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NUMERICAL ANALYSIS AND SIMULATIONS

OF QUASISTATIC FRICTIONLESS

CONTACT PROBLEMS

José Ramón FERNÁNDEZ GARCÍA∗,Weimin HAN∗∗,

Meir SHILLOR***, Mircea SOFONEA****

A summary of recent results concerning the modelling as well as the variational
and numerical analysis of frictionless contact problems for viscoplastic materials
are presented. The contact is modelled with the Signorini or normal compliance
conditions. Error estimates for the fully discrete numerical scheme are described,
and numerical simulations based on these schemes are reported.
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1. Introduction

Contact phenomena among deformable bodies abound in industry and everyday life,
and play an important role in structural and mechanical systems. The complicated sur-
face structure, physics and chemistry involved in contact processes make it necessary
to model them with highly complex and nonlinear initial-boundary value problems.
Indeed, the now famous Signorini problem was formulated as an idealized model of
unilateral frictionless contact between an elastic body and a rigid foundation. The
mathematical analysis of this problem was first provided by Fichera (1964). Duvaut
and Lions, in their monograph (Duvaut and Lions, 1976), systematically modelled
and analyzed many important contact problems within the framework of the theory
of variational inequalities. Numerical approximations of variational inequalities aris-
ing from contact problems were described in detail in (Hlaváček et al., 1988), and
in (Kikuchi and Oden, 1988). The mathematical, mechanical and numerical state of
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the art can be found in the proceedings (Raous et al., 1995), and in the special issue
(Shillor, 1998).

In earlier mathematical publications it was invariably assumed that the de-
formable bodies were linearly elastic. However, numerous recent publications are ded-
icated to the modelling, variational analysis and numerical approximations of contact
problems involving viscoelastic and viscoplastic materials. Moreover, a variety of new
and modified contact conditions have been employed, reflecting a variety of possible
physical contact settings and conditions. The problems have been studied for a unilat-
eral or a bilateral contact, with friction or frictionless. Investigation of these problems
led to new variational inequalities, the well-posedness of which was established. More-
over, two types of numerical approximations were analyzed and error estimates were
derived. These were semi-discrete schemes, where only the spatial variables were dis-
cretized, and fully discrete schemes, where both the time and spatial variables were
discretized.

Here, we summarize some of our main recent results on viscoplastic contact prob-
lems and present a few numerical examples. More details and other problems can be
found in (Fernández-Garćıa et al., 2000).

The paper is structured as follows: In Section 2 we introduce the notation and
preliminary material. We also discuss the mechanical problems and their classical for-
mulation. In Section 3 we present their weak formulations and well-posedness results,
and then give error estimates for their numerical approximations. We consider only
the frictionless contact involving viscoplastic materials and give numerical results only
for the fully discrete scheme. Finally, in Section 4 we provide numerical simulations
which depict possible types of behaviour of the models.

2. Preliminaries

We consider mathematical models for the quasistatic process of frictionless contact
between a viscoplastic body and a rigid foundation. The physical setting is as follows.
A viscoplastic body occupies an open, bounded and connected set Ω ⊂ � d , d = 1,
2 or 3. The boundary Γ = ∂Ω is assumed to be Lipschitz continuous and has the
decomposition Γ = ∪3i=1Γi into mutually disjoint, relatively open sets Γ1, Γ2 and
Γ3, with Lipschitz relative boundaries if d = 3. The set Γ3 represents the poten-
tial contact surface, and we assume meas (Γ1) > 0, which is essential in quasistatic
problems, since it ensures the coercivity of the problem. As the boundary is Lipschitz
continuous, the unit outward normal vector ν exists a.e. on Γ.

We are interested in the evolution of the body’s mechanical state over the time
interval [0, T ] (T > 0). The body is clamped on Γ1 and so the displacement field
vanishes there. A surface traction of density f 2 acts on Γ2 and a volume force of
density f0 acts in Ω (each may vary in time). We assume that they change slowly
in time so that the accelerations in the system are negligible, which means that the
process is quasistatic.

We denote by � d the space of second-order symmetric tensors on � d , or equiv-
alently, the space of symmetric matrices of order d. The inner products and the
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corresponding norms on
� d and � d are, respectively,

u v = uivi, ‖v‖ = (v v)1/2 ∀u,v ∈ � d ,

σ τ = σijτij , ‖τ‖ = (τ τ )1/2 ∀σ, τ ∈ � d.

Here and below, i, j = 1, 2, . . . , d, and the summation convention over repeated indices
is adopted. Moreover, an index which follows a comma indicates a partial derivative.

Let ε and Div be the deformation and divergence operators defined by

ε(u) =
(

εij(u)
)

, εij(u) =
1

2
(ui,j + uj,i), Divσ = (σij,j),

respectively. Denoting by u the displacement and σ the stress fields in the body, we
have

σ̇ = Eε(u̇) +G
(

σ, ε(u)
)

in Ω× (0, T ), (1)

Divσ + f0 = 0 in Ω× (0, T ), (2)

u = 0 on Γ1 × (0, T ), (3)

σν = f 2 on Γ2 × (0, T ), (4)

στ = 0 on Γ3 × (0, T ), (5)

u(0) = u0, σ(0) = σ0 in Ω. (6)

We assume a rate-type viscoplastic constitutive law (1), where E and G are
given functions. Here (2) are the mechanical equilibrium equations. The boundary
conditions (3)–(5) are the displacement, traction and frictionless contact conditions on
Γ1, Γ2 and Γ3, respectively. Finally, (6) are the initial conditions. In (1) and below,
a dot above a variable represents its derivative with respect to time. To complete
the model, we need to supplement these relations with the contact conditions in the
normal direction on Γ3 × (0, T ).
Rate-type viscoplastic models of the form (1) have been used to describe the

behaviour of rubbers, metals, pastes, and rocks, see, e.g., (Cristescu and Suliciu, 1982)
and references therein. Existence and uniqueness results for initial-boundary value
problems involving (1) were obtained in (Ionescu and Sofonea, 1993) for displacement-
traction conditions. The Perzyna law is such an elastic-viscoplastic constitutive law,

ε̇ = E−1σ̇ + 1
µ∗
(σ − PKσ), (7)

where µ∗ > 0 is the viscosity constant, K is a nonempty, closed, convex set in
the space of symmetric tensors, and PK denotes the projection mapping onto K.
A simple one-dimensional example of a constitutive law of the form (1), when a full
coupling between the stress and the strain is assumed in G, can be found in (Cristescu
and Suliciu, 1982, p. 35).
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To proceed with the variational formulation, we need the following function
spaces:

H = {u = (ui) | ui ∈ L2(Ω)}, Q = {σ = (σij) | σij = σji ∈ L2(Ω)},

H1 = {u = (ui) | ui ∈ H1(Ω)}, Q1 = {σ ∈ Q | σij,j ∈ H}.
These are real Hilbert spaces endowed with the inner products

(u,v)H =

∫

Ω

uivi dx, (σ, τ )Q =

∫

Ω

σijτij dx,

(u,v)H1 = (u,v)H + (ε(u), ε(v))Q,

(σ, τ )Q1 = (σ, τ )Q + (Divσ,Div τ )H ,

and the associated norms ‖ · ‖H , ‖ · ‖Q, ‖ · ‖H1 and ‖ · ‖Q1 , respectively.
Below, V stands for the space V = {v ∈ (H1(Ω))d | v = 0 on Γ1} equipped

with the inner product (u,v)V = (ε(u), ε(v))Q and the associated norm ‖ · ‖V .
Since meas(Γ1) > 0, it follows from Korn’s inequality that ‖ · ‖(H1(Ω))d and ‖ · ‖V
are equivalent norms on V .

For an element v ∈ H1, we also denote by v its trace γv on Γ; vν and vτ
denote the normal and tangential components of v on Γ given by vν = v ν and
vτ = v− vνν, respectively. For an element σ ∈ Q1, we denote by σν its trace on Γ.
If σ is a smooth function, then the normal and tangential components of σ are given
by σν = (σν) ν and στ = σν−σνν, respectively. Given a real normed space (X, ‖ ·
‖X), we use the standard notation C([0, T ];X), C1([0, T ];X) and W k,p(0, T ;X) for
function spaces.

In the numerical approximations of the problems, we use the finite-element
method (FEM) for spatial discretization, and finite differences for the time derivative.
We now describe briefly a finite-dimensional space Hh1 which approximates H1 via
the FEM. The details can be found, e.g., in (Ciarlet, 1978). For simplicity, we assume
that Ω is a polygon or a polyhedron. Then Γ3 = ∪Ii=1Γ3,i, and each piece Γ3,i is
represented by an affine function. Let T h be a regular finite-element partition of Ω
such that whenever a side of an element lies on the boundary, it belongs entirely to
one of the subsets Γ1, Γ2 and Γ3,i, 1 ≤ i ≤ I . Let h be the maximal diameter of the
elements. We define Hh1 ⊂ H1 to be the finite-element space consisting of piecewise
linear functions corresponding to the partition T h. If the solution u is known to have
higher regularity, we may use higher-order elements (our error analysis can be easily
extended to such cases).

We employ a partition of the time interval [0, T ] : 0 = t0 < t1 < · · · < tN = T .
We denote the step size by kn = tn − tn−1 for n = 1, . . . , N , and let k = maxn kn
be the maximal step size. For a function w(t) we let wn = w(tn). Given a sequence
{wn}Nn=0 for n = 1, . . . , N , we write ∆wn = wn − wn−1 and let δwn = ∆wn/kn be
the corresponding divided differences (no summation is implied over the index n).

In what follows, the symbol c represents a positive constant which may change
its value from place to place and may depend on the input data, but is independent
of the discretization parameters h and k.
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3. Frictionless Contact Problems

We present two contact problems involving viscoplastic materials of the type (1). We
assume that E : Ω× � d→ � d and G : Ω× � d× � d→ � d satisfy the assumptions:

(a) Eijkl ∈ L∞(Ω), 1 ≤ i, j, k, l ≤ d.
(b) Eσ τ = σ Eτ , ∀ σ, τ ∈ � d a.e. in Ω.
(c) There exists an α0 > 0 such that

Eτ τ ≥ α0|τ |2 ∀ τ ∈ � d a.e. in Ω.



















(8)

(a) There exists an L > 0 such that
‖G(x,σ1, ε1)−G(x,σ2, ε2)‖ ≤ L (‖σ1 − σ2‖+ ‖ε1 − ε2‖)
∀ σ1,σ2, ε1, ε2 ∈ � d, a.e. in Ω.

(b) For any σ, ε ∈ � d, x 7→ G(x,σ, ε) is measurable.
(c) The mapping x 7→ G(x,0,0) lies in H.































(9)

The forces and tractions are assumed to satisfy

f 0 ∈W 1,∞(0, T ;H), f2 ∈W 1,∞
(

0, T ; (L2 (Γ2))
d
)

, (10)

and f(t) denotes the element of V given by
(

f (t),v
)

V
=
(

f0(t),v
)

H
+
(

f 2(t),v
)

(

L2(Γ2)
)

d

for all v ∈ V and t ∈ [0, T ].

3.1. The Signorini Problem

We assume that there is no interpenetration between the body’s surface and the
foundation, which represents a highly idealized case of a perfectly rigid foundation.
The classical formulation is: Find a displacement field u : Ω × [0, T ] → � d and a
stress field σ : Ω× [0, T ]→ � d satisfying (1)–(6) and

uν ≤ 0, σν ≤ 0, σνuν = 0 on Γ3 × (0, T ). (11)

Here (11) is the Signorini condition. Let U = {v ∈ V | vν ≤ 0 on Γ3} and assume
that

u0 ∈ U, σ0 ∈ Q, (12)
(

σ0, ε(v)− ε(u0)
)

Q
≥
(

f(0),v − u0
)

V
∀v ∈ U. (13)

The weak formulation of this contact problem is as follows:

Problem 1. Find a displacement u : [0, T ]→ U and a stress tensor σ : [0, T ]→ Q
such that u(0) = u0, σ(0) = σ0 and, for a.e. t ∈ (0, T ),

σ̇(t) = Eε
(

u̇(t)
)

+G
(

σ(t), ε (u(t))
)

,

(σ(t), ε(v)− ε (u(t)))Q ≥ (f(t),v − u(t))V ∀ v ∈ U.
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The following result was established in (Sofonea, 1997).

Theorem 1. Assume that (8)–(10), (12) and (13) hold. Then Problem 1 has a unique
solution such that u ∈ W 1,∞(0, T ;U) and σ ∈ W 1,∞(0, T ;Q1).
For numerical approximations, let V h ⊂ V be a finite-dimensional subspace of

V and define

Uh =
{

vh ∈ V h | vhν ≤ 0 on Γ3
}

.

Let Qh ⊂ Q be a finite-dimensional subspace of Q. Let PQh : Q → Qh be the
orthogonal projection defined by

(

PQhq, qh
)

Q
=
(

q, qh
)

Q
∀ q ∈ Q, qh ∈ Qh.

Then a fully discrete approximation of Problem 1 is:

Problem 2. Find uhk = {uhkn }Nn=1 ⊂ Uh and σhk = {σhkn }Nn=1 ⊂ Qh such that
uhk0 = u

h
0 , σ

hk
0 = σ

h
0 and, for n = 1, . . . , N ,

δσhkn = PQhEε
(

δuhkn
)

+ PQhG
(

σhkn , ε(u
hk
n )
)

,

(

σhkn , ε
(

vh − uhkn
))

Q
≥
(

fn,v
h − uhkn

)

V
∀ vh ∈ Uh.

Problem 2 has a unique solution. We obtain the following error estimates by
modifying the results in (Chen et al., 1999a):

Theorem 2. Assume that the conditions of Theorem 1 hold. Then

max
1≤n≤N

(

‖un − uhkn ‖V + ‖σn − σhkn ‖Q
)

≤ c
(

‖u0 − uh0‖V + ‖σ0 − σh0‖Q
)

+ck
(

1 + ‖u̇‖L∞(0,T ;V ) + ‖σ̇‖L∞(0,T ;Q)
)

+c max
1≤n≤N

(

inf
vh
n
∈Uh

{

‖un − vhn‖V

+|Rn(un,vhn)|1/2
}

+ ‖(IQ −PQh)(σn − σ0)‖Q
)

,

where

Rn
(

un,v
h
n

)

=
(

σn, ε
(

vhn − un
))

Q
−
(

fn,v
h
n − un

)

V
.

Theorem 2 is a basis for order error estimates. Let V h = Hh1 ∩V and let Qh be
the corresponding space of piecewise constants. Assume that

u ∈ L∞(0, T ;H2(Ω)d), σ ∈ L∞
(

0, T ;H1(Ω)d×d
)

,

u0 ∈ H2(Ω)d, σ0 ∈ H1(Ω)d×d.
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If we choose uh0 ∈ Uh and σh0 ∈ Qh to be finite-element projections of u0 and σ0,
respectively, then

max
1≤n≤N

(

‖un − uhkn ‖V + ‖σn − σhkn ‖Q
)

= O(k + h3/4).

If we further assume that u̇τ ∈ C([0, T ];H2(Γ3,i)d), 1 ≤ i ≤ I , then we obtain an
optimal order error estimate

max
1≤n≤N

(

‖un − uhkn ‖V + ‖σn − σhkn ‖Q
)

= O(k + h). (14)

3.2. Frictionless Contact Problems with Normal Compliance

We next consider a frictionless contact of the body with a deformable foundation
which we model by the normal compliance condition,

σν = −
1

µ
(uν − g)α+ on Γ3 × (0, T ). (15)

Here g is the initial gap between the elastic-viscoplastic body and the foundation,
and µ may be interpreted as the coefficient of deformability of the foundation. The
expression uν − g, when positive, represents the interpenetration of the body’s sur-
face asperities into the foundation. Signorini’s nonpenetration condition is obtained
from (15) as µ→ 0, i.e., when the coefficient of deformability of the foundation tends
to zero.

We assume that

α ∈ (0, 1], µ ∈ L∞(Γ3), g ∈ L2(Γ3), µ ≥ µ0 > 0, g ≥ 0 a.e. on Γ3. (16)
The classical formulation of the problem is as follows: Find a displacement field u :
Ω× [0, T ]→ � d and a stress field σ : Ω× [0, T ]→ � d satisfying (1)–(6) and (15).
To obtain a variational formulation of the problem, let

j(v) =
1

α+ 1

∫

Γ3

1

µ
(vν − g)α+1+ da.

Assume that the initial data satisfy,

u0 ∈ V, σ0 ∈ Q, (17)

(

σ0, ε(v)− ε(u0)
)

Q
+ j(v)− j(u0) ≥

(

f(0),v − u0
)

V
∀ v ∈ V. (18)

The weak formulation of the problem is as follows:

Problem 3. Find a displacement u : [0, T ]→ V and a stress tensor σ : [0, T ]→ Q
satisfying u(0) = u0, σ(0) = σ0 and, for a.e. t ∈ (0, T ),

σ̇(t) = Eε
(

u̇(t)
)

+G
(

σ(t), ε(u(t))
)

,

(

σ(t), ε(v)−ε(u(t))
)

Q
+j(v)−j(u(t)) ≥

(

f(t),v−u(t)
)

V
∀ v ∈ V.
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The well-posedness of Problem 3 was studied in (Sofonea, 1997), where the fol-
lowing result was established:

Theorem 3. Under the conditions (8)–(10), (17) and (18), Problem 3 has a unique
solution such that u ∈ W 1,∞(0, T ;V ) and σ ∈ W 1,∞(0, T ;Q1).
For numerical approximations, let V h ⊂ V and Qh ⊂ Q be finite-dimensional

spaces. We assume that these spaces satisfy ε(V h) ⊂ Qh. This assumption is very
natural and holds for finite-element approximations when the polynomial degree for
the space V h is at most one higher than that for the space Qh. Then a fully discrete
approximation of Problem 3 is as follows:

Problem 4. Find uhk = {uhkn }Nn=1 ⊂ V h and σhk = {σhkn }Nn=1 ⊂ Qh such that
uhk0 = u

h
0 , σ

hk
0 = σ

h
0 and, for n = 1, . . . , N ,

δσhkn = PQhEε
(

δuhkn
)

+ PQhG
(

σhkn−1, ε
(

uhkn−1
))

,

(

σhkn , ε
(

vh−uhkn
))

Q
+j
(

vh
)

−j
(

uhkn
)

≥
(

fn,v
h−uhkn

)

V
∀ vh ∈ Uh.

Problem 4 has a unique solution. We have the following error estimates, obtained
by modifying a similar result in (Chen et al., 1999b):

Theorem 4. Assume that the conditions of Theorem 3 hold. Then

max
1≤n≤N

(

‖un − uhkn ‖V + ‖σn − σhkn ‖Q
)

≤ c
(

‖u0 − uh0‖V + ‖σ0 − σh0‖Q
)

+ck
(

1 + ‖u̇‖L∞(0,T ;V ) + ‖σ̇‖L∞(0,T ;Q)
)

+c max
1≤n≤N

(

inf
vh
n
∈V h
{‖un − vhn‖V + |Rn(un,vhn)|1/2}

+‖(IQ −PQh)(σn − σ0)‖Q
)

,

where

Rn
(

un,v
h
n

)

=
(

σn, ε
(

vhn−un
))

Q
+j
(

vh
)

−j
(

uhkn
)

−
(

fn,v
h
n−un

)

V
.

The theorem is a basis for order error estimates. Let V h = Hh1 ∩V , where Hh1 is
defined in Section 2, and let Hh be the corresponding space of piecewise constants.
Assume that

u ∈ L∞
(

0, T ;H2(Ω)d
)

, σ ∈ L∞
(

0, T ;H1(Ω)d×d
)

,

u0 ∈ H2(Ω)d, σ0 ∈ H1(Ω)d×d.

If we choose uh0 ∈ Uh and σh0 ∈ Qh to be finite-element projections of u0 and σ0,
then we have

max
1≤n≤N

(

‖un − uhkn ‖V + ‖σn − σhkn ‖Q
)

= O
(

k + h3/4
)

.
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If we further assume that

u̇τ ∈ C
(

[0, T ];H2(Γ3)
d
)

,

then we have an optimal order error estimate

max
1≤n≤N

(

‖un − uhkn ‖V + ‖σn − σhkn ‖Q
)

= O(k + h). (19)

A variational and numerical analysis of a quasistatic frictionless contact problem for
viscoplastic materials with a general normal compliance contact condition was made
in (Fernández-Garćıa et al., 1999).

4. Numerical Examples

To verify the accuracy of the numerical methods described in Section 3, a number of
numerical experiments have been performed on test problems in one, two and three
dimensions. We describe in this section some of the numerical results.

4.1. The Signorini Contact Problem

4.1.1. A Two-Dimensional Test Problem

We used the data:

Ω = (0, 1)×(0, 1), T =1 sec, Γ1=[0, 1]×{1}, Γ2={0, 1}×(0, 1),

Γ3 = [0, 1]×{0}, f0=(0,−10t)N/m2, f2=(0, 0)N/m,

σ0 = 0N/m
2, u0=0m.

E is the plane stress elasticity tensor, i.e.,

(Eτ )αβ =
Eκ

1− κ2 (τ11 + τ22)δαβ +
E

1 + κ
ταβ ,

for α, β = 1, 2, where E is Young’s modulus and κ is Poisson’s ratio. In this example,
E = 108N/m

2
and κ = 0.3. We consider an obstacle defined implicitly by

(x1 − 3)2
900

+
(x2 + 3)

2

9
− 1 = 0.

We used the 2-D version of Perzyna’s viscoplastic law (7), i.e.,

G(σ, ε) = − 1
µ∗
E(σ − PKσ), (20)

where PK is the orthogonal projection operator (with respect to the norm ‖τ‖ =
(Eτ, τ)1/2) onto the convex subset K ⊂ � 2 defined by

K =
{

τ ∈ � 2 | τ211 + τ222 − τ11τ22 + 3τ212 ≤ σ2Y
}

,

where σY is the uniaxial yield stress. We used σY =
√
10N/m

2
and µ∗ = 200N/m

2
.

In Fig. 1 the deformed configuration and the Von-Mises norm for the stress at
time t = 1 sec are shown, and in Fig. 2 the evolution of the contact boundary is
illustrated.
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Fig. 1. The deformed configuration and the Von-Mises norm; the 2-D Signorini problem.
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Fig. 2. Evolution of the U2 component; the 2-D Signorini problem.
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4.1.2. A Three-Dimensional Test Problem

In the three-dimensional case we used the data:

Ω=(0, 3)×(0, 1)×(0, 1), T =1 sec,

Γ1={0}×[0, 1]×[0, 1], Γ3=(0, 3)×(0, 1)×{0}, Γ2=∂Ω−(Γ1 ∪ Γ3),

f 2(x1, x2, x3, t)=







(0, 0,−10t)N/m2 if x1 = 0,

(0, 0, 0)N/m2 otherwise,

f 0 = (0, 0, 0)N/m
3
, σ0 = 0N/m

3, u0 = 0m.

Here, E is the three-dimensional elasticity tensor,

(Eτ )ij =
Eκ

(1 + κ)(1− 2κ)

( 3
∑

k=1

τkk

)

δij +
E

1 + κ
τij ,

for i, j = 1, 2, 3, where Young’s modulus E and Poisson’s ratio κ are 108N/m
3

and 0.3, respectively.

The constitutive function G(σ, ε) is the 3-D Perzyna’s (20),

K =
{

τ ∈ � 3 | (σ11 − σ22)2 + (σ22 − σ33)2

+ (σ33 − σ11)2 + 6(σ212 + σ213 + σ223) ≤ σ2Y
}

.

Here, we used σY =
√
10N/m

3
and µ∗ = 200N/m

3
.

In Fig. 3 the displacements and the Von-Mises norm for the stress are shown at
the final time moment T . The evolution of the second component of the displacement
field of the contact nodes on the surface x1 = 0 is illustrated in Fig. 4.

4.2. Contact Problems with Normal Compliance

4.2.1. A One-Dimensional Test Problem

The contact problem with a deformable foundation described in Section 3.2 is con-
sidered with the data:

Ω=(0, 1), T = 10 sec, Γ1={0}, Γ2=∅, Γ3={1}, f0(x, t)=10N/m,

g=0.25m, α=1, u0(x)=0m, σ0(x)=10− 10xN/m,

E(x)=10N, G(σ, ε)=−σ+10ε, µ=100N/m.
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Fig. 3. The displacements and the Von-Mises norm; the 3-D Signorini problem.
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Fig. 4. Evolution of the U2 component; the 3-D Signorini problem.
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The exact solution to this problem is as follows:

� For 0 ≤ t ≤ ln 2 there is no contact,










σµ(t, x) = 10− 10x,

uµ(t, x) = (1− e−t)
(

x− x
2

2

)

.
(21)

� For t > ln 2 the body is in contact,



















σµ(t, x) =
5(2e−t + 3 + 40µ)

2(10µ+ 1)
− 10x,

uµ(t, x) =
x2

2
(e−t − 1) + x

[

2e−t + 3 + 40µ

4(10µ+ 1)
− e−t

]

.

(22)

We used the discretized scheme for Problem 4 of Section 3.2 and implemented
the numerical method on a standard workstation. Figure 5 depicts the displacements
at the times t = 0.5, 1, 2, 4, 8 sec, calculated with parameters h = 0.01 and k = 0.01.
We also show the difference from the exact solution (21)–(22) scaled by a factor
of 103. In Fig. 6 we illustrate the evolution of the points x = 0.25, 0.5, 1, and the
corresponding error between the numerical and exact solutions. From the error values,
the asymptotic behaviour (19) is obtained with O(r) = C r, where C = 0.9557×10−1,
which is independent of h and k (see Fig. 7).

4.2.2. A Two-Dimensional Test Problem

We test a two-dimensional contact problem with a deformable foundation described
in Section 3.2 using the data:

Ω = (0, 6)× (0, 3), T = 1 sec, Γ1 = 6× [0, 3], Γ2 = (0, 6)× {2},

Γ3 = (0, 6)× {0}, f0 = (0, 0)N/m2,

f 2(x1, x2, t) =







(0,−10t)N/m if x1 = 3,

(0, 0)N/m otherwise,

g = 0m, µ = 100N/m
2
, σ0 = 0N/m

2
, u0 = 0m.

E and G(σ, ε) are the plane stress tensor and the Perzyna’s function (20), respec-
tively, where E = 108N/m2, κ = 0.3 and µ∗ = 200N/m2. The uniaxial yield stress

σY =
√
10N/m

2
was used.

In Fig. 8 the displacements and the Von-Mises norm for the stress at the final
time are shown. In Fig. 9 the evolution of the penetration at a number of contact
points are depicted.
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Fig. 5. Displacements (a) and the error (b) at different times; the 1-D normal compliance
problem.
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Fig. 6. Evolution of displacements at x = 0.25, 0.5, 1 (a), and the corresponding scaled
errors (b); the 1-D normal compliance problem.
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Fig. 8. A deformed configuration and the Von-Mises norm; the 2-D normal compliance prob-
lem.
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5. Conclusion

Considerable progress has been made in the modelling, variational analysis and nu-
merical analysis of quasistatic contact of viscoplastic bodies. Our understanding of
the behaviour of the models for these processes has deepened.

However, many open problems still remain. Besides establishing the well-
posedness of models for other constitutive laws for plastic behaviour, our analytical
tools are insufficient to provide detailed information on the structure of the solutions.
Indeed, the most important applied aspects of the problems are the structure of the
contact zones and the distribution of the contact stress in them. New mathematical
tools need to be developed for this task. Since theoretical investigations are beyond
our current capabilities, we must resort to numerical approximations and simulations
of the models.

The recent progress in the numerical analysis indicated in this review and the
establishing of rigorous error estimates allow for confidence in the results of the com-
puter simulations.

Contact is associated with friction and wear of the contacting surfaces. It is of
interest to include friction and wear in the models. As our recent research experi-
ence indicates, including additional phenomena leads to new and interesting types of
variational inequalities. We conclude that considerable progress has been achieved,
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but much remains to be done to construct a comprehensive mathematical theory of
quasistatic viscoplastic contact problems.
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