO) )"INp

[nit S0

1 sinh v\
- cosh VA — pg— ==
1+ cosh v\ <p1 bz vV )
v Asinh v\

———p1 +
1 + cosh \/Xpl bz

B coshv/ A0/ sinh vV/A() ;
1+ cosh v\ Vi 12(0.1)

B sinh v A0 sinh v\
1 + cosh v\

n sinh v \0
b1 \/X P2,

(B2)
and therefore, by (A3), with v € H,
(A= A.) ') (0)
sinh v/\0 /1
= — cosh\/leva dy
el (1 - y)o(r)
B /9 sinh vVA( — %))
0 VA
__cosh oY Lsinh vy
coshv A +1Jo VA
B sinh v/\@sinh v\
cosh v\ +1
1 .
sinh V(1 —
[,
0 VA
where the last line consists of meromorphic functions
Li(A\)/M(N), La(N)/ M (N) of A,

M()) := cosh VA +1,

v(7)dy

v(y)dy

U sinh vy
o VA
Ly(\) := — sinh VA0 sinh VA

" /1 sinh vV \(1 — y)
0 VA

and the third line is an entire function of A (here 6 and y
are fixed).

To determine an explicit form of P, we need the
following result.

Li(\) := — cosh VA0 v(y) dy

v(y) dy,

Lemma B1.  The second order residue of f(s)/g(s),
where f, g are entire, g(so) = 0, g'(so) = 0and g" (s¢) #
0 is expressed as

) L [T o)
RS e T ds{ 0(3) }
2f(s0)  2f(50)g"(50)

7(0) Bl ()

(B3)

aamcs



amcs w P. Grabowski

Proof. Indeed, Applying the rule (B3) to (1), we get
!
[f(S)(SSO)Q} =2 fropr
9(s) M )\k
f'(s)(s = s0)? "o
- 2L (M) M (N,
70 2O O] o)y,
4 f(s) 28 = 509(8) ~ ()5 — 50)° M)
S )
lg(s)]? Using computer aided symbolic calculations offered by
® .
and the Taylor series of g around s( reads as MAPLE™, we obtain

o(6) = g" (s0) (s o) + 9" (s0) (5 — 50)% +--- (Ppv)(0) =4(1—6) sin(uke)/o sin(ury)v(y) dy

2 6 ’ .
whence, as s — s(, we have + 4 cos(prb) / cos(ury)yv(y) dy
0
(s—s0)® , 2 = Uk —1(0)Vay, v + U2k (0)Vop.0,
9(s) 9" (s0)’ keN, vel?0,1),
2(s — 50)g(s) — g'(5)(5 — 50)?
[9(s)]2 as expected.
Lo 4 Received: 25 August 2020
S — S + .. . g
= 69 (so)( ) N 29" (s0) . Revised: 4 December 2020
g"(s0) ? (s — s0)t + 3[g"(s0)]? Re-revised: 23 December 2020
2 s = 50) Accepted: 19 January 2021

Those facts with regularity of f and f’ at so give the
assertion (B3)). [
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