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SZEGO’S FIRST LIMIT THEOREM IN TERMS OF
A REALIZATION OF A CONTINUOUS-TIME
TIME-VARYING SYSTEM

PaBLo A. IGLESIAS*, GuoQianc ZANG*

It is shown that the limit in an abstract version of Szegd’s limit theorem can be
expressed in terms of the antistable dynamics of the system. When the system
dynamics are regular, it is shown that the limit equals the difference between
the antistable Lyapunov exponents of the system and those of its inverse. In
the general case, the elements of the dichotomy spectrum give lower and upper
bounds.
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1. Introduction

In the early part of the last century, Szeg6 proved two formulae regarding the limits
of certain Toeplitz matrices in terms of their symbols. Since then, these two limits
have received considerable attention, see (Bottcher and Silbermann, 1999) and the
references therein. In the case where the symbol can be expressed as a rational matrix
function, Gohberg et al. (1987) showed a relationship between these limits and the
realization of the symbol.

Consider a continuous matrix function ® on the unit circle. Furthermore, assume
that the symbol @ is a rational matrix function with realization

D(z)=1+C(zI — A)B, |z| = 1.

Assume that det®(z) # 0, for |2| = 1, and that the winding number
(1/27) argdet ®(e™)|T__ . is equal to zero. Moreover, assume that A* := A — BC

has no eigenvalues on the unit circle. As shown in (Gohberg et al., 1987), Szegd’s first
limit theorem can then be stated as follows:

1 (7 ;
o [Wlogdet P(e™)dw = Zlog|zi| - zi:lOg |pil,

where z; (resp. p;) are the eigenvalues of A* (resp. A) with norm greater than one.
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For symbols arising from realizations of continuous-time systems, analogues of the
original Szegd formulae were obtained in (Ahiezer, 1964; Kac, 1954). Their connection
with the symbol can be found in (Gohberg et al., 1987). In this case, the Toeplitz
matrix is replaced by the Wiener-Hopf operator

(Fw)(t / ft—=1)w(r)dr, t>0, (1)
where f is an m X m matrix function with entries in £4(—00,00) and symbol
F(w) =TI+ C(iwl — A)™'B, —o0<w < o0,

A and A* having no eigenvalues on the imaginary axis. If the function f(¢) is
continuous, we can consider the operator

[Frw](t / fit —1w(r)dr

as the truncation and look at the limit

1 1 [~ .
Tlgréo? logdet(I + Fp)= %/ log det F(iw) dw :;Re 2 f;Repi, (2)

where z; (resp. p;) are the eigenvalues of A* (resp. A) in the right-hand plane.

A second generalization of Szegd’s limit was provided in (Dym and Ta’assan,
1981). While they consider a very general situation, their results can be used where
the function (1) is replaced by

(Fw)(t / ft,nw t > 0.

In this paper we show that, for this case, the limit obtained in (Dym and Ta’assan,
1981) can also be expressed in terms of the antistable dynamics of a realization for F.
The results considered here are continuous-time versions of those in (Iglesias, 2001).
We note that the use of Szeg&’s limits has a long history in the engineering community,
see (Grenander and Szegd, 1958; Iglesias, 2002).

The remainder of the paper is organized as follows: Section 2 provides some
necessary preliminaries on Lyapunov exponents, exponential dichotomies, inner /outer
and coprime factorizations. In Section 3 we present the relevant results from (Dym
and Ta’assan, 1981). We then present our main results in Section 4.

2. Preliminaries

We consider linear time-varying systems Y admitting a state-space representation

[ #0) = AW + BOwl)
Yo { (1) = C(e)e(t) + D(Eyul?) )
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We will assume that all the matrix functions A(t) € R**", B(t) € R**™, C(t) €
R™*™  D(t) € R™™ are continuous, bounded functions of ¢ defined for ¢ > 0.
With this system we associate an operator G' mapping the input w to output y.
This operator has an integral representation

y(t) =Dow(t) + [ Gt ru(r)dt,
where the kernel G(¢,7) equals
G(t,7) =C{t)Pa(t,7)B(r), ift>r,

and zero otherwise. The matrix function ®4(t,7) is the transition matriz which
equals

Du(t,7) = X<t)X_1(T)7
where X (t) is the fundamental solution to the matrix differential equation
X(t) = A@t)X(t), X(0)= X,

and Xy is invertible. The following result is standard, see, e.g., (Rugh, 1996), and
will be needed in the sequel.

Lemma 1. (Liouville’s formula) The transition matriz for A(t) satisfies

¢
logdet ®4(t,7) = | trace [A(o)] do

T

for every t and 7.

2.1. Lyapunov Exponents and Exponential Dichotomies

For time-varying systems, the Lyapunov exponents or characteristic numbers play
the same role as the real parts of the eigenvalues of the time-invariant matrix A(t) =
A. We now present, following (Dieci et al., 1997), some basic results on Lyapunov
exponents.

2.1.1. Lyapunov exponents
Consider the n-dimensional homogeneous system

#(t) = A(t)a(?). (4)

Suppose that X (¢) is the fundamental solution with an orthogonal initial condition
Xo, and let {p;}I~; be an orthonormal basis for R™. Then the characteristic numbers

. 1
Ai(p;) = limsup T log [| X (T)pil| (5)

— 00

are well defined.
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Suppose that the orthonormal basis {p;}?, is chosen so as to minimize
> 1 Ai(pi). The basis is then said to be normal and the corresponding \; are called
the Lyapunov erponents. For now we will denote by A; the Lyapunov exponents
associated with a normal basis. It is well-known that, in this case,

Z A; > lim sup 11“ /0 trace [A(s)] ds. (6)

T—o0

It is important to differentiate between the stable poles and zeros of the symbol of
the integral operator (1), which do not contribute to the right-hand side of (2), and the
unstable poles and zeros, which do. Time-varying systems which can be decomposed
into stable and antistable components are said to possess an exponential dichotomy.

2.1.2. Exponential Dichotomy

The linear system (4) is said to possess an exponential dichotomy if there exists a
projection P, and real constant v > 0, A > 0, such that

X PX ' (7)|| < vexp(—A(t—7)), for t >,

| X)) = P)X N 7)|| < vexp(—A(r —t)), for 7>t

Note that, if rank(P) = ns, an exponential dichotomy implies that ns fundamental
solutions are uniformly exponentially stable, whereas n, = n — ng are uniformly
exponentially antistable. In this case we say that the exponential dichotomy is of
rank ng.

The existence of an exponential dichotomy allows us to define a stability preserv-
ing state space transformation (a Lyapunov transformation) that separates the stable
and antistable parts of A(t).

Lemma 2. (Coppel, 1978, Ch. 5) If the function A(t) in the realization (3) admits
an exponential dichotomy, then there exists a bounded matriz function V(t) with
bounded inverses such that

By(t)
= | 0 A1) | But) |,
Cu(t) Cu(t) | D(1)

where Ag(t) is stable and Ay (t) is antistable.

Whenever two matrices A;(t) and As(t) are related by a Lyapunov transforma-
tion, we say that they are kinematically similar, and this will be denoted by A; ~ A,.
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2.1.3. Dichotomy Spectrum

Exponential dichotomies permit us to present another form of spectral representation
for linear time-varying systems related to Lyapunov exponents. The dichotomy, or
Sacker-Sell spectrum, Sgich, of the system (4) is the set of real values A for which the
translated systems

i(t) = (A(t) — \)z(2t)
fail to have an exponential dichotomy (Sacker and Sell, 1978). In general, the spectrum

is a collection of compact non-overlapping intervals:

m

Sdich = U iy Al

i=1
where m <n and \; < A < Ay < Ny < o0 < Ap < Xm, and n is the dimension of
the A(t) matrix.

Suppose that real-valued Mg, A1,..., A, are chosen in the complement of Sqicn
so that

M <A <M< <A <A1 <A1 <A, <A <. (7)
It is straightforward to check that for Ay all the trajectories of (3) are antistable.

Similarly, for A, all the trajectories of (4) are stable.

Now, the matrix A(t) — A1 admits an exponential dichotomy and thus, from
Lemma 2, is kinematically similar to a block-diagonal matrix. Equivalently,

At 0

AD=10" 4

Y

where A;(t) is a square matrix of order n;. Repeating this process with Ay leads to

As(t) 0

Al =10 Lm

i

where As(t) is a square matrix of order mq. Continuing this procedure will lead to
a sequence of matrices Ay (t) of size ny X ng, for k = 1,...,m, so that A(t) ~
diag{A4(t),..., An(t)} and ni + -+ n, = n. It should be stated that the resulting
matrices Ag(t) do not depend on the particular choice of A; provided that (7) holds.

Since A(t)— A, is antistable, there exist an € > 0 and a K > 0, both depending
on g such that, for t >s,!

a1t 8)®a—o1(t,8) > K?exp (— 2¢(s — t)).
However, we have

(I)A*)\of(ta S) =®y (t, S)ei)‘o(tfs)’

1 'We note that the prime (') denotes the transpose and not a derivative.
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so that
By(t5)@alt,5) > K2 exp(2(h + )t — 5)),
and thus

logdet @ 4(t,s) > nlog K +n(Ao +€)(t — s).

Let ¢t > s. Dividing by 7 := t—s, taking the limit as 7 — co and using Lemma 1,
we obtain

T—00 T

1 s+T
lim — / trace [A(0)] do = n(Ao +¢).

The above holds for any Ao < ;. Passing to the limit Ao — A, we have, for ¢t =T
and s =0,

1T
lim ?/0 trace [A(0)] do > n),.

T—o0

For A, since A(t) — A1 is stable, we have
a1t 8)®ax, 1(t,s) < K?%exp ( — 2¢(t — s))

for some K >0 and e > 0. Proceeding as above, we obtain

1T -
lim ?/0 trace [A(0)] do < nAp,.

T—o0

This procedure can be repeated for all A\, € (A, Apy1)s kK=1,...,m—1 to yield
the following:

Lemma 3. Suppose that the matriz function A(t) has a dichotomy spectrum Sgich =
Ui Ak, k] satisfying (7), and suppose that the corresponding Ay(t) have orders
ng, k=1,....,m. Then

m 1 T m _
;nkgk < lim T/o trace [A(U)} do < an)\k.

T—o0
k=1

2.1.4. Regular Systems

In the special case where each of these intervals is a point (not necessarily unique), the
spectrum is known as a point spectrum. Here, each \; in the point spectrum equals a
Lyapunov exponent, and the system is said to be regular. Moreover, in this case the
lim sups in (5) and (6) can be replaced by limits, cf. (Dieci et al., 1997).

Clearly, time-invariant systems are regular and the elements of the point spectrum
are the real part of the eigenvalues of A. Similarly, if the matrix function A(t) is
periodic, then the Floquet theory (see (Rugh, 1996)) for a description) states that
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there exists a change of variables so that the resulting equation is time-invariant. The
resulting point spectrum coincides with the Floquet one.

In general, however, systems will not have point spectra. An example of a 2 x 2
real matrix with almost periodic coefficients is given in (Millionséikov, 1969). Unfortu-
nately, regularity is hard to verify for any particular system, though all time-invariant
and periodic systems are regular. In these two cases, the spectral values are the mag-
nitudes of the eigenvalues and Floquet characteristic exponents of the system. For
systems involving a flow with an invariant probability measure, Oselede¢’s multiplica-
tive ergodic theory states that regularity occurs with probability one (Arnold, 1998).

2.2. Assumptions on the System

We will consider integral operators of the form F := G*G, where G admits a
stabilizable and detectable state-space realization? given by (3) with D(t) = I. We
will need the following additional assumptions. First of all, we need to differentiate
between the stable and antistable dynamics of ¥ . To this end, we make the following
standing assumption:

Assumption 1. The matriz A(t) admits an exponential dichotomy of rank np,.
Moreover, the antistable component has dichotomy spectrum

Ap=1p, . ;| U[p,:Po]U---Ulp Dyl

with dimensions n,...,ny, and Y ;- ng = ny, where ny, +np = n.

We will also need to differentiate between the stable and antistable zero dynamics
of ¥ . Thus, we put the following restriction:

Assumption 2. The matriz A*(t) = A(t)—B(t)C(t) admits an exponential dichoto-
my of rank n,,. Moreover, the antistable component has dichotomy spectrum

A, = [21,Z1] U [29,Z2] U -~ U [2,, Zor]

’
with dimensions nf,...,nl,, and >, nj =n,, where n,, +n, =n.

In the time-invariant case, the continuity of f(¢) in (2) requires that CB = 0.
In our case, we impose the following condition:

Assumption 3. The operator G has a relative degree of at least two, i.e. C(t)B(t) =
0 for all t.

Finally, the following assumption is made for technical reasons:

Assumption 4. The derivatives B(t) and C(t) are bounded.

2 A realization (3) is stabilizable if there exists a bounded F(t) such that A(t) + B(t)F(t) is
uniformly exponentially stable. Similarly, it is detectable if there exists a bounded L(¢) such
that A(t) + L(¢t)C(t) is uniformly exponentially stable.
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2.3. Factorizations
2.3.1. Inner/Outer Factorization

In the following, we will need to compute an inner/outer factorization of a bounded
operator IN. That is, we seek two systems with associated input/output operators IN;
and N, such that N = IN;N,, where IN;, N, and NO’1 are all causal and bounded,
and ||Njwl|l, = ||w||, for any w € Ly, where Ly is the space of square Lebesgue-
integrable, measurable vector-valued functions defined over the half-line [0, c0).

For a bounded operator which has the state representation

A(t) | B(1)

Al T

(8)

we can derive state-space representations of its inner and outer factors in terms of
the solution of a related Riccati differential equation. In the following result, we say
that (A(t), B(t)) is uniformly completely controllable if there exist positive constants
o, a and 3 such that

al <W(t,t+o0) < SI,
where
t+o
W(t,t+ o) := / O 4(t, 7)B(T)B' (1)®',(t,7)dT (9)
t
is the controllability Gramian of (A(t), B(t)).
The Riccati differential equation
—X(t) = A ()X (t) + X (t)A(t) — X(t)B(t)B'(1) X (t) (10)

has a stabilizing solution X (t) if X(¢) = X'(¢t) > 0, X(¢) is bounded and A(t) —
B(t)B'(t)X (t) is stable.

Lemma 4. Suppose that A(t) admits an exponential dichotomy and that the pair
(A(t), B(t)) is stabilizable. Then (10) has a stabilizing solution X (t) and:

(i) If A(t) is stable, then X(t) =0 for all t.
(i1) If A(t) is antistable, then 3 e >0 such that el < X(t) for all t.
0 Au(®) (t)

in Lemma 2, then X(t [8 Xa(t) } and 3 € > 0 such that el < X,(t) for
all t.

(ii1) If (A(t), B(t)) = ([A o(8) 0 } {B (t)D admits an exponential dichotomy as

Proof. Note that the solution to the general equation (10) and that of item (iii)
are related by X (t) — T"(¢)X (t)T(¢t) where T'(t) is the Lyapunov transformation of
Lemma 2. Thus, to prove the existence of a general solution it is enough to prove (i)—
which is trivial—and (ii). Note that the existence of the solution follows from the
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general result of (Vojtenko, 1987) that the Riccati differential equation has a solution
iff the corresponding Hamiltonian has an exponential dichotomy. In this specific case,
the Hamiltonian is block-diagonal and hence has an exponential dichotomy iff A(t)
has one. However, as we need to show the boundedness (from both above and below)
of the solution, we will first show its existence and this will lead to the required
bounds.

To prove (ii), we use the result of (Ilchmann and Kern, 1987), which states
that (A(t), B(t)) is uniformly stabilizable iff the pair (Ay(t), Bu(t)) is uniformly
completely controllable. Note that in (i), A, = A and B, = B.

To prove item (ii), our approach follows that of (Kalman, 1960); see also (Ravi
et al., 1991). Consider the finite-horizon matrix equation

Qr(t) = At)Qr(t) + Qr(t)A'(t) - B)B'(t), Qr(T)=0.
The solution is Qr(t) = W (¢, T), where W (¢, T) is given by (9). Note that
al <Qr(t)<pI for t<T—o.

For two terminal times Th > Ty it is straightforward to check that Qr,(t) > Qr (t)
for all ¢ <Ty —o. Thus {Qr(-)}, indexed by T, is a nondecreasing sequence of con-
tinuous functions that is bounded from below. Consequently, there exists a (unique)
bounded function Q(t) defined as limp_.o Qr(t) = Q(¢). As in (Kalman, 1960), it
follows that Q(t) satisfies

Q1) = A(Q(t) + Q()A'(t) — B(t)B'(¢)

and ol < Q(t) < BI. Thus Q(t) is invertible. It is straightforward to check that
X(t) = Q1(t) is the solution to (10) and that it is bounded from both above and
below. It remains to show that A(¢) — B(t)B’(t)X (¢t) is stable. This follows from
the fact that due to the bounds on Q(t) it is a Lyapunov transformation and thus
A(t) — B(t)B'(t)X (t) is kinematically similar to —A’(¢):

Q(t) = (A(t) = B(t)B' (1) X (1)) Q(t) — Q(t) (—A'(t))
and —A’(t) is stable since A(t) is anti-stable. |

Lemma 5. Consider the operator IN with stabilizable state-space representation (8).
Furthermore, assume that A*(t) has an exponential dichotomy. Then N has an
inner/outer factorization N = N;N,. State-space representations for the two factors
are

o _ [ AW -BOB®OXW® - BOC® | BO) )
i —B'(H)X(t) |1
and
_ A(t) | B®)
PN, = BOXt)+CW | 1 |’ (12)

where X (t) is the solution of the Riccati differential equation
—X(t) = Axl(t)X(t) + X(t)A*(t) — X(t)B(t)B'(t) X (). (13)
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Proof. The pair (A*(t), B(t)) is stabilizable iff (A(t), B(t)) is so. Thus, since A* ()
has exponential dichotomy, the Riccati differential equation (13) has a stabilizing
solution. That rest of the proof is a straightforward extension of the time-invariant
result which can be obtained by the general formulae for inner/outer factorizations
that are found on pp. 367 and 368 in (Zhou et al., 1996). [ ]

2.3.2. Coprime Factorization

In order to associate Szegd’s limit theorem with the appropriate state space represen-
tation, we will need to compute a left coprime factorization of an operator G. The
pair of systems with associated operators IN and M form a left coprime factorization
of G if M and N are both bounded operators, M~! exists as a causal integral
operator, G = M~IN, and N and M are left coprime; that is, there exist two
bounded integral operators X and Y such that MY + NX =1.

For the operator which has the state-space representation
A(t) | B(t)

cw | 1 (14)

we can derive state-space representations of its left coprime factors in terms of the
solution of a related Riccati differential equation.

Lemma 6. Suppose that A(t) admits an exponential dichotomy and that the pair
(C(t), A(t)) is detectable. Then the Riccati differential equation

Y(t) = AQ)Y (t) + Y () A'(t) = Y (#)C' (1) C(t)Y (t) (15)
has a stabilizing solution Y (t) and:
(i) If A(t) is stable, then Y (t) =0 for all t.
(i1) If A(t) is antistable, then 3 e >0 such that el <Y (t) for all t.

(ii1) If (C(t), A(t)) = ([Cs(t) Cu® ], [Aso(t) Auo(t)D admits an exponential dichotomy
alsl z;z Lemma 2, then Y (t) = [8 yuo(t)} and 3 € > 0 such that el < Yy(t) for
all t.

Proof. It is similar to that of Lemma 4 and therefore is omitted. [ |

Lemma 7. Suppose that the operator G admits a detectable state-space represen-
tation (14) and that A(t) admits an exponential dichotomy. Then G admits a left
coprime factorization G = M YN, where M is co-inner, both of the two factors
are bounded and have state-space representations

o _ [ A -ywewee | Y (e @)
M C(t) T
and
B A@*YwamC@\B@*Y@O@
Xy = C(t) | I (16)
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Proof. The proof follows the time-invariant result which can be obtained by the general
formulae for left coprime factorizations that are found on p. 370 in (Zhou et al.,
1996). ]

We note that for the class of operators considered in Section 2.2, the operator G
satisfies the assumptions of Lemma 7. Thus we can write

F=G'G= [Mle]*[M*IN] =N*N
since M is co-inner.

We now show that the operator IN satisfies the assumptions of Lemma 5. In
particular, we write the state-space representation (8) as

An(t) | Ba() | [ Al —Y()C()C(H) | B(t) =Y (H)C'(1)
cny | 1] c(t) | I

Then
AR () == An(t) = BN (H)Cn (1)
=A@l) - Y()C'(t)C#t)—BH)CH)+Y ()C'(#)C(t)=A*(t), (17)

so that A} (¢t) admits an exponential dichotomy since A*(¢) does. Similarly, since
An(t) is stable, the pair (An(t), By(t)) is stabilizable.

This allows us to compute an inner/outer factorization of N as in Lemma 5. In
particular, FF = N*N = N/ N,, where

An(t) | Bu(t)
YN, = -
By(t)Xn(t) +Cn(t) | T
and Xy () is the stabilizing solution of the Riccati differential equation
~Xn()=Ax (OXn (1) + Xn (D) AR (1) = Xn () By () By () Xn (1)
with AX () = An(t) — Bn(t)Cn (t). Finally, using (17), we can write this as
—Xn(t) =A% ()X (t) + Xn () A (t) — Xn (1) By () By () Xn(t). (19)

(18)

3. Abstract Szeg6é Theorem

For continuous-time systems, (Dym and Ta’assan, 1981) provided an abstract version
of Szeg6’s limit theorem. In particular, let F' be a bounded integral operator with
an m X m matrix-valued kernel F(t,s) acting on Ly, and let Pr be the projection

defined as
fo<s<T
Prax(s) = o(s) i0< 8 -
0 otherwise

for 0<T < o0.

In the sequel, we define F' = F — I. It can be shown that logdet(I + PrF Pr)
serves as a natural continuous analogue of Szegd’s limit. For our purposes, the main
result of (Dym and Ta’assan, 1981) is the following.
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Theorem 8. (Dym and Ta ‘assan, 1981 ) Let F be an integral operator with contin-
uous kernel. Assume that PrF Pr is trace class and that I + PrF Pr is invertible
for all 0<t<T. Then

log det(I + PrF Pr) = trace [PrU_Pr + PrU, Pr], (20)

where FF = (I+U_)I 4+ Uy) is a right-factorization.

To use this result on the operator F' considered in Section 2.2, we first need to
show that F := F — I is a trace class.

Lemma 9. (Iglesias, 2002) Let F=F- I, where F' is the integral operator associ-
ated with the state-space representation [ 3). Furthermore, assume that the derivatives
B(t) and C(t) are bounded. Then PrF Pr is a trace-class operator.

Theorem 10. Let F' be the operator defined as in Section 2.2. Then

1 [ .
hm — log det(I + PpFPp) = lim —/ trace [No(t,t)] dt. (21)
S 4T T J,

T—o0 2

Proof. The system associated with the input-ouput operator F' has a state-space
representation given by

i . A(t) — B(t)C(t) 0 B(t)
S gig PO =] _cwew —uo - sucwy | oo
—C(t) —B/(t) |0

The boundedness of A, B, B, C' and C follows from that of the corresponding
constituent matrices. Slmllarly, the continuity of B and C follows from that of B
and C. Thus, from Lemma 9, F .= F — ] is a trace class. That I + PrFPr is
invertible follows from the state-space description. We can now apply Theorem 8. In
our particular case, we get

U =N—1 and U, =N,—1I.

Furthermore, we can evaluate the right-hand side of (20), as in the proof of Theo-
rem 3.1 in (Dym and Ta’assan, 1981), see also (Gohberg and Krein, 1969, Ch. I11.11),
as follows:
A~ A~ T A
trace [PrN; Pr + PpNoPr| = 2/ trace[ Ny (¢, t)] dt.
0
|

In the next section we will show how the integral defined by (21) is tied to the
antistable pole and zero dynamics of the system as in the time-invariant case.
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4. Main Results

Now we can provide a connection between the general Szegé-type limit considered in
the previous section and the antistable dynamics of the given system.

Theorem 11. For the integral operator F' = G*G, where G is the integral operator
admitting the state-space realization (3) which satisfies Assumptions 1-4, define F =
F —I. Then

/ /

m m m m
_ . 1 - _
Zni& —Znizi STlgrcl)o oT logdet(I + PrFPr) §Znipi —Znigi, (22)

i=1 i=1 i=1 i=1
where P, and p;, © =1,...,m are the spectral values defined in Assumption 1, and
z; and Z;, i =1,...,m' are the spectral values defined in Assumption 2.

Proof. By Theorem 10 we need to compute the kernel of N, =N, —I. From (18) we
have

No(t,7) = [BN(t)Xn(t) + COn ()] ®ay (t,7)By(T), t>7,
and thus
No(t,1) = [By(®)Xn(t) + Cn (1)) Bx(2)
= By () Xn (t)Bn(t) + C(1)[B(t) = Y (1)C(t)']
= By(t)Xn(t)Bn(t) = C()Y (£)C' (1), (23)

where (23) follows from Assumption 3.
Moreover, from Lemma 4 we obtain
trace [By (t) X n (t) By (t)] = trace By, (t) By, (t)Xn, (t)].
Similarly, Lemma 6 gives
trace [C(t)Y (t)C’(t)] = trace [Cy(t)Cu ()Y (2)].

Now, note that the Riccati differential equation for Xy, given by (19), can be rewrit-
ten as

Xna(t) = (= [AX () = Bra (OB, (DX, (5]) Xovu(t) + Xna (1) (A5 (1)).
For any ¢ and 7 the solution of this equation is
X, (t) = (I)—[Aff —BNuB;VuXI’Vu]/(ta 7)Xn, (T)(I)A§ (1,t).

In particular, let ¢t =T and 7 = 0. Now, taking the logarithm of the determinant of
both sides of this equation leads to

log det X, (T') = logdet X, (0) +logdet ®_4x_5 5, 1/(71,0)
u u PN NNy

+ logdet @ 4= (0, 7).
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Furthermore,
. 1
Thm T <1og det Xy, (T) — logdet X, (0)) =0,
since Xnu(t) is bounded from both above and below. Thus
hm T (1og det @_ 4 —Bn, Bl Xn) (7,0) + logdet @ 4« (0, T)) =0.

Applying Lemma 1 to both the transition matrices yields

10gdet (I)—[Azf _BNUB;VHXNU]I(T, O)

/0 trace[By, (t) By, (t) X, (t) — A (t)] dt

T T
- / trace[Bu, (1) B, (1) X'y, ()] df — / frace[ A% (1)] dt

0 0

and
T
logdet ® ,x(0,T") = f/ trace [A) (t)] dt.
u O

Thus

1 /T 1 /T
lim _T/ trace[Bn, (t) By, (t) X}y, (t)]dt = lim T/ trace[A (t)] dt.
0 0

T—o0 T—o0

Similarly, working with the Riccati differential equation (15), we can show that

lim iT /0 trace [C},(t)Cu(t)Yu(t)] dt = lim % /0 trace [Au(t)] dt.

T—oo 2 T—o0

By Theorem 10 and (21), we have

hm —logdet(I+PTFPT)
T—oo 4T

17 A
= Tlggoﬁ/o trace [N,(t,t)] dt

= lim iT /O trace By, (t) By, (t) X, (t) — CL(t)Cy (1) Ya(t)] dt

T—oo 2

1 7
lim — / trace [AJ () — Au(t)] dt.
T Jo

T—o0

Finally, by Lemma 3 we obtain (22). ]
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Corollary 12. If, in addition to the assumptions of Theorem 11, the antistable com-
ponent of the system dynamics A, and A are regular, then

1 A m m’
lim ﬁ log det([ + PTFPT) = Z n;p; — Z n;zi,
=1 =1

T— o0

where p; and z; are the Lyapunov exponents of the antistable component A, and

A, respectively.

Proof. Tt follows directly from the definition of the regularity and Theorem 11. ]

Acknowledgements

The authors wish to thank the anonymous reviewers for their suggestions. The work
was supported in part by the NSF under grant ECS-9800057.

References

Ahijezer N.I. (1964): A functional analogue of some theorems on Toeplitz matrices. —
Ukrain. Mat. Z., Vol.16, pp.445-462. English Transl. (1966): Amer. Math. Soc. Transl.,
Vol.50, pp.295-316.

Arnold L. (1998): Random Dynamical Systems. — Berlin: Springer.

Boéttcher A. and Silbermann B. (1999): Introduction to Large Truncated Toeplitz Matrices.
— New York: Springer.

Coppel W.A. (1978): Dichotomies in Stability Theory. — Berlin: Springer.

Dieci L., Russell R.D. and van Vleck E.S. (1997): On the computation of Lyapunov exponents
for continuous dynamical systems. — SIAM J. Numer. Anal., Vol.34, No.1, pp.402—423.

Dym H. and Ta’assan S. (1981): An abstract version of a limit theorem of Szegd. — IJ.
Funct. Anal.; Vol.43, No.3, pp.294-312.

Gohberg 1. and Krein M.G. (1969): Introduction to the Theory of Linear, Nonselfadjoint
Operators. — Providence, RI: AMS.

Gohberg 1., Kaashoek M.A. and van Schagen F. (1987): Szegd-Kac-Achiezer formulas in
terms of realizations of the symbol. — J. Funct. Anal., Vol.74, No.1, pp.24-51.

Grenander U. and Szegd G. (1958): Toeplitz Forms and Their Applications. — Berkeley:
University of California.

Iglesias P.A. (2001): A time-varying analogue of Jensen’s formula. — Int. Eqns. Oper.
Theory, Vol.40, No.1, pp.34-51.

Iglesias P.A. (2002): Logarithmic integrals and system dynamics: An analogue of Bode’s sen-
sitivity integral for continuous-time, time-varying systems. — Lin. Alg. Appl., Vol.343—
344, pp.451-471.

Ilchmann A. and Kern G. (1987): Stabilizability of systems with exponential dichotomy. —
Syst. Contr. Lett., Vol.8, No.3, pp.211-220.

Kac M. (1954): Toeplitz matrices, translation kernels and a related problem in probability
theory. — Duke Math. J., Vol.21, pp.501-509.



1276 P.A. Iglesias and G. Zang

Kalman R.E. (1960): Contributions to the theory of optimal control. — Boletin de la So-
ciedad Matematica Mexicana, Vol.5, No.2, pp.102-119.

Millionscikov V.M. (1969): A proof of the existence of nonregular systems of linear differ-
ential equations with quasiperiodic coefficients. — Differencial’nye Uravnenija, Vol.5,
pp.1979-1983.

Ravi R., Nagpal K.M. and Khargonekar P.P. (1991): Hoo control of linear time-varying
systems: A state-space approach. — SIAM J. Contr. Optim., Vol.29, No.6, pp.1394—
1413.

Rugh W.J. (1996): Linear System Theory, 2nd Ed. — Englewood Cliffs, NJ: Prentice-Hall.

Sacker R.J. and Sell G.R. (1978): A spectral theory for linear differential systems. — J. Diff.
Eqns., Vol.27, No.3, pp.320-358.

Vojtenko S.S. (1987): Emistence conditions for stabilizing and antistabilizing solutions to
the nonautonomous matriz Riccati differential equation. — Kybernetika, Vol.23, No.1,
pp-32-43.

Zhou K., Doyle J.C. and Glover K. (1996): Robust and Optimal Control. — Upper Saddle
River, NJ: Prentice-Hall.



