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In this paper, we propose a multi-group SEIR epidemic model with spatial diffusion, where the model parameters are
spatially heterogeneous. The positivity and ultimate boundedness of the solution, as well as the existence of a global
attractor of the associated solution semiflow, are established. The definition of the basic reproduction number is given by
utilizing the next generation operator approach, whereby threshold-type results on the global dynamics in terms of this
number are established. That is, when the basic reproduction number is less than one, the disease-free steady state is
globally asymptotically stable, while if it is greater than one, uniform persistence of this model is proved. Finally, the
feasibility of the main theoretical results is shown with the aid of numerical examples for a model with two groups.
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1. Introduction

Establishing mathematical models and studying
them can help people solve many practical problems
(Chaturantabut, 2020; El-Douh et al., 2022). It has
been widely recognized that spatial diffusion and
environmental heterogeneity are ubiquitous in the real
world and they have significant impact on the spread of
infectious diseases, e.g., influenza. Indeed, very recently,
these problems have attracted many researchers to study
the impact of the spatial heterogeneity of the environment
and the movement of individuals on the dynamical
behaviors of a disease in an analytical aspect; see the
works of Yang et al. (2020), Yang and Wang (2019), Song
et al. (2019), Li et al. (2017), Allen et al. (2008) and the
references therein.

Among the above-mentioned authors, Allen
et al. (2008) proposed a frequency-dependent SIS

(susceptible-infected-susceptible) reaction-diffusion epide-
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mic model for a population inhabiting a continuous
spatial habitat, and studied the properties of the basic
reproduction number and threshold-type results on the
global dynamics. Yang et al. (2020) proposed a diffusive
SIRS (susceptible-infected-recovered-susceptible) model
with a general incidence rate and a spatial heterogeneity,
and established threshold dynamics, including global
attractors of the disease-free equilibrium and uniform
persistence. Song et al. (2019) considered a kind of SEIRS
(susceptible-exposed-infected-recovered-susceptible) rea-
ction-diffusion model where the disease transmission
and recovery rates can be spatially heterogeneous,
and investigated the asymptotic profiles of the basic
reproduction number and the endemic equilibrium with
respect to diffusion coefficients. Li ez al. (2017) provided
qualitative analysis of an SIS epidemic reaction-diffusion
system with a linear source in a spatially heterogeneous
environment, including the uniform bounds of solutions
and the threshold dynamics in terms of the basic
reproduction number.
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In addition, epidemic parameters are related to
the spatial location, taking account of the fact that
the total population should be classified into different
groups according to different communities, cities or
counties and the epidemic parameters should vary
among different population groups, which can also
make the description of complex disease dynamics more
realistic. ~ Therefore, it is necessary and reasonable
to include multi-group into epidemic models. Some
recent developments on the dynamical properties of
multi-group effects epidemic models have been discussed
by Liu and Li (2020b; 2020a), Luo et al. (2019),
Zhao et al. (2018), Chen et al. (2016) and in the
references cited therein. Luo ef al. (2019) investigated the
global dynamics of a reaction-diffusion multi-group SIR
epidemic model with nonlinear incidence in a spatially
heterogeneous and homogeneous environment. Zhao
et al. (2018) incorporated constant recruitment in a
two-group SIR epidemic model with time delay and
showed that the existence of traveling waves is determined
by the basic reproduction number. Chen et al. (2016)
analyzed multi-group coupled systems on networks with
multi-diffusion (MCSNMs) and analyzed the stability of
the systems by using the graph-theoretic approach and the
vertex Lyapunov function set to construct the appropriate
global Lyapunov function.

However, almost all reported results
for  reaction-diffusion  epidemic = models  with
environmental heterogeneity or multiple groups

are about the SIR (Susceptible-Infected-Recovered)
or SIS models and rarely about the SEIR
(Susceptible-Exposed-Infected-Recovered) model.
These models did not include the class of exposed
individuals and ignored the movement of exposed
individuals.  For many infectious diseases, infected
individuals can experience incubation before showing
symptoms, e.g., malaria, West Nile virus, HIV/AIDS.
The travel of exposed individuals showing no symptoms
can spread the disease geographically, which makes the
disease harder to control. Therefore, it seems imperative
to include the exposed subclass and explore the influences
of exposed individuals’ movement on the disease spread.
The influence of the incubation period on the spread of
infectious diseases has been widely discussed by Xing
and Li (2021), Liu and Li (2020a), Song ef al. (2019) and
in the references cited therein.

Motivated by the above discussion, we extend the
classic diffusive SEIR epidemic model to the situation in
which all the parameters are functions of the location x
and the population is divided into n groups according to
different contact patterns. Let Si(t, x), Ex(t, x), I (t, x)
and Ry(t,x) be the densities of susceptible individuals,
exposed individuals, infectious individuals and recovered
individuals at time ¢ and location x € () in group
k € {1,2,...,n}, respectively, where the habitat {2 is

bounded and connected. Hence, the n-group diffusive
SEIR epidemic model has the following form:

% =V (dlk(x)VSk) + Ak(I) — uk(x)Sk
- Zﬁm x)Si1;,
% =V - (dok () V Ey) + ;Bm ) Sl
— ou@) By — (@) + o@) By, D
O =9 (A () V1) + o) B — (1 (2)
+ (52k(55) + Ck(w))fk + ’Vk(x)Rk,
aik =V (d4k(x)VRk) =+ ck(x)Ik — ’yk(:Z?)Rk
— pix () Ry

for € (), with the homogeneous Neumann boundary
conditions
oS, OE, 0I, ORy

=r=_k_Z_p

v Ov ov ov € oL,

and the initial conditions

for x € Q.

Here dip(z), dor(x), dsk(x), dar(z) denote
the diffusion coefficients of susceptible individuals,
exposed individuals, infectious individuals and recovered
individuals in group k at location z, respectively. Ag(z),
ur(x) and ¢ (x) denote the recruitment rate of the
susceptible class, the per-capita natural death rate and
the recovery rate from the infectious class in group k
at location x, respectively. Furthermore, 3y; (x) denotes
the transmission rate of the disease between susceptible
individuals in group k and infectious individuals in group
J at location z; 1% () and dax(z) denote the additional
death rates of exposed and infectious individuals induced
by the infectious diseases in group k at location z,
respectively; oy () denotes the conversional rate from the
latent class in group k at location « and ~ (z) denotes the
relapse rate from the recovered class into the infectious
class in group k at location x. The homogeneous
Neumann boundary conditions imply that there is no
population flux across the boundary 02. Throughout
this paper, we assume that all the model parameters are
continuous and positive functions on .

The remainder of this paper is organized as
follows. In Section 2] some basic properties, including
the existence, uniqueness, positivity and ultimate
boundedness of solution, are established. Section [3]
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is devoted to the threshold dynamics in terms of the
basic reproduction number. In Section [ the threshold
criteria on the global stability of disease-free steady state
and the uniform persistence of model are stated and
proved. In Section[3] numerical simulations are reported
to supplement our theoretical results. A brief conclusion
is presented in Section (6l

2. Basic properties

We first recall a stability theorem for the the
reaction-diffusion equation, which is of importance
in proving our main results. Consider the following scalar
reaction-diffusion equation:

%_c: =V - (d(z)Vw) + a(z)

- Bx)w, €, t>0, 3)
a—wzo, e, t>0,
v

where d(x), a(x) and B(x) are continuous and positive

functions on 2.

Lemma 1. (Guo et al., 2012, Lemma 2.2) The system (3)
admits a unique positive steady state w* (x) satisfying the
equation

V- (d(x)Vw* (x)) + a(z) — B(z)w* (z) =0,

subject to
ow*(x)
ov
which is globally asymptotically stable in C(Q, R.). Fur-
thermore, if d(-) = d, a(-) = aand () = B are positive
constants, then w*(z) = o/, Vo € Q.

=0 forxedf,

Define the functional space X = C(Q,R*")

equipped with the norm

[¥|x = maxsup [¢;(x)],
v weﬁ

for ¢y = (¢1,%2,...,¢%1,) € X and X = C(Q,R3™).
Let Tk, Tog, T3k, Tap : C(Q,R) — C(Q,R) & the
Co-semigroups generated by V - (dix(2)V) — pr(x),
V(Ao (2) V) — (03 (2) + a1 (2)+ 011, (), V- (s (2) V) -

(11 () + 01 () + e (), V- (dar () V) = (e () + ()
subject to the Neumann boundary condition in group k,
respectively. Then, forall¢ > 0 and ¢ € C (ﬁ, R), we

have
(T (H)p) () = /Q Tit(t, 2, y)p(y) dy,

where ;. (¢, x, y) is the Green function.
We have that Ty, ¢« = 1,2,3,4, k = 1,2,....n
are compact and strongly positive for each ¢ > 0 by the

Corollary 7.2.3 of Smith (1995). Let A;x : D(Ai) —
C(Q,R) be the generator of Ty, i = 1,2,3,4, k =
1,2,...,n. Then T'(t) = (T, T, T5,Ty4) is a semigroup
generated by the operator A = (A;, A, A3, Ay), where

Ti = (Ti1, Tiz, - -, Tin) and A; = (Ai1, Aia, .. Ain)
fori=1,2,3,4.

Forallz € Qand ¢ = (41, ¢2, ¢3, ps4) € X, where
¢i = (¢i17¢i27"'7¢in)’ let‘/——' = (F17f27f37‘/—:4) :
X+ — X, where F; = (Fi1, Fi2, .- -, Fin) and

Fik()(x) Zﬁk; )11 () P2 (),
For(¢ Zﬁk; )o1k(2) 25 (%),

Far(o)(x) = Uk(x)ébsk(fl?) + V(@) Par (),
Fur(@)(x) = cr(x)par ().

We denote by
u(tv ) ¢) = (S(tv ) d))?E(tv Bl ¢)7I(t7 Bl ¢)7 R(ta ) d)))

the solution of () with an initial-value function ¢, where
S = (51,52,...,5.), E = (E1,Es,....E,), I =
(I, Is,...,I,)and R = (Ry, Ra, ..., Ry). Then we can
rewrite system (I)) as follows:

dt = Au+ F(u),

d
( 7'7¢):¢€X+'

£>0,
~ @)

Let By(¢) denote the open ball with center ¢ and
radius 6.

Definition 1. (Lyapunov stability) A solution u(t,-, @)
to system (@) is said to be Lyapunov stable (stable) if, for
each ¢ > 0, there exists (¢) > 0 such that for every
¢ € By(¢) the relation

||U(t, K (b) - U(t, 7¢

) <e

holds for all ¢ > 0.

Definition 2. (Asymptotic Lyapunov stability) A solution
u(t,-,¢) to system (@) is said to be asymptotically
Lyapunov stable (asymptotically stable) if it is Lyapunov
stable and there exists 7 > 0 such that for every ¢ €
B, (¢), one has the relation

ast — oo.

Hu(tv ) ¢) - U(t, y

For convenience, we shall write (y1,v2,...,%n)’ >
(21,22, .-, 2n)T whenevery; > z; foralli = 1,2,...,n.

o) =0,
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Let () = maxg Y7 B ()2, (x). We get

(@
o)+ hF(O)) = | 0 T
(@
@

Y%
<
no
&

for h > 0. This implies that ¢ + hF(¢) € X4 for all
small h > 0.

Let ¢* = ¢ + hF(¢) + h?p. Then ¢* € X,.
Furthermore,

1 *
E|¢+hf(¢) — ¢*|x = hlg|x — 0,
as h — 0%. Thus, we have

lim ldist(qs + hF(¢), X4) =0,

4 X, .
h—0+ h ¢E +

It is obvious that the subtangential conditions in
Corollary 4 of Martin and Smith (1990) are satisfied.
Let [0, 74) denote the maximum interval of existence for
solution u(t,-,¢). Then the following lemma is valid
according to Corollary 4 of Martin and Smith (1990).

Lemma 2. For each initial function ¢ € X, the system
(1) has a unique mild solution u(t, -, ¢) on [0,74), T4 <
00. Moreover, u(t,-, ¢) € X4 forallt € [0,7,) and this
solution is a classical solution.

Next, we establish the following results on the
existence and ultimate boundedness of the global solution,
and the existence of a global attractor for model (). For
convenience, we write

m = maxm(xz), m = minm(x)

zeQ) zeQ
for any function m(x) defined on Q.

Theorem 1. The system (I) has a unique solution
u(t,-,¢) € X4 on [0,00) with ¢ € X and this solu-
tion is also ultimately bounded.

Proof. 'We first prove the existence of a global solution.
Suppose that 74 < co. We have
lu(t,-,@)[|x =00 ast— 7y (5)

by Theorem 2 of Martin and Smith (1990).
We define the total population size in group k at time
t and location x as

Ni =Sk + Ep + I, + Ry,.

Adding the equations of system (I), we get

ON,
B—tk <V - (Dr(2)VNg) + Ag()

—pn(2)Ny, z€Q, t>0, (6)
Nk g weon, t>o0,
ov

where Dy(x) = max{dig(x),dax(x), dsg(x), dsr(z)}
forz € Qand k = 1,2,...,n. The standard parabolic
comparison theorem (Smith, 1995, Theorem 7.3.4)
implies that N} is uniformly bounded, and so are Sy,
E;., I, and R, which leads to a contradiction to (3)).
Therefore, 74 = oo and the global existence of u(t, -, ¢)
is derived.

We now show that the solution is also ultimately
bounded. It follows from (6), Lemma [0 and the
standard parabolic comparison theorem (Smith, 1995,
Theorem 7.3.4) that

A _
lim sup Ni < —k uniformly for x € €.

t—00 ﬁk

Then there exists a t; > 0 such that

A
Ny <228 v >t
Hy,

Thus, we get

A
SkkaaIkaRk §2_ka VtZtla
Hy,
which implies that Sy, Ey, Ij, Ry, are ultimately bounded.
| |

Corollary 1. The solution semiflow ®(t) : X1 — X of
(1), defined by

(D(t)¢ = u(tv ) ¢)7 t>0,
admits a global attractor.

Proof. According to Theorem [II we know that
the solution to system (@) is ultimately bounded, which
implies that the solution semiflow ®(¢) is point dissipative
on X ;. By Theorem 2.2.6 of Wu (1996), we can get that
®(t) is compact for any ¢ > 0. Thus, from Theorem 3.4.8
of Hale (1988), we further obtain that ®(¢) has a global
attractor. |

3. Basic reproduction number

We consider the following susceptible subsystem of
model (1)

dS.
a—t’“ =V - (dip(2)VSk) + Ap(z)

— pi(x)Sg, x€Q, t>0,
DS

— =0 o, t>0.
EN , T € s
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By Lemmal(ll system (I)) admits a unique positive steady
state S (x), satisfying the equation

V- (du(@)VS(a)) + Aw() — () S2(x) =
subject to
0
95c(@) _ o 4 eon,
v

which is globally asymptotically stable in C(Q,R,).
Moreover, if Ak(-) = Ax and pr(-) = pp are positive
constants, then SY(z) = 2—: Therefore, model () has a
(8%(x),0,0,0)
SY(x)) and 0 =

unique disease-free steady state Eo(x) =
with S%z) = (S%(x),S9(x),...,
(0,0,...,0),.

We now utilize the next-generation operator
approach developed by Wang and Zhao (2012) to derive
the basic reproduction number of system (I). Let
w = (E,...,Ey,I,...,I,,Ry,...,R,)". Then the
last 3n equations of system (1) could be rewritten in the
following form:

ow
Fr V- (D(z)Vw) + F(x,w) — ¥ (z,w),
where
D(I) = diag(d21 (I), e ,dQn(I), d31 (I), ey dgn(I),
d41($), e ,d4n(I)),
and N
zﬁlj( )Sl[
> By (x)Sa
F(x,w) = 0 ,
0
0
0
YV (x,w)

(o1(x) + pa(x) + 611 (z)) En

(0n(2) + pin (@) + 01 () En
—(o1(z)E1 + (pa () + b21(2) + c1 () 1
—7(x)R)

(0w () En + (in(2) + Gon(2) + cn(2)) I
_'Yn(w)Rn)
—c1(x) 1 + (1 () + pa(x)) Ry

(@) I + (4 (&) + fin(2)) Re

6amcs

Here .7 (x,w) accounts for new infections and
¥ (x,w) accounts for other transfers into and out of
compartment. Linearizing . (z, w) — ¥ (z,w) about the
disease-free steady state Ey(xz) gives the matrix F'(z) —
V(z), where

Flz) = (8?(1@,50(3@))) Vi) = 87/(:%50(95)).
Moreover, 3n x 3n matrices F'(x) and V' (z) are given by
0 Fio O
Flz)y={10 0 0 |,
0 0 0
Viin 0 0
V)= Var Va2 Va3 |,
0 Vi Vs
where
Bri(x)SP(x)  Pra(z)SY ()
Ba1(2)S3 () Baa(2)S3 ()
Fiz = : :
Bu1(2)Sp (@) Bua(x)Sy(2)
Bin ()57 (x)
Ban ()93 (x)
fan (@)2(2)

Vi = diag(o1(z) + pa (2) + 611 (), 02(2) + p2(2)
Un<$) + Nn(w) + 6171(1'))’

+ d12(2), ...,
Vo1 = diag(—o1(x), —o2(x), ..., —on(x)),
Vaz = diag(c1(@) + pa (@) + d21(2), c2 (@) + p2(2)
+ 022(2), ..., en () + pn () + d2n(x)),
Vag = diag(—1(2), =72(2), - .., = (7)),
Vsz = diag(—c1(x), —c2(2), ..., —cn (@),

Vag = diag(71(z) + pa(2),72(2) + pa(2),
(@) £ ()
For each initial function ¢ € X4, we denote by

¢ = (¢2(z),03(x), pa(x)) the distribution of initial
infection. As time evolves, the distribution of new

infected individuals becomes F'(z)(T'(t)¢)(x) at time ¢,
where T'(t) = (Ta2(t),T5(t), T4(t)). Then, the total

distribution of the new infected individuals is
| F@@@oea
0
:/ Fro(@) (T(1)63) (@)
0



amcs%

P Liuand H.-X. Li

Therefore, the next-generation operator L is given by

L)) = Fiala) [ (Tafa)e)(o) e,
0
v e C(QR,).
Motivated by Wang and Zhao (2012), we define the basic
reproduction number Ry of model (1) as the spectral

radius of L,
Ry :=r(L).

Next we study the stability of Ey(x) in terms of Ry.
We first consider the eigenvalue problem

Zﬁk] 903]

—(ok(x) + p(x) + d1k(2)) P21 = Apar,

V- (dsk(2)Vepsk) + ok () par — (e ()
+0ok (%) + cr ()@ + Vi(T)ar = Ap3i,

V- (dak(2)Vipar) + cu(x) sk — (v ()
+1k(T))pak = Apag,

x € 0f.

V - (do(2)Vepar) + Sp(x

@)

Opok _ Opak _ Opar _ 0

v ov ov

By the Krein—Rutman theorem (Du, 2006, Theorem 1.2),
the eigenvalue problem (Z) has a unique principal
eigenvalue \g. Furthermore, according to Theorem 3.1
of Wang and Zhao (2012), we get the following result.

Theorem 2.
(i) Ro—1 has the same sign as the principal eigenvalue.

(ii) If Ry < 1, then the disease-free steady state Eq(x)
is locally asymptotically stable for model ().

(iii) If Ry > 1, then Ey(x) is unstable.

The biological meaning of the basic reproduction
number Ry is the effective number of secondary infections
caused by a typical infectious individual during his entire
period of infectiousness. From Theorem 2, we get that
when an infectious individual spreads the disease to more
than one susceptible individual over his expected lifetime,
the disease will reach a disease-free steady state which
means the disease will be eliminated in local time. In turn,
when an infectious individual spreads the disease to less
than one susceptible individual over his expected lifetime,
the disease-free steady state is unstable and the disease
will not be eliminated.

4. Asymptotic behaviors
4.1. Stability of disease-free steady state.

Theorem 3. If Ry < 1, then the disease-free steady

state Eo(x) of model () is globally asymprotically stable
in X.;,_.

Proof.  We denote by (n2(x),n3(x),na(z)) the eigen-
function corresponding to the principal eigenvalue Ao
associated with the eigenvalue problem (7)), where 7, =

(7721777223"'777277,)9 n3 = (7731377327"'777377,), My =
(141,742, - - -, Nan ). Define the functional

/ Z N2k B + n3edi + naxRi) dz.
Q k=1

Now we prove that L(u) is a Lyapunov functional
for system (I). For an arbitrary solution u = (S, E, I, R)
of system (@), we have

dL( )

/Q > {n (dar(2)V Ey)

+ Zﬂkﬂ SkI

( w (@) + () + 010 () B ]
+ N3k [ d3k CL')VIk) + Uk(fL')Ek )
— (pi () + dar () + e (2)) I + i () Ry |
[

+ Nk |V - (dar (2)VRy) + cx(x) I

— () + ()R ]}
:/i[sk—sk Zﬁkj

Q=1
+ o2k Ex + nsi I + 774kRk)} dz.

From the first equation of model (1), we have

oS
a—t’“ <V - (dg(2)VSk) + Ag()
— g (x)Sp, xEQ, t>0,
%:o, red, t>0.
ov

By the standard parabolic comparison theorem
(Smith, 1995, Theorem 7.3.4) and Lemmal[T]

limsup Sy < Sp(x)
t—o00
uniformly for z € Q, 1<k<n.

Within loss of generality, we assume that S; <
SYz)(1 < k < m)forallt > 0and z € Q. By
Theorem[2] Ry < 1 yields A9 < 0. Besides, Sk, Ex, Iy,
Ry and By, N2k, N3k, Nak, are positive forall 1 < k,j < n,
which implies dL(u)/dt < 0.

Next define
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M={¢€ Xy : Lo(u) =0},

where ¢ = (P1, ¢2, ¢d3,¢4) € X is the initial function
of (. By @), we have M = {(¢1, 2, d3,04) € X :
P2 = P3; = ¢4 = 0,1 < i < n} if A\g < 0. It follows
from (d)) that for Ay < 0, the maximal invariant set in M
is given by

M = {(¢17¢27¢37¢4) S X+ .
$2i = ¢3i = 4 = 0,1 < i <n}.

Therefore, by the LaSalle invariant principle (Hale, 1969,
Theorem 1), we obtain

(Ek, I, Ri) — (0,0,0) ast — oo.

Then we obtain S, — SP(x) as t — oo. [ |

4.2. Uniform persistence.

Theorem 4. [f Ry > 1, there exists a constant €y such
that for any inifial value ¢ = (¢1, P2, P3, P4) € X4 with
b2 # 0and ¢3; # 0 (1 < i < n), solution u(t,z,d) =
(S(t,z, @), E(t,x,9),I(t,x,9), R(t,x, @) of model (L)

satisfies

uniformly for v € Q and 1 < k < n. Moreover, system
(D) admits at least one endemic equilibrium.

Proof. Firstly, we show the uniform persistence
of Si(t,x,¢). The ultimate boundedness obtained in
Theorem[dlimplies that there exists a constant M > 0, for
any solution (S(t,x, ¢), E(t,x, ¢), I(t,z, d), R(t, x, P))
of model (1), and there exists tg > 0 such that
Ii(t,x,¢) < M forallz € Q,t > tpand1 > j > n.
Thus, from the first equation of model () we have

% >V - (dlk(;v)VSk) + Ak(:E)
— (u(x) + M_Zﬂkj () Sk,

for any ¢ > t(, which implies that

A
liminf Sy (¢, z,¢) > —— =&
t—o0

y, + M_Zlﬁkj
‘7:

by Lemma [l and the standard parabolic comparison
principle (Smith, 1995, Theorem 7.3.4).

Define

€ s
W = {(d1, b2, ¢3, ¢4) € X

¢2i # 0 and ¢3; # 0 and ¢u; # 0,1 <i < n},
and

oW = {(¢17¢27¢37¢4) S X+ :
¢oi =0o0r 3 =0o0rdy; = 0,1 <i < nj.

Clearly, W{JOW = X,. From the strong maximum
principle for parabolic equations, we have ®(t)WW C W
for all t > 0, where ®(¢) is the solution semiflow of ().
Write

Ma = {QZS = (¢17¢27¢37¢4) S X+ :
B(t)p € OW,t > 0}.

It is easy to verify that My = {¢ = (b1, d2, ¢3,04) €
Xyt ¢oi = ¢3i = pai = 0,1 < i <n}.
Let w(¢) be the w-limit set of ®(t)¢ and

Mo = | w(9).

PpEMp

Then, we prove that My = {Eq(z)}. For any ¢ € Mg,
ie., ®(t)p € OW forall t > 0, we have Ey(t,z,¢) =
Ii(t,r,¢) = Ry(t,z,¢) = Oforallz € Q, ¢t > 0 and
1 < k < n. From model (), we have the following
subsystem:

as,
a—t’“ =V - (dix(2)VSk) + Ag(z)
— pi(x)Sg, x€Q, t>0,
%:O, red, t>0.
v

By Lemmal[ll we have lim;_,o. Si(t, 2, ¢) = SP(x)
uniformly for z € Q. Hence, My = {FEy(z)}. Therefore,
{Eo(x)} is an isolated invariant set for ®(¢) restricted in
M. Next, we show that there exists some constant ¢
independent of initial values such that

limsup |®(t)¢ — Eo(z)|x =€, VYVoeW. (9)
t—o0

From Ry > 1 and Theorem 2] we have \g > 0,
where )\ is the principal eigenvalue of the eigenvalue
problem (@). Consider the following eigenvalue problem:

V - (dar () Var) + (SR (x) — G)Zﬂkj (2)€3;

—(on(@) + p(x) + 1k (2)) 2 = Aok,

V- (dai(2)VEsk) + on () — (i)
0ok () + cr())E3k + i (2)Ear = Asi,

V- (dak (2)Vak) + cu(x)Es6 — (1()
k(7)) €ak = Aak,
0o O&k  OSux

oy v o =0,

x € 0N,
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and denote by \g(e) its principle eigenvalue. Note that
1im€*>0 )\0(6) = )\0 > 0.

Then there exists a sufficiently small constant e; > 0
such that A\g(€1) > 0 and S (x) —e; > O forall x € Q.
Moreover, from the Krein—Rutman theorem (Du, 2006,
Theorem 1.2), the eigenfunction (&2(x),&3(x),&4(x))
corresponding to Ao (e ) is also strictly positive for z € Q.

Contrary to @), we assume that there exists some
initial value ¢* such that

limsup |®(t)¢" — Eo(x)|x < €1.
t—o0

Then there exists a sufficiently large ¢; such that
Sk(t,x,¢*) > S (z) — e

forall z € Q,t > t; and 1 < k < n. By the strong
maximum principle of parabolic equations,

Ek(tvxv¢*)7Ik(t7x7¢*)7Rk(t7x7¢*) >0

for all ¢ > 0. Then we can find a small positive
constant ¢y such that Eg(ti,z,¢*) > cobor(z),
Ik(t1,$,¢*) Z Coggk_(x) and Rk(tl,I,¢*) Z
cobap(z) for =z € Q. It is easy to verify
that  (Ey(t,z, 0*), Ix(t,x,¢*), Ri(t,x,¢*)) is a
supersolution of the problem

% V- (dop () VER) + (S2(2) — 1)
X Zﬁkg‘ (@)1 — (on(x) + px(z)
+ 01(2)) B,

3Ik

S =V (s (@) Vi) + on(2) By, — (ur(2) - (10)
+ 52k(517) + Ck(ir))fk + ’yk(x)Rk,

8Rk

5 V- (da(2)VR) + cp() I, — (7()
+ pi(2)) Ry,

oE, 01 ORy,

W:E:W:O, ZEE@Q,

for ¢t > t; and
Ek<tlaw) = CO€2k<$)7

Ik(tl,l’) = 005316(1')7
Ry (t1, ) = colak(z),
where
(e (D=6, (2), coe (D 5 1),
)

is the unique solution to system (I0). Note that \g(e1) >
0; therefore,

Ek<ta €, (b*) Z COeAO(El)(t_tl)é-Qk(x)?

Ik(tv xZ, ¢*) Z coeko(el)(titl)éék(x)?
Ry (t,x,¢") > coe)‘O(El)(t_tl)@;k(x) — 00

uniformly in € as ¢ — oo. This contradiction completes
the proof of (9), which implies that W9 ({Ep(z)}) W
is an empty set, where W9 ({Ey(z)}) is the stable set of
{Eo(x)} for ®(t). Then, from Theorem 1.3.1 of Zhao
(2003) and together with the fact that {Ey(x)} is an
isolated invariant set for ®(¢) in X, ®(¢) is uniformly
persistent. Moreover, by Theorem 1.3.7 of Zhao (2003),
(I admits at least one endemic equilibrium. |

5. Numerical simulations

To proceed, we implement numerical simulations in
order to demonstrate our theoretical findings and explore
the effect of population diffusion and environmental
heterogeneity on disease transmission. By adopting the
finite difference method to solve sets of partial differential
equations in Matlab, graphs of the solution to model (1)
are drawn as the numerical results in this section. We
focus on the following 2-group SEIR epidemic model
with spatial diffusion in a heterogeneous environment,
which is a special case of system (I

05,

5 =V ([du(@)VS) + A(@) = (pu(2)
+ Bu() 1 + Biz(x)12) 51,
2 -V (@) V) + Aa(e) — (pa (o)
+ Ba1(@) 11 + Ba2(2)12) 52,
Or (@) VEL) + B (@)Si1s + Brol)
x Sily — (o1(x) 4+ pi(z) + 611(2)) B,
02 V(4 (a)VES) + B ()21 + ()
- X Saly — (02(x) + pa(x) + 612()) Ea, (1D
5 =V (1 (@)VDL) +o1(2)Er — (pa(2)
+ 21 (2) + c1(2)) 1 + v1(z) Ry,
%2 V(Ao @) VD) + 02(2) B — (pa(a)
+ 092(x) 4 c2(x)) Iz + v2(x) R,
OR;
5 =V [du@)VER) +ea(2)h = (n(z)
+ p(x)) R,
W V- (@) VR) + ea(a) — (12(a)
+ p2(2)) Rz

For the sake of convenience, in both the cases, we
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S, (tX)

take 2 = (0, 1) and the initial functions are given by

In addition, we fix some parameters of the model as

(a) state trajectories for S (¢, z)

S,(tX)

(b) state trajectories for Sa(t, x)

Fig. 1. State trajectories for Ry < 1.

(a) state trajectories for E1 (¢, x)

S51(0,2) =2+ (24 sinmz),
S2(0,2) =5+ (24 sinmz),
E(0,2) =4-(2+sinnz),
E5(0,2) =13 - (2 + sinnwz),
LL(0,2) =3+ (2 +sin7mx),
I,(0,2) =2+ (2 + sin7mx),
R1(0,z) =20 (2 +sinmx),
Ry(0,2) =10+ (2 + sinmx).

40

E,(tx)

(b) state trajectories for Ea(t, x)

Fig. 2. State trajectories for Ry < 1.

follows

di1(z) =0.3-10 3z,
di2(x) = 0.1- 1073z,

dsi(z) = 0.3-10 %z,
ds2(r) = 0.2- 102z,

and

do1(z) =0.2-10" 2z,
daz(z) = 0.1-10" 2,

dy(z) =0.5-103z,
dyz(x) = 0.6 - 1073z,

Ai(z) =14 0.5cosmz,
Ao(z) =24 0.5cosma,
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(a) state trajectories for I1 (¢, z)

(b) state trajectories for I3 (¢, x)

Fig. 3. Case of Ry < 1, state trajectories for 11 (¢, z) and I2(t, x).

.10
-1073(1 + 0.2 cos ),
1071 (1 + 0.2 cos ),
-1071(2 + 0.1 cos 7z),
.10
1071(1 4+ 0.1 cos 7z
1071 (1 + 0.2 cos ),

-10
0

-1071(1 + 0.9 cos 7x),

(a) state trajectories for R (t, x)

(b) state trajectories for Ra (¢, x)

Fig. 4. Case of Ry < 1, state trajectories for R1 (¢, z) and Ra(t, x).

3(14 0.3 cos7x),
(

(24 0.1cosmx

)

)

Y(1+ 0.6 cos ),

)
)
)
)
)
)
)
)
(14 0.1 cosmz),
)

m(z) =2-(1+0.2cosmx),
Ya(z) =3+ (1 +0.1cosma).

Example 1. We choose p;(z) = 0.2 - (1 + 0.5 cos )
and po(xz) = 0.4 - (1 + 0.5cosmx); then Ry < 1.
Hence, system (I) is globally asymptotically stable, and
all solutions of the system converge to the disease-free
steady state Fy(z), see Figs. [TH4l ¢

From Theorem[3] the disease-free steady state Eq(z)
of model (@) is globally asymptotically stable if Rg < 1.
Figures [[H4] show that the solutions for model (1) tend
to a disease-free steady state, i.e., the infectious disease
extincts. Hence, Example[Ilin which parameters meet the
condition Ry < 1 is an illustration of Theorem[3]

Example 2. We choose 11 (z) = 0.001-(0.44-0.5 cosmx)
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S, (tX)

20

(a) state trajectories for S (¢, x)

(b) state trajectories for Sa(t, x)

Fig. 5. Case of Ry > 1, state trajectories for S1(¢, ) and Sa(t, ).

(a) state trajectories for F1 (¢, z)

20

(b) state trajectories for E (¢, x)

Fig. 6. Case of Ry > 1, state trajectories for E1 (¢, z) and FE2(t,x).

and po(z) = 0.25- (0.5 + 0.5coswa); then Ry > 1.
Hence, system () is uniformly persistent, see Figs. BHS

Theorem M shows that system () is uniformly
persistent and admits at least one endemic equilibrium
if Rp > 1. It can be seen from Figs. BHE that the
solutions of model () tend to an endemic steady state,
i.e., the infectious disease will break out. Therefore,
Example[T]in which parameters meet the condition Ry >
1 demonstrates the validity of Theorem 4 ¢

6. Conclusion

Treating the environmental heterogeneity as an important
factor in disease dynamics may not only give insights into
disease spread and control in reality, but also suggest new
aspects and considerations for modeling spatial-temporal

dynamics of infectious diseases. In order to understand
the impact of the spatial heterogeneity of the environment
and the movement of individuals on the spread of
infectious diseases in an analytical aspect, in this paper,
we incorporate the diffusion terms and environmental
heterogeneity into the classical SEIR epidemic model to
drive a multi-group SEIR epidemic model with spatial
diffusion in a heterogeneous environment. For this model,
the basic reproduction number Ry is defined by applying
the next-generation operator.

With the help of the comparison principle of
reaction-diffusion equations, global asymptotical stability
of the disease-free steady state Eo(x) is proved when
Ry < 1, which means that the disease will extinct.
Moreover, when Ry > 1, the uniform persistence of
the model and the existence of endemic steady state are
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(a) state trajectories for I1 (¢, z)

(b) state trajectories for I3 (¢, x)

Fig. 7. Case of Ry > 1, state trajectories for 11 (¢, x) and I2(t, x).

(a) state trajectories for R (¢, x)

(b) state trajectories for Ra(t, )

Fig. 8. Case of Ry > 1, state trajectories for R1 (¢, z) and Ra(t, x).

obtained by using the theory of persistence of dynamical
systems. However, it is difficult to establish a criterion for
the global asymptotic stability of the endemic equilibrium
when Ry > 1 for model (I) in spatially heterogeneous
environments. We leave this as an open problem.
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