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REGIONAL DETECTION AND RECONSTRUCTION OF
UNKNOWN INTERNAL OR BOUNDARY SOURCES

LArBI AFIFI*, ABDELHAQ EL JAT**
MAvLikA MERRY*

The purpose of this paper is to study the problem of regional detection, to
characterize internal or boundary regionally detectable sources and regionally
spy sensors, and to establish a relationship between these sensors and regionally
strategic sensors. It is shown how to reconstruct a regionally detectable internal
or a boundary source from a given output, with an extension to the case when
the output is affected by an observation error. Numerical results are given in
the case of a diffusion system.
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1. Introduction

This work concerns the regional analysis of distributed-parameter systems introduced
and developed for continuous (El Jai et al., 1993; 1995) or discrete (Afifi, 1994) sys-
tems, with special emphasis on controllability and observability. It constitutes an ex-
tension of previous works on detection and reconstruction of unknown internal sources

(Afifi and El Jai, 1994; Afifi et al., 2000).

Other works in this area were devoted to the study of inverse or identification
problems (Isakov, 1998; Rafajlowicz, 1984a; 1984b). The problem considered here is
different, and the approach developed seems general enough to be extented to other
types of problems.

We study the existence of an output operator (sensors) ensuring a unique regional
detection and reconstruction of any internal or boundary disturbance in the system,
even if the observation is not exact. The regional aspect is motivated by the fact
that we may be interested in the detection and reconstruction of a source only in a
subregion w of the geometrical support 2 of the considered system and, as it will be
shown, by the fact that a source can be regionally detectable without being detectable
in the whole domain 2. Even if we have a possibility of detection on all €2, it is easier
to detect a source in a subregion w than to do so in the whole domain .
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First, we characterize regionally detectable sources and regional spy sensors en-
suring a regional detection. Then we show how to reconstruct a regionally detectable
source in the cases where the output is exact or affected by an unknown error, with
extension of the approach to boundary sources which have not been considered in
previous works. Applications and numerical results are also given.

The work is organized as follows: In Section 2, we recall notions of sources, define
regional detection and regionally spy sensors, and characterize regionally detectable
sources. In Section 3, concerning internal sources, we characterize w-spy sensors (re-
gionally spies with respect to the subregion w C Q) and we show how to reconstruct
an unknown w-detectable source in w from the output in the cases where the obser-
vation is exact or affected by an error. In the latter case, we study the reconstruction
error with respect to the observation one. Then we demonstrate an application to
a diffusion system, as well as examples and numerical results. Finally, in Section 4,
we extend the approaches and characterizations developed for internal sources to the
case of boundary sources. We also give examples and numerical results.

2. Sources and Regional Detection

In this section, we recall the notions of sources (Afifi, 1994; Afifi and El Jai, 1994)
and define the regional detection as well as sensors ensuring it. We consider a system
(S) with a geometrical support . We suppose that (S) is disturbed by an unknown
source denoted by s, the corresponding state being x(s) € L2(0,T;V), where § is
an open and bounded subset of R” with a sufficiently regular boundary I'. Here V'
is a Hilbert space such that V C L2(2) C V' with continuous injection, and V’
constitutes the dual space of V.

2.1. Sources
The definition of a source disturbing (S) is as follows:

Definition 1. A source s is a triplet (3, g, J), with
LY):teJ =2t CcQ (Q=QuUT) defining the geometrical support of the
source at time t,

2. g(+,7) : £ € X(t) — g(t,&) € W (W is a Hilbert space) defining the intensity of
the excitation at & at time ¢, and
3. J={t]g(t,-) #0 on X(t)} being the support of g.
The set of all sources will be denoted by £. It is a Hilbert space (Afifi et al.,
2000).

Remark 1.

e Asource s = (X,g,J) issaid to be internal (respectively boundary) if X (t) C Q
(resp. X(t) CT) YVt e J.

o If p(J) > 0, the source is persistent. It is instantaneous if u(J) = 0, where p
is the Lebesgue measure.
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e A source s = (X,g,J) is said to be pointwise (resp. zonal) if its support X(t)
is reduced to a single point (resp. to a region) of Q for all ¢ in J.

Remark 2. A source s = (X, g,J) can be identified with g because ¥ and J can be
determined by the knowledge of g. In this case, we have £ C F(]0,T[xQ; W), where
W is a Hilbert space and F(]0, T[x€; W) is the space of functions f :]0,T[xQ — W
(W is a subspace of RV, N € N*, in a general case we have N = 1).

2.2. Regional Detection

Let w be a non-empty subregion of Q or I', where w is not necessarily connected,
and &, be the set of sources located in w:

EAs=(2,9,J) €| (t) ew}.

We suppose that (S) excited by a source s € £, is augmented by the output equation
(E) y=_Cuz,

where z is the state of (S), C: V — Y is a linear operator, y € L?(0,T;Y), and Y

is a Hilbert space (observation space).

Definition 2. If we can reconstruct a source s located in w based on the system
description (S) and the output equation (FE), we say that s is regionally detectable
in w or w-detectable on ]0,T7.

Let @, be the operator defined by
Qu s, €E — Ys, € L2(07T;Y)7 (1)

where y,_  is the observation corresponding to a source s,. Then every source is
w-detectable on |0, T if the operator @, is injective.

Remark 3. If the nature of the source to be detected is known, we may consider only
the restriction of @), to the corresponding subset Z, of &,, i.e.

Z, = EZPC being the set of zone persistent sources, and

Z, = EZ' being the set of zone instantaneous sources.
In this case, any source s € Z,, is w-detectable on ]0,T[ if Q. : Z, — L?(0,T;Y)
is injective.

Let us note that this work can be extended to the case of sources which are not

necessarily located in the subregion w (XNw # @ and X Nw® # O, where w® = Q\w).
Indeed, we consider the operator

Q:s€& — vy, € L*0,T;Y) 2)
and the set E,,

E, ={sw=P,s|se&},
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where P, is the operator defined by

& — Ewa

P, :
§= (Evga J) — Sy = (Ewagw;Jw)a

3)

with ¥, = ¥ Nw, g, = pwyg, J, being the support of g, and p, the restriction
operator to w, defined by

F(0, T[xQ W) — F(0,T[xw, W),
Puw : (4)
g — Jw = Jjw-
The adjoint operator P of P,, denoted by 1, is given by
E, — &,
Sw = (Zu.ugw;Jw) [ — stw:52(27gvj)7

w .

with ¥ =3%,, J=J, and g = i,9., where i, = p} is given by
f(]O,T[Xw,W) — f(]O,T[XQ, W)a

T o ) G in w, (6)
1 =
G wle 0  otherwise.

For (S) augmented by the regional output?
(E) ; yw(t) = Cxw(t)v 3 G]OvT[a

where z,, is the state corresponding to the source s, = I, P, s, if the operator QI
is injective and if any source s = (X, g,J) such that X Nw # @ can be reconstructed
from (S) and (E), then s is said w-detectable. In this case, the approach and results
developed in this paper are the same.

Let us note that for a source s located in w, we have s = I, P,s and so the two
notations can be used.

Definition 3. Sensors ensuring the regional detection of any source in w are called
the w-spies.

Sensors can be w-spies, but not spies on the whole domain (2-spies). The follow-
ing example illustrates this phenomenon.

Example 1. Consider the following one-dimensional diffusion system defined in Q =
10, 1[:
Ox 0%x
—(&, 1) = == (¢ t)op(t
(60 = SE 08+ 10ae)
x(0,t) = z(1,t) =0,

1'(70) =0,

1 In the case of systems where it is possible to extract regional observation ¥, corresponding to
Sw = I1uPys.



Regional detection and reconstruction of unknown internal. .. 323

where §; is the Dirac delta function concentrated at b. We assume that the measure-
ments are given by means of a pointwise sensor (c,d.) located at ¢ €]0,1[. Hence the
output equation is

y(t) = CE(C, t)a t E}OvT['
The system state is given by
t
w69 =Y [ A0, 1) drn (0
n>1 0

with A\, = —n?7? and ®,(¢) = 2sin(nnf). If ¢ = 1/2, the sensor (c,d.) is not
an Q-spy. (Afifi et al., 2000), but it is a regional spy on w =]0,1/2[(Q,, injective).
¢

2.3. w-Spy Sensors and w-Strategic Sensors

In this part, we recall the notions of w-observability in the case where it is desired
to reconstruct regionally an initial state zp in w C Q (internal case), or on w C T’
(boundary case), as well as the relationship between the sensors ensuring the w-
observability and those being w-spies.

2.3.1. Internal Case

We consider the autonomous system

&(t, &) = Ax(t,§) in ]0, T'[x£2,
x(t, ) =0 on |0, T[xT, (7)
3’3(0,5) = xo(f) € LQ(Q) in Qa

where x( is supposed to be unknown. We assume that (7) is augmented by the output
equation

y(t) = Ca(t, ), t€)o,T]. 8)

If K is the operator defined by K : z € L?(Q) — Kz = C Sz € L*(0,T;Y), where
S is the strongly continuous semi group given by

Tn

Stx = Z e’\"t Z(Jﬁ, cI)nj>L2(Q)cI)nj;
j=1

n>1

then the weak regional observability can be defined as follows (Zerrik, 1993):

Definition 4. The system (7), augmented by (8), is weakly observable in w (or
w-weakly observable) if Ker Ki,, = {0}.
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2.3.2. Boundary Case
Without loss of generality, consider the following autonomous system:
&(t,§) = Az(t,£) in]0,T[xQ,

%(t,g) -0 on ]0, T[xT, (9)

2(0,6) = xo(§)  inQ,
where A generates the strongly continuous semigroup defined by

Tn

Stx = Z eknt Z<x7 lI/nj>L2(Q)‘Ilnj, = L2(Q)

n>0 j=1
We assume that the system (9) is augmented with the output equation
y(t) = CSixo. (10)
Set
K:zc HY(Q) — CSz € L*(0,T;Y)
and
v: HY(Q) — HY2(T) (the trace operator).

If 4, : 2 € H/?(w) — i,z € HY?(T), the definition of w-weak boundary observ-
ability is as follows (Badraoui et al., 1998):

Definition 5. The system (9), augmented by the output equation (10), is said to be
w-weakly observable if

Ker K~v*i,, = {0}.

Definition 6. Sensors ensuring w-weak observability are called w-strategic.

Proposition 1. (Afifi and El Jai, 1994; Merry, 2000) w-strategic sensors are w-spy
sensors.

The converse is not true. This will be illustrated by examples in the case of internal
or boundary pointwise sources.
2.4. Regionally Detectable Sources

To study the regional detection of a source § = (~,§, j) € Z, located in w, we
consider the function

FW(S) = ||y5 - y§H%2(O,T;Y), ERS Zw.
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The problem of regional detection is then equivalent to the minimization problem
inf F, (s)
{ s€E Z,
We have § € Z, and F(3) = 0. Hence the set

§¢={s€ 2. | Fu(3) = inf Fu(9)} = {5 € Zo| Qu3) = Qu(3))

is not empty.

Proposition 2. A source 5 is w-detectable if and only if SY = {5}.

3. Case of Internal Sources

This section concerns the regional detection of internal sources. We give a characteri-
zation of w-spy sensors as well as their relationship with w-strategic sensors, and we
show how to reconstruct a source located in w from observations.

3.1. System under Consideration

Let 2 be an open and bounded subset of R™ with a sufficiently regular boundary
I' = 09Q. We consider the following system:

{ @(t) = Ax(t) +g(t), t€]0,T|, (11)
z(0) = zp € X,

where X = L%(Q), g € L?(0,T;V’) stand for the intensity of the source supposed
to be unknown and located in w, V is a Hilbert space such that V ¢ X Cc V' with
continuous injections, and A is a linear operator generating a strongly continuous
semigroup (S¢)i>0 € L(V, X). In this case, the state of (11) is given by

x(t) = Syxo + /Ot Si—rg(T)dr = Sixo + /Ot Si—riwg(T)dr, t€]0,T]
with x € L?(0,T;V) (Curtain and Pritchard, 1978). We suppose that the system (11)
is augmented by the output equation
y(t) = Cx(t), t€]0,T]. (12)
Then any source s = (X,g,J) is w-detectable on ]0,T[ if the operator
o — L*0,T;Y)

) t
Qo s +— y(t) = CSixo + C/ St—riwg(T)dT
0

(13)

is injective.
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3.2. Characterization of Regionally Spy Sensors

Without loss of generality, we consider the case where the strongly continuous semi-
group (S¢)i>0 is defined by

Tn
Siw = Z et Z@% ©nj)r2() Pnjs (14)
=1

n>1

(®nj){j=1..r,,n>1} being an orthonormal basis of eigenfunctions of A, associated with
the eigenvalues A, of multiplicities 7, such that sup,~;r, < co. We suppose that
the initial state mp = 0 (the results obtained are also valid if ¢ # 0) and that
the output is given by ¢ zone sensors (D, hi)i<k<q, Where Dy is the geometrical
support of the sensor (Dy, hi) and hy its spatial distribution (El Jai and Pritchard,
1988; Ucinski, 1992). The observation y corresponding to the source s = (X,g,J) is
given by

y1(?)
iy =| : |ev=mrs
yq(t)
with
ye(t) = ZZ (/O T (g(7), @) L2 (w) dT) (his @rj)r2(pyy-  (15)

n>1j=1

For n > 1, we consider the matrix

(h1,@n1)r2(pyy -+ (h1y P, ) L2(0y)
My = : ' :
(hg;®n1)r2(p,) - (hgs Par,)2(D,)
and the function
q)nl(Q
fnifew— : eR™.
Por, (€)

In what follows, we give hereafter the characterization of w-spy sensors, first in the
case of sources s € £ such that s is persistent pointwise, and then in the case where
s is zone persistent.
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3.2.1. Case of Persistent Pointwise Sources

For pointwise and persistent sources s € &, we have the following result (Afifi and
El Jai, 1994):

Proposition 3. Sensors (Dg, hi)i<k<q are w-spies if and only if

afn(&) — Bfn(p) € Ker M, Vn >1

=a=0and &= p.
a,BeER, §pew }

In this case, sensors may be w-spies without being w-strategic.

Example 2. For Q =0, 1], we consider the system disturbed by a pointwise source
located at a point b of a subregion w C €2 and with intensity e:

ox 0%z

E(t,f) = 8—52(t’€) +e(t)0p(§) in]0,T[x€Q,
x(t,0) = z(t,1) =0 in 10,77,
x2(0,-) =0 in .

We suppose that the output is given by a zone sensor (D, h) with D =]1/2—c,1/2+¢],
0<c<1/2,and h is symmetrical with respect to 1/2. Then

y(t) = (x(t), h)r2(p), t€J0,T].
If w=]a, [ is such that 0 < a < f < 1/2 and (1/2 — a)/(8 — a) € Q, then the
sensor (D, h) is not w-strategic (Zerrik, 1993), but it is an w-spy. ¢
3.2.2. Case of Persistent Zone Sources

In the case of persistent zone sources, set
Zo=€7={s=(S,9.7) €| ge (R I*w) .
The operator @, is defined by
(Qus)1
Qws = , S€Z,, (16)
(Qws)q
with s = (3,g,J). For k€ {1,...,q}, we have

(Qus)k(t) = ZZ/]O : IGA"(H)@'wg(T),q’nj)ﬂ(z:msz)(hmq’nj)ﬂ(pk)dT
AN,

n>1j=1

Tn

t
= ZZ/@ U G(T), ) 12(w) Py Prj) 12(Dy) AT (17)

n>1j=1

by identifying Z,, with L2(]0,T[; L?(w)) (cf. Remark 2).
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Proposition 4. Sensors (Dg,hi)i<k<q are w-spies if and only if they are w-
strategic.

Proof. If the sensors (D, hi)1<k<q are w-strategic, then they are w-spies, according
to Proposition 1. Conversely, if (Dg, hi)1<k<q are not w-strategic, then (Zerrik, 1993)
there exists z, € L?(w) \ {0} such that

CStiyze =0, Vt€]0,T], (18)
with
L*(w) — L*(Q)

T . g in w,
> 17 =
g g 0 otherwise,

that is to say,

> M (2, @) o) (i, @uj) 120y =0, VEED, T, Vke{l,...,q}.

n>1 j=1
Consequently, using (17), we have
Quz« = 0.
Therefore, for a given source s = (X,g,J) € Z,, and
g=g+z,
we have
Qus = Qus,

where § is the source having g as its intensity. According to Proposition 1, the sensors
(Dg, hi)i1<k<q are not w-spies. [ ]

In general, for the detection of any persistent source located in w (zone or point-
wise), i.e. in the case when Z, = &, we have the following result:

Corollary 1. Sensors (Dy, hi)1<k<q are w-spies if and only if they are w-strategic.

3.3. Reconstruction of a Regionally Detectable Source

In this section, under a regional detection hypothesis, we show how to reconstruct a
source s € &,, first in the case of an observation without errors, and then in the case
with errors.
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3.3.1. Case of Observations without Errors

Consider the system (11) augmented by the output (12) and suppose that the operator
Q. is injective. The semi-norm defined by

Islr, = 1Qusllrzo,rvy, s € Ew
is a norm. If F, = E’Jl'”F‘“, then F,, is a Hilbert space with the inner product
(51,82)F, = (Qus1, Qus2)r2(0,1;v)-
Consider the operator A, : &, — &, defined by

Ays = QZ;QwS
T T
= / S*_,C*C’/ Sp—rg(T) drdr, s=(%,g9,J) € &,. (19)
~ 0

A, has a unique extension as an isomorphism from F,, into its dual F/,, such that

{ (Aws1,s2)e, = (s1,82)F,, Vs1,82 € Fy,, (20)

||Aw51HFl} = ||51HFW; Vs € Fy,

where, for s; = (X1, 91,11), s2 = (32,92, 12) € &, we get

(s1,520e, = / / g1(r,€) ga(r,€) dr de
(IiNI2)? J (X1 (T)NE2(7))?

_ / 01 (64, €) 921, €) A€
tie(Linz)r 7 (F1(t)NT2(t:))*

+/ > 91(7, ;) g2(7, ;) dr
(IlﬂIQ)z

z;€(X1(T)NB2(1))P

* Z Z 91(ti, z5) g2(ti, ;). (21)

tie(llﬁIQ)p zje(Zl(ti)ﬁZQ(ti))P
Here (Iy N1I3)* and (I3 N I2)P are respectively the zone and pointwise parts of

(I; N I). Similarly, (31NX2)* and (X1NX3)P are respectively the zone and pointwise
parts of (X1 N3X2) (Afifi et al., 2000).

Proposition 5. If Q. is injective, the source s is obtained from the corresponding
observation y as the unique solution of the equation

Aus = QLy.
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3.3.2. Case of Observations with Errors
In this case, the system (11) is augmented by the output equation
2(t) = y(t) +ew(t), t€]0,T] (22)

where y is given by (12) and e, is an error in the observation, which is usually
unknown.

Write
Ke,(s) = 1Qus = 2 720.1v)s 5 € Eun (23)

Proposition 6. If Qfz € F!, then K., possesses a unique extension to F, and a
unique minimum se, in F,, given by

Ayse, = Q2.

Proof. If Q*z € F!, there exists a unique f¢ € F,, such that Q*z = A, f¢. Then for
s € &, we have

K, (5) = (Qus, Qus)r2(0,13v) — 2(QuwS, 2) 12(0,13v) + (2, 2) 2(0,13v)
= (Auws,s)e, — 2(s,Aufe,)e, + ”Z”%P(O,T;Y)

= lIsllE, = 2(s, feo) m + I2ll72(0 77 -

Therefore, by density it is easy to show that K., has a unique extension to F, and
then a unique minimum s., = fe. ]

The following result gives an estimate of the reconstruction error for the source s,
with respect to the observation error.

Proposition 7. We have

(i) e, = sllm, = 1QF ewllr,

(i) se, = sllr, < V2llewllz2omy).
Proof. (i) According to (20), we have

[se., = sllr, = [Aw(se, = 8)llm

and therefore

[se. = sllp, = [QLQwSe., — QLQws|F, = [|QLewll 7y
(ii) Using (20), we have

Ise., = sllF, = (Aw(se, = 5),8e, = s)e, = (Qiew, se. — ).,

= <€w7 Qwsew - Z>L2(O,T;Y) + <€w7 Z— y>L2(O,T;Y)

IN

lewllz2 oy I (min Ko, ()" + llewllZz0,rov)

IN

2”%”%2(0,T;Y)-
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Then
e, —sllr, < \/§||ew||L2(O,T;Y)'
| ]

As |lew|lL2(0,my) — 0, we get the result obtained in the case of an observation without
error.

3.4. Simulation Results

Let ©Q =]0,1[ and w C Q. We consier the system described by the equation.

2(,6) = ML o1 o TIxQ,

2(0,€) = 0 in Q, (24)

xz(t,§) =0 on |0, T[xT,

where ¢ is the intensity of the source s = (X, g, J) exciting the system and A is the
Laplacian operator. A generates on X = L%(2) a strongly continuous semigroup
(St)t>0 defined by

Six = Z 6/\"t<l‘, (I)n>L2(Q)(I)n. (25)

n>1

(®p)n>1 is the orthonormal basis of the eigenfunctions of A associated with the
eigenvalues A,

®,(¢) = V2sin(nnf),
An = —n2712, r, =1.

We suppose that the source s is zonal and independent of time (constant). We
then have ¢(t,£) = g(¢§), V¢ € w, Vit €]0,T[. Therefore g can be rewritten as

g() - Z anq)n(')a vt G]OvT[ (26)

n>1

with Qp = <qu)n>L2(w)-

3.4.1. Observations without Errors

In this part, we suppose that the system (24) is augmented by the output equation
y(t) = Czx(t), t€]0,T], (27)

given by an w-spy zone sensor (D, h) located in . In this case, the operator @, is

injective and given by

(Qus)(t) = Z (/0 e’\"(t_T)<g, (I)n>L2(w) dT) (D, h>L2(D)7 seé&,. (28)

n>1
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Its adjoint operator is defined by

@Quy)() = (

m>1

T
/ A=y (1) dr) (@i, h) L2 (D)Pw Prn- (29)
¢

Then

T T
Ays(t) = Z Z Z (/t /0 eAm (T A (=) (g (1), D)) r2(w) dr dT)

m>1n>135>1
XD, @) 12(w) (Prms B) £2(D) (P, h) L2( D) P P (30)

Since the source s is given by

Aus = Qt;ya

we have, in accordance with (26),
Z anAupu®n, = QLy. (31)
n>1

Multiplying (31) by ®,,, we get

Z Qnp (Awpwq)m (I)m>L2(w) = (sz, (I)m>L2(w)7

n>1

i.e.
> anmn = bm, Ym > 1, (32)
n>1

with

{ mn = <Awpwq)naq)m>L2(w)a
b = (QLY, Prn) 12(w)-

Therefore, for a sufficiently large M, we have

M
Zanamngbm; m e {17--'7M}v (33)

n=1

According to (26), to have an approximation of s, we have to calculate the
coefficients «,, for n € {1,...,M}. An approximation of s is then obtained as the
solution of (33) whose matrix is symmetric and positive deinite.

Example 3. We consider the case when w =]2/5,7/8] and a constant source with
respect to time (g(¢,-) = g(+)) with the intensity
—1442% + 168x — 48 on ]1/2,7/12],
1 on 7/12,2/3[ Vt €]0, T,
g(t,x):g(:n): 9
— 14422 + 1922 — 63 on ]2/3,3/4],

0 otherwise.
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We suppose that the output is given by an w-spy sensor (D, h) with D =]5/12,7/12]
and h(€) = 1. Figure 1 shows the correspondimg results for M = 20. ¢

1.2

oAt

0

Intensity

LU

-0.2

Fig. 1. Exact (dotted line) and reconstructed (solid line) source intensities of Example 3.

3.4.2. Observations with Errors
We consider the system (24) augmented by the output
z(t) = y(t) + en(t), t€]0,T], (34)

where y(t) = Cz(t) and e, is an observation error. We suppose that the system is
excited by a zone source s independent of time (i.e. constant). In this case, to have
an approximation of s, it is sufficient to solve the system of linear equations

M
Zanamn =bp, mE€ {17~-~7M}7 (35)
n=1

with

{ Umn = <Awpwq)n7q)m>7
bm = < :;yaq)m>+ <Q:ew;q)m>~

Example 4. We consider the case of the region w =]0,1/2[ and the zone sensor
D = (J5/12,7/12[,1). If g denotes the exact intensity of the source s and g¢ the
estimated one corresponding to the error e;, ¢ = 1,4, then for M =10, e; =0, e =
1074, e3 = 1072, ey = 1072 and g(x) = (5002% — 40522 + 82x)1y9 /5, we obtain
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Irtensity

Fig. 2. Exact (dotted line) and estimated (solid line) intensities of Example 4.

the numerical results given in Fig. 2. As can be seen, these numerical results then
conform to those obtained in the theoretical part. ¢

4. Case of Boundary Sources

In this part, we characterize regional spy sensors in the case of boundary sources, and
we show how to reconstruct regionally such sources from the observation only, with
an extension to the case when the output is affected by an error. Then we present an
application and numerical results.

4.1. System under Consideration

Let Q be an open and bounded subset of R™ with a sufficiently regular boundary
I, and let Q stand for a subregion of I". We consider the system described by
(t,€) = Az(t,€) in ]0,T[x€,
Bux(t,§) = g(t,§)  on]0,T[xT, (37)
x(0,€) =0 in Q,

where g € L?(0,7T; Z) is the unknown excitation of a source located in w, and Z is
a separable Hilbert space. Furthermore, A : D(A) C V — V is a linear operator, V
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is a Hilbert space such that V C X = L?(Q) C V'’ with continuous injections, and
B:D(B) CV — Z is a boundary operator such that D(A) C D(B).

The system (37) is augmented by the output equation
where C € L(V,Y), y € L?(0,T;Y) and Y is a Hilbert space.

Next, we consider the space (also denoted by &,) of boundary sources located
in w. We suppose that the output is given by ¢ zone sensors (Dy,hi)1<k<q With
D, CQ for k=1,q.

4.2. Characterization of Regional Spy Sensors

In order to characterize regional spy sensors, without loss of generality we consider
the system (37) with A=A and B(-) = 9(-)/0v (v being the outward unit normal).
The eigenfunctions (¥,;)j=1,r,.n>0 of A with respect to the considered Neumann
boundary condition and the associated eigenvalues (Ay,)n,>0 are respectively defined
by

A\I/nj = )\n\Ijn] in Q,

39)
U, (
i _y on I, 1<j<r,
ov
where 7, is the multiplicity of A,. For n > 0, we consider the matrix
(h1,%n1)r2pyy =+ (P, War,)r2(Dy)
M, = : | :
(hg;¥n1)r2(p,) -+ (P ¥nr,)L2(D,)
and the function
\Ijnl(g)
fnifcew— : e R™.
Yr, (€)

If we know the nature of the source s € &, to be detected, and if Z, is the
corresponding set (cf. Remark 3), then the sensors (Dy, h)1<k<q are w-spies if and
only if the operator Q,, : Z, — L*(0,T;Y) is injective. In the sequel, we characterize
w-spy sensors for pointwise or zone persistent boundary sources.

4.2.1. Case of Regionally Persistent Pointwise Sources

A regionally persistent pointwise boundary source is w-detectable if the operator
Qu:s€Z,=EP —y, € L*0,T;Y)

is injective, where EP'P¢ is the set of persistent pointwise sources located in w.
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Proposition 8. The sensors (Dy, hi)i<k<q are w-spies if and only if

afn(€) — Bfn(p) € Ker My, Vn >0

= d €& =pu. 40
wBER Epcw }ia gande =g 0

Proof. The sensors (D, hi)1<k<q are w-spies if and only if @, is injective. Therefore,
if s1 = ({b1},0p,01,J1) and sy = ({b2},0p,02,J2) are two elements of £¥ . with

p,pe
5bi(£){ 1 for € =b;,

0 otherwise,

and
N N
01 (t) = Zajl[tjytj+l[(t)7 92(t) = Zﬁjl[tj,tj+1[(t)
j=1 j=1

for N large enough, where t; =0<ty < <ty41 =171, a4, f; €R and
1 if t €[t tm]
1 ¢, 0(t) = SR
st () { 0 otherwise,
then the sensors are w-spies if and only if
Qusi = Qus2 = b1 =by and «a; =0;, Vjie{l,..., N}

But, using the same method as in (El Jai and Berrahmoune, 1984, pp.179; El
Jai and Pritchard, 1988, pp.95-96), the solution of (37) excited by a source s =

({b}, dvo, I) is given by

Tn t
2(t) =) Uni(b) / AT o(7) dr U, (41)
n>0 k=1 0
Then
t Tn
Qs1=Qsz = 30 [ MUY (Wlbea(r) - Tanlba)ea(r)) dr
n>0 0 k=1
X (Wi hi)p, =0, Vt€]0,T[, 1<i<q. (42)

Consequently, in ]t1,t2[ we have
t n
S [ ary (Banlban - Warb2))
n>0Y 1l k=1
><<\I/nk, hi>L2(Dq,) = 0, 1 § ) S q. (43)
Then

(War(br)ar = W (b2)B1 ) (W hidpagpy =0, ¥n 20, 1<i<q



Regional detection and reconstruction of unknown internal. .. 337

in |]tg,t3], and according to (43), we get

Tn

Z /t eAn(t=T7) dTZ (‘Ilnk(bl)ag — \Ilnk(bQ)ﬁQ)
k=1

n>0v1t2

X<\I/nkahi>L2(D7,) = 0, 1 § 1 S q. (44)

Thus

Tn

Z (‘I/nk(bl)az - ‘Ifnk(b2)52) (Wnk, hi)r2(p,y =0, Vn >0, 1<i<gq.
k=1

In much the same way, we show that

Tn

; (W (Br)ow = Won(b2)30) (W, i) 20,y = 0, -

Vn>0, 1<i<gq, 1<I<N.

Therefore

N (0 Ui (01) — B5®0(b2) ) (hi, W) 1200y = 0,
Qust = Qusz = ,;( ’ ! ) ros (46)
vn>0, je{0,...,N}, ie{l,...,q},

and consequently, the sensors are w-spies if and only if (40) is satisfied. ]

Note that also in this case, sensors may be w-spies without being w-strategic.

Example 5. For Q =]0,a;[x]0,az[ such that a?/a2 ¢ Q, and w =]0,a;[x{0}, we
consider the system

%(t,f) = Ax(t,§) in ]0,T[x9,

92(1,6) = F(3(E) on 10,7,
x2(0,€) =0 in Q,

where f is the intensity of a pointwise source exciting the system and located in the
subregion w. We consider the case where the output is given by a pointwise sensor
(¢,0.) with ¢ = (a1/4,a2/4). The state ¢(x1,22) = 1, (x1,x2) cos(2mz1/a1) is not
w-observable (Badraoui et al, 1998). Hence the sensor (c,d.) is not w-strategic, but
it is an w-spy. ¢
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4.2.2. Case of Regionally Persistent Zone Sources

If we have to regionally detect a persistent zone source, we consider the set
Zo={s=(%,9,1) €&, | g€ L*(R}; L*(w)) } = EP°.

In this case, the state of the system is given by (El Jai and Pritchard, 1988; Curtain
and Zwart, 1995)

‘ t
z(t) = —/ AS;—-Gg(r)dr +/ Si—rGy(7)dr,
0 0

where
G:geL*) — h=CGgeL*Q)
with
h—Ah=0 in Q,
% =g on I o
ov ’
and

Az = Az, Vze D(A)=H*Q).

Since the observation is given by ¢ zone sensors (Dy, hy)k, the output (38)
becomes

y1(t)
y(t) = €Yy =R?
Yq(t)
with

) = (a0 iz = =303 [ ar((Golr). AV ey

n>0j=1

—(Gg(7), s ) ) (s W12, (48)
From (47) and the Green formula, we have

(Gg(7), AVsj) r2(0) — (G9(T), V) r2(0) = —(9(7), Ynj) L2 (w)-

Therefore

Tn t

ue() =YD | U g(r), W) 2wy AT (b, Unj) L2p, ), 1<k <q. (49)

n>0j=170
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Proposition 9. (Dy, hi)i1<k<q are w-spy sensors if and only if they are w-strategic.

Proof. Since w-strategic sensors are w-spies, it is sufficient to show the converse. If
the sensors (Dy, hi)1<k<q are not w-strategic, then 3z, # 0 € H'/?(w) (Badraoui
et al., 1998), such that

CSiyyiwzs =0, Vt€]0,T], (50)
where ¢ is the adjoint of the trace operator 7o : H'(Q) — H'/2(T"). Then we have

Tn

Z eknt Z(z*7 lIInj)LQ(o.))<hk‘7 lI/'r‘Lj>L2(Dk) = Oa vt E]O7T[7 Vk € {17 e aq} (51)

n>0 j=1

Hence

Z /t eAn (t=7) i(z*, Uoj) 2wy AT

n>0 0 j=1

X(hi, Ynj)r2(py) =0, YVt €]0,T], Vke{l,... q}, (52)

ie.

Quze = 0. (53)
Thus, for a given source s = (X,g,1) € &, we have

Qus = QuS, (54)

where § is the source having as its intensity the function
g=g+ 2 (55)

Consequently, according to Proposition 2, (Dg,hr)i<k<q are not w-spy sensors.
|

Generally, for Z, = &£,, we have the following result:

Corollary 2. (Dy, hi)i<k<q are w-spy sensors if and only if they are w-strategic.

It is easy to show that for regional reconstruction of boundary sources, the results
and approches are similar to those obtained for internal sources.

4.3. Simulation Results

Let Q =]0,a[x]0,3[ with a?/3%? ¢ Q. Consider the system disturbed by a source
s=(%,g,I) located in w:

%1.6) = da(t.6) on 0,TIxO,
Oz B 56
S8 = g(t.&)  on J0.T[xT, (56)

xz(0,€) =0 in Q.
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In this case, the eigenvalues and the associated eigenfunctions are given by
2 2
m n
)\m,n:_<¥+§) 7727 man207

Upnn(€,C) = @2 (O (0),

respectively, with

o 1/« if m=0,
o V2/acos(mré/a) if m>1,
1/\/B if n=0,

onl(¢) =

V2/Bcos(nw¢/B) if n>1.

Since o?/3% ¢ Q, we have 7r,,, =1, Ym,n > 0.

We suppose that the boundary source exciting the system is zonal and constant
so that g(t,&) = g(&) € L*(w) for & = (£1,&) € w. Consequently, we have

9(,0) € L*(w1), gla,") € L*(wa),

g('aﬁ) € LQ(W3)7 g(O, ) € LQ(W4),

with
{wlI‘lﬂw, we =I5 Nw, w3z =T3Nw, ws=T41Nw, (57)
'y =]0,a[x{0}, T2={a}x]0,8], Ts=]0,a[x{B}, Ts={0}x]0,p],
and g can be written down as
g(€1,&) = Y (1, (€0,) (90, 0), 67 haaon #7 (1)
1>0
+ 1F2 (517 52)<g(04, ')a wlﬁ>L2(¢U2)¢lﬁ(£2)
+ 1 (61, 62)(9( B), 01" ) L2 () 1 (€1)
+ 10, (61, 2)(9(0, )6 200l (€2)) (58)

where

1 if (&,&) €Ty,
0 otherwise.

1r, (517 §2) = {
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If the output is given by a zone sensor (D, h), then

(Qus)(t) = Z (h, ¥ii)L2(D) /OT MU (g(7), W) 2w dT (59)

k,i>0
T
(Q::Z)(t) = Z <h7 lIImn)LQ(D)/ e/\mn(T_t)Z(T) drpw¥omn (60)
m,n>0 t
and
(QLQu)z(t) = Z Z(h,Wmn)Lz(D)(h,Wkl)Lz(D)pw‘I/mn
m,n>0k,l>0
T T
A (r=t) [ A (=T g (1) W) 2y A A (61
x/te Ae (9(7), Y1) p2(wydr dr (61)
with
pwq/mn(€17§2) = Z 1wi(€17§2)Ri(n)¢g@(€1)
ie{1,3}
+ Y L (&, &)Ri(m)el (&),
i€{2,4}
where
2 2
Ri(m) = ik Ry(m) =4/ —(=1)",
Rs(m) = (=1)™Ry(m), Ra(m)=(—1)"Re(m) form >1,
1 1
RO = B0 =[5 R0)=Ri0)= /2.

4.3.1. Observations without Errors

In the case of observations without errors, the source s is given by

Aus =Qly, (62)
where A, = QFQ. and y is the observation performed by the sensor (D, h). There-
fore, for i € {1,...,4}, the restriction A, ; of A, to I';, is given by

Aw,is = (Q:))’L Yy
with
(Aw,is)(t) = Z Z (hy W) 2Dy (s Wk 1) 2 (D) Si(m, n)

m,n>0k,[>0

T I8
X/ e)\,,m(rft)/ M=) (g (1), U)o dr dr
t 0

T
@iy = 3 (s Wonn) 20y Sim, ) /t P70y ()

m,n>0
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and

Ri(n)1u,¢f, if i€ {13},

Si(m,n) =
(m, ) {Ri(m)lwigpg if i €{2,4}.

Then for i € {1,3} (resp. for ¢ € {2,4}), by multiplying A, ;s = (QF)iy by ¢f
(resp. cpg), k>0, and for M large enough, 0 < k < M, from (58) it follows that

M
>~ (90,00, 682 (68 98 22 ) (Mari I 90 2
1,I'=0

+ <g(a7 ')7 ¢ﬁ>L2(w2) <<plﬁa 905>L2(w2) (Aw,i]-FQ @lﬁa @g)Lz(wi)

+ <g('7 5)7 (plof>L2(w3) <50la7 cplo’[>L2(w3) <Awﬂ'lrzsalav ¢g>L2(wi)

(900, ), 9 ) (97 00 1200 (BT ol s 90 120 ) = HE (R (63)
with

<(Q:;)z Z/#P@L?(wﬂ if i€ {133}7

HY (k) =
. { Q)i eR) 2wy if i€ {24},

To have an approximation of s, we have to calculate the coefficients

<g('70)a§0?>L2(w1)a <g(aa')a§05>L2(wz)a <g('a/6)a§0lC¥>L2(w3)v <g(0a')a§aﬁ>L2(W4)

for I’ € {0,...,M}. Then s is determined by solving (63).

Example 6. For a = 1, =24 w = wy Uws Uw, with wy = {a}x]1/4,B[C Iy,
ws =]0,1[x{8} C T's, wy = T4, we consider the case when the output is given by a
zone sensor (D, h) such that D =]1/3,1/2[x]1/8,1/6] and h(&1,&2) = 1. Let s be
a source with the intensity g given by

Lj1/2,17(&1, €2)(—1663 + 3665 — 24&, + 5) + 11 (&1, &2)  on Ty,
9(&1, &) = { —267 + 367 onI's, (64)

0 otherwise.

Its representation, for M = 20, is given in Fig. 3.

The calculated approximation g, of g is given in Fig. 4. In order to compare g,
and g, we show their restrictions to I';, i € {1,2,3} in Figs. 5, 6 and 7, respectively
(g is represented by a dotted line and g, is drawn using a solid line). ¢
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Intensity

Fig. 4. Estimated source intensity.

4.3.2. Observations with Errors
In this part, we consider the system (47) disturbed by a zone constant source and

augmented with the output
Z(t) = <h7 x(t»LQ(D) + ew(t)v t 6]07T[, (65)
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oat
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Irtensity

-0.1 L " " L
. 0.6 0.4 1

Fig. 5. Restriction of the solution from Example 6 to I';.

Irtensity

-0.2 L L L 1
] 0.z 0.4 0.E 0.4 1 B

Fig. 6. Restriction of the solution from Example 6 to I's.

where e, is an observation error. In this case, to have an approximation of s, we
have to solve, for 0 < k < M, the system (63) with
{ (QL)iy o) +((@)iew, o) if i€ {1,3},

(Qu)iws o) +{(QL)iew, @) if i€ {24}
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Intensity

1] oz 0.4 0.5 0.a 1

I
Fig. 7. Restriction of the solution from Example 6 to I's.

Example 7. We consider the case of the region w = {a}x]1/4,10/13[C T2 and the
zone sensor (D,h), with D =]1/5,2/5[x]1/5,2/5] and h(&1,&2) = & sin(més). Let
g be an exact intensity of s and g; be the estimated one corresponding to the error
ei, i=1,3 Thenfor a =1, =24 ¢, =0, eo =109 e3=10"% M =20
and g such that

(—189:1]2 + 189y — 42) (1]1/372/3[(?4)) on I's,
g(z,y) =

0 otherwise,

the representations of g and ¢°, i =1,3 on I'y are given in Fig. 8.

5. Conclusion

In this paper, we introduced the notion of regional detection and characterized internal
or boundary regionally detectable sources, as well as the sensors ensuring their regional
detection (regional spy sensors). Then we demonstrated that a source (internal or
boundary) can be regionally detectable without being detectable in the whole domain,
and hence that sensors may be w-spies without being (2-spies. We also showed how
to reconstruct such sources from observations, with extensions to the case when the
output is affected by an observation error. Numerical simulations were given in one-
and two-dimensional spaces and various situations were examined. Finally, let us
note that other aspects of the detection problem can be considered, and also, that
the approach developed can be extented to other classes of systems.
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Irtensity

1] 0.2 0.4 0.5 0.4 1 [

L
Fig. 8. Solutions to the reconstruction problem of Example 7.
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