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We provide a framework for hierarchical specification called Hierarchical Decision Process Petri Nets (HDPPNs). It is
an extension of Decision Process Petri Nets (DPPNs) including a hierarchical decomposition process that generates less
complex nets with equivalent behavior. As a result, the complexity of the analysis for a sophisticated system is drasti-
cally reduced. In the HDPPN, we represent the mark-dynamic and trajectory-dynamic properties of a DPPN. Within the
framework of the mark-dynamic properties, we show that the HDPPN theoretic notions of (local and global) equilibrium
and stability are those of the DPPN. As a result in the trajectory-dynamic properties framework, we obtain equivalent
characterizations of that of the DPPN for final decision points and stability. We show that the HDPPN mark-dynamic and
trajectory-dynamic properties of equilibrium, stability and final decision points coincide under some restrictions. We pro-
pose an algorithm for optimum hierarchical trajectory planning. The hierarchical decomposition process is presented under
a formal treatment and is illustrated with application examples.
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1. Introduction

The most critical point in the development of complex sys-
tems depends largely on the ability to choose a concep-
tual model to represent the problem domain in a coherent
and natural fashion. Formal models that capture and orga-
nize knowledge hierarchically can facilitate solutions to
this problem.

Decision Process Petri Nets (DPPNs) are used for
complex systems representations, taking advantage of the
well-known properties of Petri nets, namely, formal se-
mantic, graphical display and decision process (Clemp-
ner 2005b; 2005¢). However, DPPNs lack, as any other
Petri nets, at least two important characteristics, on the
one hand a way of adding a structure and, on the other, a
way of decomposing larger nets into smaller ones. One
of the basic approaches to accomplishing this task is the
hierarchical decompositions.

In order to provide hierarchical features to the DPPN,
in this work we introduced Hierarchical Decision Process
Petri Nets (HDPPNSs). The idea has been advocated and
tested for the modeling of complex processes by a num-
ber of researchers in Petri nets (Bellman, 2008; Buch-

holz, 1994; Dai et al., 2009; Gomes and Barros, 2005; Hu-
ber et al., 1990; Jensen, 1992). The proposed hierarchical
decomposition forms allow the replacement of transitions
by more complex nets which describe a refinement of the
View.

From a practical point of view, to model a complex
system it iS convenient to concentrate on some activities
which are regarded as being essential for system function-
ality, and to abstract the activity behavior in the early de-
sign stages. When the design evolves, every single tran-
sition in a net may be refined by a new net in order to
specify the respective activity in greater detail.

Under this method a complex system could be di-
vided into various levels of detail in a top-down approach.
The hierarchical decomposition can be used as a structur-
ing mechanism to organize the development of a system
in an efficient and coherent manner. It allows the decom-
position of the system into different levels of detail giv-
ing increased modeling adaptability. The intention of this
approach is to define an equivalence relation able to con-
struct a hierarchical partition. At the top level it provides a
higher level of abstraction and a complete view of the sys-
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tem without a great specification, and at the lowest level it
provides a high degree of design detail.

However, the hierarchy in HDPPN formalism is used
not only for net efficiency or model specification. One of
the most important problems that DPPN theory confronts
is the analysis and utility function calculation of sophisti-
cated systems, which is usually huge for real applications.
The complexity of the analysis of the DPPN can be re-
duced significantly if it is hierarchically decomposed. The
hierarchical decomposition process generates simple nets
with equivalent behavior. As a result, the net is divided
into small sets and the complexity of the analysis of the
DPPN is reduced considerably.

The main point of the HDPPN is its ability to repre-
sent the mark-dynamic and the trajectory-dynamic prop-
erties of a hierarchical decision process application. We
will identify the mark-dynamic properties of the HDPPN
as related to only place-transitions Petri nets, and we will
relate the trajectory-dynamic properties of the HDPPN as
related with the utility function at each place that depends
on a probabilistic routing policy of the DPPN. Within the
mark-dynamic properties framework, we show that the
HDPPN theoretic notions of local and global stability are
those of the DPPN. In the trajectory-dynamic properties
framework, we define the utility function as a Lyapunov-
like function that is able to track hierarchically the net
and to converge to an equilibrium point (Clempner et
al., 2005a). By selection of appropriate Lyapunov-like
functions under certain desired criteria, it is possible to op-
timize the utility. In addition, we used the notions of local
and global stability in the sense of Lyapunov to charac-
terize the stability properties of the HDPPN. The HDPPN
uses a non-negative utility function (as the DPPN does)
that converges in decreasing form to a (set of) final de-
cision states. We show that if the HDPPN is finite and
non-blocking, then we have that a final decision state is an
equilibrium point iff it is an optimum point. We present
an algorithm for optimum hierarchical trajectory planning
used to find the optimum point. The algorithm consists in
finding a firing transition sequence such that an optimum
decision state is hierarchically reached in the HDPPN. For
this propose the algorithm uses the graphical represen-
tation provided by the place-transitions Petri net and the
utility function.

The paper is structured in the following manner. The
next section presents the necessary mathematical back-
ground and terminology needed to understand the rest of
the work. Section 3 discusses the main results of this pa-
per, providing a definition of the HDPPN and giving a de-
tailed analysis of the equilibrium, stability and optimum
point conditions for the mark-dynamic and the trajectory-
dynamic parts of the HDPPN. An algorithm for calcu-
lating the optimum trajectory used to find the optimum
point is proposed. For illustration purposes, we show how
the standard notions defined in HDPPN theory are ap-

plied to a practical example. Finally, some concluding
remarks and future work are provided in Section 4. For
completeness, appendices related to the mark-dynamic,
trajectory-dynamic and the convergence of the HDPPN
mark-dynamic and trajectory-dynamic properties are in-
cluded.

2. Preliminaries

In this section, we present some well-established defini-
tions and properties (Lakshmikantham et al., 1990; 1991)
which will be used later.

Notation. N = {0,1,2,...}, Ry = [0,00), N+ =
{no,no—f—1,...,n0—|—k,...},n0 > 0. Given z,y €
R?, we usually denote the relation “<” to mean compo-
nentwise inequalities with the same relation, i.e., z < y is
equivalent to x; < y;, Vi. A function f(n,x), f : N, 4+ X
R? — R is called nondecreasing in z if, given z,y € R
suchthatx > yandn € N, 4 , f(n,x) > f(n,y).

Consider systems of first-order difference equations
given by

z(n+1) = fln,z(n)], x(n,) =z, (1)

where z(n) € R?and f : N,,,; x R? — R is continuous
inz(n).

Definition 1. The n-vector valued function ®(n, ng, zo)
is said to be a solution of @) if ®(ng,ng, o) = xo and
®(n+ 1,n0,2z0) = f(n, ®(n,ng,x0)) foralln € N, ;.

Definition 2. The system (TJ) is said to be

(i) practically stable if, given (A, A) with 0 < A < A,
we have

|zol < A= |x(n,ng,x0)| < A, ¥n € Nyy4, ng > 0,

(i1) uniformly practically stable if it is practically stable
for every ng > 0.

The following class of function is defined.

Definition 3. A continuous function « : [0, c0) — [0, 00)
is said to belong to class K if «(0) = 0 and it is strictly
increasing.

2.1. Methods for practical stability. Consider (cf.
Lakshmikantham et al. 1990; 1991) the vector function
v(n,z(n)), v : Ny x RY — RE and define the variation
of v relative to (1)) by

Av=v(n+1,z(n+1)) —v(n, z(n)). 2)

Then, the following result concerns the practical stability

of (0.
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Theorem 1. Let v : Ny, x RY — RE be a contin-
uous function in x. Define the function vy(n,z(n)) =
P vi(n,xz(n)) such that it satisfies the estimates

b(|z]) < v (n,z(n)) <a(lz|) fora,bek

and
Av(n,z(n)) < w(n,v(n, z(n)))

forn € Nyoi, z(n) € RY, where w : Ny x R — RP
is a continuous function in the second argument.

Assume that g(n, e) = e + w(n, e) is nondecreasing
ine, 0 < A < J are given and, finally, that a(\) < b(A)
is satisfied. Then, the practical stability properties of

e(n+1) = g(n,e(n)), e(ng) =€y >0 3)

imply the corresponding practical stability properties of
the system (1).

Corollary 1. In Theorem[l]

1. Ifw(n,e) = 0, we obtain uniform practical stabil-
ity of (L)) which implies structural stability (Murata,
1989).

2. If w(n,e) = —c(e), for ¢ € K, we obtain uniform
practical asymptotic stability of ().

2.2. Petri nets. Petri nets are a tool for systems anal-
ysis. Petri net theory allows a system to be modeled by
a Petri net, a mathematical representation of the system.
The analysis of the Petri net can then, hopefully, reveal
important information about the structure and dynamic
behavior of the modeled system. This information can
then be used to evaluate the modeled system and suggest
improvements or changes.

A Petri net is a quintuple, PN = {P, Q, F, W, My},
where P = {p1,p2, ..., pm} is a finite set of places, Q) =
{q1,92,...,qn} is a finite set of transitions, F' C (P x
Q)U(Q x P)isasetofarcs, W : F — Nj, is a weight
function, My: P — N is the initial marking, PN Q = &
and PUQ # 2.

A Petri net structure without any specific initial
marking is denoted by N. A Petri net with the given
initial marking is denoted by (N, My). Notice that if
W(p,q) = a (or W(q,p) = ), this is often represented
graphically by «, () arcs from p to g (g to p), each with
no numeric label.

Let My (p;) denote the marking (i.e., the number
of tokens) at place p; € P at time k, and let M, =
[My(p1), ..., My(pm)]T denote the marking (state) of
PN at time k. A transition ¢; € @ is said to be enabled
at time k if My, (p;) > W (pi, g;) for all p; € P such that
(pi,q;) € F. Itis assumed that at each time k there ex-
ists at least one transition to fire, i.e., it is not possible to
block the net. If a transition is enabled, then it can fire. If

an enabled transition ¢; € @ fires at time k, then the next
marking for p; € P is given by

My1(pi) = My (pi) + Wigj,pi) — W(pi, ¢;)-
Let A = [ai;] denote an n x m matrix of integers
(the incidence matrix), where a;; = aj'j —a; with a; =

W (gi,p;) and a; = W (pj;,q:). Letug, € {0,1}™ denote
a firing vector, where if ¢; € @ is fired, then its cor-
responding firing vector is ux = [0,...,0,1,0,...,0]"
with a “1” in the j-th position in the vector and zeros ev-
erywhere else. The matrix equation (nonlinear difference
equation) describing the dynamical behavior represented
by a Petri net is

My = My, + ATy, 4)
where if at step k, a;; < My(p;) for all p; € P, then
¢; € @ is enabled, and if this ¢; € @ fires, then its cor-
responding firing vector uy is utilized in the difference
equation (@) to generate the next step. Notice that if M /
can be reached from some other marking M and if we fire
some sequence of d transitions with the corresponding fir-
ing vectors ug, u1,. .., uUq—1, we obtain that

d—1
M/:M—i—ATu,u:Zuk. %)
k=0

Definition 4. The set of all the markings (states) reach-
able from some starting marking M is called the reacha-
bility set and is denoted by R(M ).

Let (N,,+,d) be a metric space where d : N, 4 X
Np,,+ — Ry is defined by

d(My, M) = G|Mi(pi) — Ma(ps),
i=1
Ci > Oa

1=1,...,m,

and consider the matrix difference equation which de-
scribes the dynamical behavior of the discrete event sys-
tem modeled by the Petri net (3). Then the following
proposition holds (Passino et al., 1994).

Proposition 1. Let PN be a Petri net. It is uniformly
practically stable if there exists a strictly positive m vector
D such that

Av=uTAD <0 AD <0. (6)

Moreover, a PN exhibits uniform practical asymptotic
stability if the following equation holds:

Av =uT AD < —c(e).

aamcs



amcs@

J. Clempner

2.3.  Decision processes Petri nets. We introduce
the concept of Decision Process Petri Nets (DPPNs)
(Clempner, 2005b) by locally randomizing the possible
choices, for each individual place of the Petri net.

Definition 5. A decision process Petri net is a septuple
DPPN = {P,Q, F,W, My, 7, U}, where

e P={po,p1,p2,...,pm} is a finite set of places,

e Q={q1,q2,...,qn} is a finite set of transitions,

e FFC TUOisasetof arcs where I C (P x ) and
O C (@ x P)suchthat PNQ = @and PUQ # &,

o W . F — Nf is a weight function,
e Mjy: P — Nis the initial marking,

erm : I — R, is a routing policy represent-
ing the probability of choosing a particular tran-
sition (routing arc), such that for each p € P,
Z Tr((pa(b)) =1,
a;j:(p,aj) €1
e U : P — Ry is autility function.
Ui (.) denotes the utility at place p; € P at time k, and
let Uy = [Ug(.),...,Ux(.)]* denote the utility state of
the DPPN at time k. FFN : ' — R, is the number of
arcs from place p to transition ¢ (the number of arcs from
transition ¢ to place p). The rest of DPPN functionality is
as described in the PN preliminaries.

Consider an arbitrary p; € P, and for each fixed tran-
sition ¢; € @ that forms an output arc (g;,p;) € O,
we look at all the previous places p,, of the place p; de-
noted by the list (set) p,,, = {pn : h € n;;}, where
nij = {h: (pn,q5) € I &(qj,p:) € O}, that materialize
all the input arcs (ps, ¢j) € I and form the sum

Z (pn, a5, pi) - Uk(pn), (N
heni;

where

FN(pn, q5)

and the index sequence j is the set {j : ¢; € (pn,q;) N
(¢4, pi) and py, running over the set p,,, . }.

Proceeding with all the g;s, we form the vector in-
dexed by the sequence j identified by (jo,j1,...,jf) as
follows:

V(pn,q5,pi) = 7(Pn, qj) -

> Upn, 4jorpi) - Ukpn), Y U(pn, a5, p:)

henij, henij,

'Uk(ph)a"'a Z \Il(ph7QJfapl)Uk(ph) .

he’l']ijf

(®)

Intuitively, the vector (8) represents all the pos-
sible trajectories through the transitions g¢;s, where
(41,725 ---,7f), to a place p; for a fixed 7.

The aim of this example is to present a business pro-
cess application as a motivation example represented by
the DPPN showing the optimum strategy and the stability
properties of the net.

Example 1. Let us consider an insurance agency. The
agency sells policies for different companies. The main
products are life and automobile policies. Let us consider
the process for a car accident. The insurance company de-
pends on the adjustor appraisal to evaluate the damages.
To maintain company profitability, the adjustor must eval-
uate the case so that only the minimal necessary repairs
are considered. In this sense, the adjustor evaluation is
expected to be in favor of the insurance company because
of his/her dependence on the latter. However, the adjus-
tor must be careful, because the insurance company wants
to offer good service in order to keep the client. As a re-
sult, the automobile owner depends on the appraisal of the
adjustor for an appropriate accident evaluation. The auto-
mobile owner can also be assisted by an authorized garage
to obtain a fair evaluation of the car’s damage. Notice that
the garage must satisfy both the client and the insurance
company, given that the garage income depends on the car
owner and on the insurance company. If the accident in-
cludes physical damage, the client and passengers must be
directed to an accredited hospital for medical treatment.

Three different strategies can be presented to man-
age a car accident in order to optimize the company’s
profitability (Hammer and Champy , 1993). To improve
the operation cost, small accidents can be directly eval-
vated by the adjustor or the authorized garage, and re-
ported to the insurance company. Accidents of consid-
erable size must be managed centrally by the insurance
company. The partially ordered DPPN (Fig. 1) has the
following specifications:

Places

Ppy: claim settled

P, : handled accident info centrally

P5: handled accident info by authorized garage
Ps: handled accident info by adjustor

Py verified policy covering centrally

Ps: verified policy covering by authorized garage
Ps: verified policy covering by adjustor

Px7: corroborated accident details

Ps: evaluated damage centrally

Py: got medical treatment cost
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Pjy: determined accident in range

P1: send info to be handle centrally

Pj5: got accident info by adjustor

P 3: assessed client antecedents

P14: determined accident covering centrally
Py5: got accident info by authorized garage
Pg: evaluated damage by authorized garage
Py7: determined accident in range

P5: send info to be handle centrally

Pg: adjusted policy and made covering offer centrally
P5p: made covering offer by authorized garage
P»1: evaluated damage by adjustor

P»s: made covering offer by adjustor

Transitions

q1: handle accident info centrally

@2: handle accident info by authorized garage
¢3: handle accident info by adjustor

q4: verify policy covering centrally

qs: verify policy covering by authorized garage
gs: verify policy covering by adjustor

q7: corroborate accident details

gs: evaluate damage

qo: get medical treatment cost

q10: determine accident in range

q11: send info to be handle centrally

q12: get accident info by adjustor

q13: assess client antecedents

q14: determine accident covering centrally
q15: get accident info by authorized garage
q16: evaluate damage by authorized garage
q17: determine accident in range

q1s: send info to be handle centrally

q19: adjust policy and make covering offer centrally
q20: make covering offer by authorized garage
g21: evaluated damage by adjustor

q22: make covering offer by adjustor

(i) Stability
From the incidence matrix A of the DPPN of Fig. 1
and choosing
®=[1,1/2,1,1,1/2,1,1,1/2,1/2,1/2,1,1,
1,1/2,1,1,2,1,1,5/2,3,1,1/2],

® > 0, we obtain that A® < 0 concluding stability.
(ii) Optimum strategy

Define the Lyapunov like function L in terms of the
entropy H(p;) = —p; lnp; as

= max (—a;lna;),
i=1,...,]¢|

(I) The optimum strategy o~ for accidents of consider-
able size that must be manages centrally by the assurance
company is represented by

Uk=o(po) = 1,

Uptt(p1) = Llooi(p1) - U2 (po)]
L[1/3-2 1] = max H[2/3] = 0.270,

Uil (pa) = Llo1a(ps) - ULk (p1)]

= L[1-0.270] = max H[0.270] = 0.353,
Uplt(p7) = Lloar(pr) - U2 (pa)]

= L[2/5-0.353] = max H[0.141] = 0.276,
Uk hJo(pS) =L

= L[1/5 - 0.353] = max H[0.070] = 0.187,
Uplo(p9) = Lloag(po) - U7, (pa)]

L[2/5-0.353] = max H[0.141] = 0.276,

Uplo(p13) = Lioza3(pia) - U2y’ (p7)]
L[1-0.276] = max H[0.276] = 0.355,

Ult(p1a) = Liosa(pia) - UZy" (ps)
+ 09,14(p14) - U20" ()]

=L[1-0187+1- 0.276]

max H[0.463] = 0.356,

L{o13,19(p1o) - U 25" (p13)

+ o14,10(p19) - U L5 (p14)]

— L[1-0.355+ 1/2-0.356]

= max H[0.533] = 0.335,

[
[
[
[
[
[
[048(ps) - UgZy(pa)]
[
[
[
[
[
[

U (p19)

where the firing transition vector is .

For this case, the adjustor or the garage must abort
the process because the accident is out of their range ob-
taining that

Uy Mo(Pu) 05,11(1711) : Uas 11(295)]

L[4/5 - 0.367] = max H[0.293] = 0.359,

L]
[
Ut (p1s) = Llo12,18(p1s) - Upty™® (p12)]
L[3/4-0.367] = max H[0.275] = 0.355,
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concluding U™ (p1o) < UPh(pis) < Uft(pr).  Ur=olPrr) = Elonzar(par) - Uelg™ (pi2)]
ie., k’”o(plg) U "4 (p19) are more expensive than = L[1/4-0.367]
U,i;o(pu) = max H[1/4-0.367] = 0.219,
Ohj _ . <717 21
(I) The optimum strategy o’* for small accidents that Uit (p21) = Lioi7,21(p21) - Up25™ (p17)]
must be managed ideally by the company centrally is rep- =L[1-0.219] = maxH [1-0.219] = 0.332,
resented by Uyl (pa2) = Lloa1 22(pa2) - Up2s™ (p21)]
- - [
Uyo(p2) = Llooz(p2) - U% (po)]
=L[1/3-1] =max H[1/3-1] = 0.366,
Uply(ps) = Lloas(ps) - Up2y (p2)]
= L[1-0.366] = max H[1 - 0.366] = 0.367,
Uyt (p10) = Llos 10(p10) - UpZy” (ps)]
— L[1/5-0.367]
= max H[1/5%0.367) = 0.191,
Ult(p1s) = Lloio,15(p1s) - U5 (p1o)]
= L[6/8-0.191]
— max H[6/8 - 0.191] = 0.278,
U (p16) = Llo1o,16(p16) - Upty™ (p10)]
= L[1/8-0.191]
= max H[1/8-0.191] = 0.089,
U (p20) = Llois,20(p20) - Upl™ (p1s)

+ 016,20(P20) - U2 (p16)]
= L[l -0.278+1 - 0.089]
= max H[l -0.278 +1 - 0.089] = 0.367,

the firing transition vector being u'.

Intuitively, the result is correct, because the best op-
tion for the insurance company after a car accident hap-
pens is to send an adjustor before the customer takes the
car to the garage.

(TIT) The strategy ¢ for small accidents that must be man-
aged by the adjustor is represented by

Uyt (p12) = Lloe12(p12) - Ul (pe)]

= L[1-0.367) = max H[1 - 0.367] = 0.367,

Ul (p3) = Lloos(ps) - U2 (po)]
=L[1/3-1] =max H[1/3-1] = 0.366,
Ul (ps) = Llozs(ps) - U, (p3)]
= L[1-0.366] = max H[1 - 0.366] = 0.367,
[
[

= L[2-0.332] = max H[2 - 0.332] = 0.271,

the firing transition vector being u”’.

Notice that, since U, ,: "4 (p20) is greater than
Uy (p22), small accidents must be handled by the ad-
justor whenever possible.

3. Hierarchical decision process Petri net

Let DPPN = {P,Q, F, W, My, w, U} be a decision pro-
cess Petri net and let f : P UQ — 279 be a refinement
function such that for each s € P U Q the symbol f(s)
defines the immediate descendant element of s.
Let = be the equivalence relation on P U () induced
by f such that
Vs1,82 € PUQ : s1 =5 s9 <= f(s1) 9)

=f f(s2).

Then the collection of equivalence classes (P U Q/ =f
) ={C(s)|s € PUQ}, where C denotes class, is a poset.
Thus, (P UQ/ =y) is linearly ordered and, consequently,
it is a lattice. The structure (P U @/ =y) is indeed trivial:
all elements in P U ) belonging to the same net under f
are identified in this quotient set.

On the other hand, let us consider the relation <y as
follows:

Vs1,82 € PUQ :s1 <5 s2 <= f(s1) <f f(s2). (10)

This relation is reflexive and transitive, but it is not anti-
symmetric in most casesﬂ. Thus, < is not an ordering in
PuUQ.

At this point let us recall some basic notions on or-
derings. A binary relation < over a set X is a partial or-
der if it satisfies the following three properties: reflexivity,
antisymmetry and transitivity. A fotal order is a partial or-
der that satisfies a fourth property known as comparabil-
ity, where every element is related to every element in one
way or another. A set and a partial order on that set define
a partially ordered set, or poset for short. A quasi-order is

't is antisymetric if and only if f is one-to-one.
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Fig. 1. BRP DPPN.

a relation < that satisfies reflexivity and transitivity. For-
mally, let (X, <) be a poset and let S C X. Then an
element b € S is a minimal element of S if there is no
element a € S that satisfies ¢ < b. Similarly, an element
b € S is a maximal element of S if there is no element
a € S that satisfies b < a. It is important to mention
maximal elements that are in general not the greatest el-
ements of a subset S. Formally, we have that an element
b € S is the greatest element of S if, for every element
a € S, a < b. Dually, an element b € S is the least
element of S if for every element a € S5, b < a. Note
that the least element of a poset is unique if one exists be-
cause of the antisymmetry of <. A strict partial order is a
binary relation which is irreflexive, asymmetric and tran-
sitive. Strict partial orders correspond to Directed Acyclic
Graphs (DAGs), such that every strict partial order is a
DAG, and the transitive closure of a DAG is both a strict
partial order and also a DAG itself.
For any s € P U @, define the successors of s:
tesuc(s) iff s#t,s<pt

and

Vir s <y t1 §ft:(t1 :fs)\/(t1 th). (11)
For any s € P U @, define the predecessors of s:

tepre(s) iff t#s,t<ss

and

thltgftl SfS:>(t1 th)\/(tl :fs). (12)

Therefore, let P U () be ordered by the following re-
lationship:

v51,82 EPUQ,
S1 < 52<:>(51 <f 52) \ (81 =y 82) \Y (52 <f 51).
(13)

Thus, f is inducing a hierarchical structure on the DPPN.

Therefore, we can introduce the hierarchical partition
{DPPN¢} = (where Z is a finite set) of the DPPN in-
duced by f, such that each pair (s,t) € P: U Q¢ : (s,t)
is an edge iff ¢ € suc(s) in the DPPN¢ (or, equivalently,
s € pre(t)). We say that f is consistent if the hierarchical
structure has no cycles. From now on, we will consider
only consistent functions.

Definition 6. A hierarchical decision process Petri net
HDPPN is the graph whose set of nodes are the partition
{DPPN¢}, = induced by a refinement function f.

The minimal elements are those with no predeces-
sors, i.e., nodes with a null inner degree in the HDPPN.
The maximal elements are those with no successors, i.e.,
node with a null outer degree in the HDPPN.

Let us define the upper distance d* as follows:

dt(s,t) =1 <t € suc(s),

dt(s,t) =147
= 3ty 1 dT (s, t1) = r&dt(t,t) = 1.
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Similarly, the lower distance d~ is

d”(s,t) =1 <=t € pre(s),
d (s,t)=1+r
< dt; : d_(S,tl) = T&d_(tl,t) =1.

Thus d*(s,t) = d~ (¢, ).

The wupper height of a node s is h'(s) =
Max{d*(s1,s)|s1 is minimal}. The lower height of a
node s is h™ (s) = Max{d™ (s1, $)|s1 is maximal}.

Let P and ()¢ be the sets of places and transitions
of the DPPN¢. Places and transitions in the HDPPN
are enumerated consecutively and will receive the number
of the corresponding DPPN¢ if necessary, i.e., p¢; corre-
sponds to the place 7 at the DPPN¢; otherwise, we will
identify the place only as p;.

Let My, (pe;) denote the marking (i.e., the number of
tokens) at place pg; € P at time £, and let

My, = [Mer(per), - - - Mer(pem)]”

denote the marking (state) of the DPPN, at time k. A
transition g¢; € (¢ is said to be enabled at time £ if
Mei(per) > We(per,qe;) for all pg; € Pe such that
(peir gej) € Fe. Ttis assumed that at each time & there
exists at least one transition to fire, i.e., it is not possible
to block the net. If a transition is enabled, then it can fire.
If an enabled transition g¢; € Q¢ fires at time k, then the
next marking for pg; € P is given by

Mep11(pei)
= Mer(pei) + We(qes, pei) — We(pei, qej)-

Let Ac = [a;;] denote an n X m matrix of in-
tegers (the incidence matrix), where a;; = a;;. — a;j
with aj; = Wg(q§i,p§j) and a;j = Wg(pgj,Q@'). Let
up € {0,1}" denote a firing vector where, if g¢; € Q¢
is fired, then its corresponding firing vector is u, =
[0,...,0,1,0,...,0]T with the “1” in the j-th position in
the vector and zeros everywhere else. The matrix equation
(nonlinear difference equation) describing the dynamical
behavior represented by a Petri net is

Me¢p41 = Mer, + Agwc, (14)
where, if at step k, a;; < Mgy (p,;) for all pe; € P, then
gei € Q¢ is enabled and, if this g¢; € Q¢ fires, then its
corresponding firing vector uy, is utilized in the difference
equation (@) to generate the next step. Notice that, if M, é
can be reached from some other marking M¢ and if we fire
some sequence of d transitions with corresponding firing
vectors ug, U1, . . ., Uq—1, we obtain that

d—1
Mg = M+ Afu, u="Y_ . (15)
k=0

In Fig. 2 we have partial routing policies 7 that gener-
ate a transition from state p; to state po, where p1, p2 € P:

e Case 1. The probability that ¢; generates a transition
from state p; to po is 1/3. But, because ¢; transition
to state ps has two arcs, the probability to generate a
transition from state p; to p is increased to 2/3.

e Case 2. We set by convention the probability that
q1 generates a transition from state p; to py to 1/3
(1/6 plus 1/6). However, because the transition ¢; to
state po has only one arc, the probability to generate
a transition from state p; to ps is decreased to 1/6.

e Case 3. Finally, we have the trivial case when there
exists only one arc from p; to g; and from ¢; to po.

Remark 1. In the previous definition we were consider-
ing nets with a single initially marked place.

Remark 2. The previous definition in no way changes
the behavior of the place-transitions Petri net; the routing
policy is used to calculate the utility value at each place
of the net.

Remark 3. It is important to note that the utility value
can be re-normalized after each transition or time k of the
net.

Uk (+) denotes the utility at place pg; € P at time k
and let Uy, = [Uk(-),...,Us(-)]T denote the utility state
of the HDPPN at time k. F'N¢ : Fe — R is the number
of arcs from place p to transition ¢ at level ¢ (the number
of arcs from transition ¢ to place p). The rest of HDPPN
functionality is as described above.

Consider an arbitrary p¢; € P¢. For each fixed tran-
sition g¢; € Q¢ that forms an output arc (gej, pe;) € Og,
we look at all the previous places pe¢j, of the place pg; de-
noted by the list (set) pey,; = {pen : h € 75}, where
Nij = {h: (Pen, qej) € I & (qej, pei) € O}, that materi-
alize all the input arcs (p¢p, qej) € I¢ and form the sum

> U(pen, gejs pei) - Ur(pen), (16)
hen;;
where

F Ne¢(qej,pei)

» 18]

and the index sequence j is the set {j : g¢; € (Pen, gej) N
(gej, pei) & pen running over the set pey, ;1.

Py 4 P, | Py w b P2

| |:, - ‘7I—‘ 2

- 13 S w A
(a) (b)

Fig. 2. Routing policy: Case 1 (a), Case 2 (b).
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Proceeding with all the g¢;s we form the vector in-

dexed by the sequence j identified by (jo, j1,...,7¢) as
follows:
> Wpen: deio- Pei) - Un(pen)
henij,
Z \I](pﬁiHQEjmpﬁi) : Uk(pfh)v"'v (17)
henij,

> U(pen, gejy s pes) - Urpen). |-
henijf

Intuitively, the vector (I7) represents all the possible tra-
jectories to a place pg; for a fixed 7 and ¢ through the tran-
sitions g¢;s where (j1, jo, - .-, jf)-

Continuing the construction of the definition of the
utility function U, let us introduce the following defini-
tion.

Definition 7. Let L : R™ — R, be a continuous map.
Then, L is a Lyapunov-like function (see (Kalman and
Bertram, 1960)) iff it satisfies the following properties:

1. 32* such that L(z*) = 0,

2. L(x) > 0 for Vo # a*,

3. L(z) — coas x — o0,

4. AL = L(x;41) — L(z;) < Oforall x;, z;y1 # x*.

Then, we formally define the utility function U as
follows.

Definition 8. Let HDPPN be a hierarchical decision pro-
cess Petri net. The utility function U is represented by the
equation

U;Z“ (pgz')

Uig(po) if i=0,k=0, (18)
=< L(a) if 1>0,k=0&i>0,k>0,

Ul (pe;) if i>0,k=0&i>0,k>0,
where
a=| Y Ulpen, gejor pei) - Up™ (pen),

henij,
Z \I’(pﬁiu q¢j, 7p£1) : U]Z&Jl (pfh)7 ) (19)
h€nij,

q¢j
Z U (pens gejppei) - Uy, ' (Den) |

henij,

the place p;i € f(pei) is the initial marked place of the
DPPNg, the function L : D C R} — R is a Lyapunov-
like function which optimizes the utility through all pos-
sible transitions (i.e., through all the possible trajectories

defined by the different g¢;s), D is the decision set formed
by the j’s ;0 < j < f of all those possible transitions (g ;
pei) € O,

FN(q¢j,pei)
U (pens geis Pei) = T(Pen Ge;) - m’
) 487

75 is the index sequence of the list of previous places to
Ppei through transition ge;, pep, (h € 1;5) is a specific pre-
vious place of p¢; through transition gg;.

Remark 4.

e Note that the Lyapunov-like function L guarantees
that an optimal course of action is followed (taking
into account all the the possible paths defined). In
addition, the function L establishes a preference re-
lation because by definition L is asymptotic. This
condition gives the decision maker the opportunity
to select a path that optimizes the utility.

e The iteration over k for U is as follows:

1. Fori = 0 and k = 0 the utility is Up(po) at
place pg and for the rest of the places p; the
utility is zero.

2. Fori > 0and k > 0 the utility is U/*’ (pg;) at
each place p¢;, and it is computed by taking into
account the utility value of the previous places
pen for k and £ — 1 (when needed).

Property 1. The continuous function U (-) satisfies the
following properties:

1. Thereis a p™ € P such that

(a) if there exists an infinite sequence {p;}°, € P
withp, — p* suchthat0 < --- < U(p,) <
o0

U(pn_1)-++ < U(p1), then U(p*™) is the infi-
mum, i.e., U(p™) =0,

(b) if there exists a finite sequence p1,...,p, € P

Withpy, ..., pn — p= suchthat C = U(p,) <
U(pn_1)--+ < Ul(p1), then U(p?) is the
minimum, i.e., U(p>) = C, where C € R,
(pA = Pn).

2. U(p) > 00rU(p) > C, where C € R, ¥p € P such
that p # p*.

3. For all p; and p;—1 € P such that p;—1 <y p; we
have AU =U(p;) — U(pi—1) < 0.

4. The routing policies decrease monotonically, i.e.,
m; > m; (notice that the indexes i and j are taken
7 > i along a trajectory to the infimum or the mini-
mum).

aamcs
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Remark 5. In Property 1, Point 3, we state that AU =
U(pi)—U(pi—1) < 0 for determining the asymptotic con-
dition of the Lyapunov-like function. However, it is easy
to show that such a property is convenient for determin-
istic systems. In Markov decision process systems it is
necessary to include probabilistic decreasing asymptotic
conditions to guarantee the asymptotic condition of the
Lyapunov-like function.

Property 2. The utility function U : P — Ry is a
Lyapunov-like function.

Remark 6. From Properties 1 and 2, we have the follow-
ing:

e U(p?) = 0 or U(p®) = C means that a final state
is reached. Without lost generality we can say that
U(p”) = 0 by means of a translation to the origin.

e In Property 1 we determine that the Lyapunov-like
function U(p) approaches to a infimum/minimum
when p is large thanks to Property 4 of Definition[7l

e Property 1, Point 3, is equivalent to the following
statement: Je > O such that |U(p;) — U(pi—1)| > ¢,
Vpi,pi—1 € P suchthatp,_1 <y p;.

Property 3. The marking and the enabling conditions as
well as and utility function calculation of the DPPN and
the HDPPN are equivalent.

The previous formalisms of the HDPPN are de-
scribed as follows. The DPPN is refined in a subset of
local DPPN, determined by a partition and hierarchically
structure through a refinement function f. Each local de-
cision process Petri net DPPN, describes more detailed
local behavior of a given transition of its immediately high
level DPPN¢. The function f defines the immediate de-
scendant element of the net, and therefore the hierarchy
can be considered as a continuous net. The inverse func-
tion f~! defines the parent of a given node of the net.
The utility is calculated recursively by the hierarchical
tracking of the HDPPN. It is important to note that the
HDPPN can be transformed into a flat DPPN simply by
replacing each DPPN¢ in its immediate parent.

For optimization reasons, we want to contemplate
asynchronous behavior of each DPPN¢ in the hierarchical
structure realized by tokens moving at the different lev-
els of the HDPPN. We can conceptualize a DPPN¢ as
embedded by a set of input and output ports that deter-
mine it scope. The input or output ports are places. Port
places can be only connected with transitions. The input
place port accepts tokens fired by its immediate high level
DPPN¢. When a token reaches a place, it is reserved for
the firing of a given transition according to the routing pol-
icy determined by U. A transition ¢ must fire as soon as all
the places p; € P contain enough tokens reserved for the
transition ¢q. Once the transition fires, it consumes the cor-
responding tokens and immediately produces an amount

of tokens in each subsequent places p; € P. When
m(t) = 0 for ¢ € I, this means that there are no arcs in
the place-transitions Petri net.

Definition 9. A local equilibrium point with respect to
local decision process Petri net DPPN, ¢ HDPPN is a
place pg; € Pe such that My (pe;) = S < 00, VI > k and
De¢; is the last place of the net.

Definition 10. A global equilibrium point with respect
to a hierarchical decision process Petri net HDPPN is a
place p* € P such that M;(p*) = S < oo, VI > k and p*
is the last place of the net.

Definition 11. A [ocal final decision point p¢y € P¢ with
respect a DPPN; € HDPPN is a place p € P where
the infimum or a minimum is attained, i.e., U(p) = 0 or
U(p) =C.

Definition 12. A global final decision point py € P
with respect to a hierarchical decision process Petri net
HDPPN is a place p € P where the infimum or the mini-
mum is attained, i.e., U(p) = 0or U(p) = C.

Remark 7. A local final decision point p¢y is a global
final decision point if the utility function attains the infi-
mum or the minimum.

Definition 13. A local optimum point p$© € P: with
respect to a DPPN; € HDPPN is a local final decision
point p¢y € Pr where the best choice is selected ‘accord-
ing to some local criteria’.

Definition 14. A global optimum point p~ € P with re-
spect to a hierarchical decision process Petri net HDPPN
is a global final decision point py € P where the best
choice is selected ‘according to some global criteria’.

Property 4. Every hierarchical decision process Petri net
HDPPN has a final decision point.

Remark 8. If there are pi,...,p, € P, such that
U(pi) =---=U(pn) =0, then py,...,p, are optimum
points.

Definition 15. A global strategy with respect to a hier-
archical decision process Petri net H DP PN is identified
by o and consists of the routing policy transition sequence
represented in the HDPPN graph model such that some
point p € P is reached.

Definition 16. A local strategy with respect to a hierar-
chical decision process Petri net HDPPN is identified by
o¢ and consists of the routing policy transition sequence
represented in the DPPN; € HDPPN graph model
such that some point p € P is reached.
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Definition 17. An optimum global strategy with respect
to a hierarchical decision process Petri net HDPPN is
identified by ¢” and consists of the routing policy tran-
sition sequence represented in the HDPPN graph model
such that an optimum point p© € P is reached.

Definition 18. An optimum local strategy with respect
to a hierarchical decision process Petri net HDPPN is
identified by agA and consists of the routing policy tran-
sition sequence represented in the DPPN, € HDPPN
graph model such that a local optimum point p*© € P is
reached.

Equivalently, we can represent (18] as follows:

Uy, (pei)

—{ L(a) if >0, k=0&i>0, k>0,
U7 (pe) if i>0,k=0&i>0,k >0,
(20)

“= [ D enjo(per) - U (pen),

h€nijq
vens
> oeng (pei) - Ug " (pen), - - - 21
henij,
Ochj
Z Oenj; (pei) - Uy, (Pgh)},
h@?m‘f

where o¢pj(pei) = U(pen, gej, Dei)- The rest is as previ-
ously defined.

For notational simplicity, we will represent the utility
function U as follows:

1. for any transition and any strategy:

VAN g AN g, g v
Uk(pi) 2 U (i) = UZ (pes) 2 U™ (pi),

2. for an optimum transition and optimum strategy:

A AN

A b A L ob Ao
UkA(pgz') = Uks' (pfi) = Ukih' (pgz') = Uk " (pv)

The reader will easily identify which notation is used
depending on the context.

Definition 19. Let HDPPN be a hierarchical decision
process Petri net. A trajectory w is an (finite or infinite)
ordered subsequence of places

De(1) Sy, Po2) SUy 0 LU Pe(n) SU - -
such that a given strategy o holds.

Definition 20. Let HDPPN be a hierarchical decision
process Petri net. An optimum trajectory w is an (finite or

infinite) ordered subsequence of places
Ps(1) Sya Ps(2) Sp2  Sys Po(n) Sy

such that the optimum strategy ¢ holds.

Theorem 2. Let HDPPN be a non-blocking hierarchi-
cal decision process Petri net (unless p € P is a global
equilibrium point). Then we have

UL (™) < Uilp), Vo,o™.
Proof. We have that

U;: o (pgz')

=< L(a) ifi>0,k=0&i>0,k%k>0,
Ups (pe;) if >0, k= 0&i >0, k > 0,

04:{ D enjo(pei) - Ug 7 (pen),
h€nijg

> oenj (pei) - Ug " (pen), - -

henij,

Z Teni; (pei) - Uy (pen) |-

hEmjf

Then, starting from pg and proceeding with the itera-
tion, eventually the trajectory w given by po = p.(1) <uv,
Ps2) <u, *** <u, Psn) <u, --- which converges to
p?, i.e., the optimum trajectory, is obtained. Since at the
optimum trzzectory the optimum strategy o® holds, we

have that U (p®) < Uk(p), Vo,o”. |

Remark 9. The inequality U, ,f (p®) < Uk(p) means
that the utility is optimum when the optimum strategy is
applied.

Theorem 3. The behavior of the HDPPN is equivalent
to the behavior of the DPPN.

Proof. 'This follows from Definition [6] Definition [§] and
is ensured by Theorem 2l [ ]

3.1. Optimum trajectory planning. Given a non-
blocking (unless p € P is an equilibrium point) hierar-
chical decision process Petri net HDPPN, the optimum
trajectory planning consists in finding a firing transition
sequence u such that the optimum target state M, with the
optimum point is achieved. The target state M, belongs
to the reachability set R(M) and satisfies the assumption
that it is the last and final task processed by the HDPPN
with some fixed starting state M with utility Up.

Theorem 4.  Let DPPN: € HDPPN be a decision
process Petri net. The optimum local trajectory planning
problem is solvable.

Proof. From what is shown in Theorem 2] for each step

we find UkA(pE§(1))7 EERE UkA(pﬁc(l))a R U]gA(pgA) De-
fine a mapping
A
ur (U (peciy)) = [0+ ,0,1,0,...,0], (22)

@amcs
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with one in position j and zero everywhere else, and set
PN

ug =y, ur((UZ“ (Pec(iy)), where the index 7 runs over
all the transitions associated with the subsequence ¢(4)
such that p¢(;) converge to p¢®. Then, by construction, a
local optimum point is attained. [ ]

Remark 10. The order in which the transitions are fired
is given by the order of the transitions inherited from the
order of the subsequence pe ;).

Theorem 5. Let HDPPN be a hierarchical decision
process Petri net. The optimum global trajectory planning
problem is solvable.

Proof. Let us consider u¢ as in the previous theorem for
each DPPN¢ and set u = |Jz u¢. Then, by construc-
tion, the optimum point is attained. [ ]

Example 2. Let us extend Example[[Jusing a hierarchical
structure.

The partially ordered HDPPN (Fig. 3) has the
following specifications:

Places

Py claim settled

P, : handled accident info centrally

P5: handled accident info by authorized garage

Ps5: handled accident info by adjustor

Py adjusted policy and made covering offer centrally
P5: made covering offer by authorized garage

Ps: made covering offer by adjustor.

Transitions

q1: handle accident info centrally

@2: handle accident info by authorized garage

¢3: handle accident info by adjustor

q4: adjust policy and make covering offer centrally
g5: make covering offer by authorized garage

qe: make covering offer by adjustor.
The partially ordered HDPPN (Fig. 4) has the fol-
lowing specifications:

Places

P7: handled accident info centrally
Ps: verified policy covering centrally
Py: corroborated accident details

Pp: evaluated damage centrally

95

= [
Ps () Ps (_) Ps O

) I~
o q, 1B B

a -Lf o

1;2& 112 I

) Pz ) pa ()

Fig. 3. BPR HDPPN.

P11: got medical treatment cost
Pi-: assessed client antecedents
P3: determined accident covering centrally

P14: adjusted policy and made covering offer centrally.

Transitions

gs: verify policy covering centrally

q9: corroborate accident details

q10: evaluate damage

q11: get medical treatment cost

q12: assess client antecedents

q13: determine accident covering centrally

q14: adjust policy and make covering offer centrally.
The partially ordered HDPPN (Fig. 5) has the fol-
lowing specifications:

Places

P5: handled accident info by authorized garage
Pig: verified policy covering by authorized garage
Pr7: determined accident in range

Ps: send info to be handle centrally

Pjg: got accident info by authorized garage

Psy: evaluated damage by authorized garage

P5;: made covering offer by authorized garage.

Transitions

q15: handle accident info by authorized garage
q16: verify policy covering by authorized garage
q17: determine accident in range

q1s: send info to be handle centrally

q19: get accident info by authorized garage

q20: evaluate damage by authorized garage
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g21:

make covering offer by authorized garage.
The partially ordered HDPPN (Fig. 6) has the fol-

lowing specifications:

Places

Pso:
Pss:
Poy:
Pys:
Pog:
Por:
Pog:

handled accident info by adjustor
verified policy covering by adjustor
got accident info by adjustor
determined accident in range

send info to be handle centrally
evaluated damage by adjustor

made covering offer by adjustor

Transitions

q22:
q23:
q24:
q25:
q26:
qz7:

qos8:

handle accident info by adjustor
verify policy covering by adjustor
get accident info by adjustor
determine accident in range

send info to be handle centrally
evaluated damage by adjustor

make covering offer by adjustor.

Fig. 4. HDPPN accident centrally.

From the incidence matrix of the partially ordered

Petri net shown in Figs. 4-6, we conclude what follows:
(1) Stability

For the DPPN in Fig. 4 we have

Pz
G23

P2

Gz4

11 0 0 0 0 0 0
0 -1 1 0 0 0 0 0
0 -1 0 1 0 0 0 0
0 -1 0 0 1 0 0 0
0 0 -1 0 0 1 0 0
0 0 0 -1 -1 0 1 0
0 0 0 0 0 -1 -2 1

Choosing & = [1,1,1,1/2,1,1,1/2,1/2], ® > 0, we
obtain that A® < 0 concluding stability. For the DPPN
in Fig. 5 it follows that

-1 1 0o 0 0 0 O
o -1 1 0 0O 0 O
o -1 0 1 0 0 O
o 0 -1 0 1 0 0
0o 0 -2 0 O 10
o 0 0 0 -1 -1 1

Choosing ® = [1,1,1,1/2,1,1,1/2], ® > 0, we obtain
that A® < 0 concluding stability. For the DPPN in Fig. 6
we get

-1 1 0o 0 0 0 O
0o -1 1 0 0 0 O
0 -1 0 10 0 O
o 0 -1 0 1 0 O
o 0 0 -1 0 1 O
o 0 0 0 0 -1 2

Choosing ® = [1,1,1,1/2,1,1,1/2], ® > 0, we obtain
AP < 0 concluding stability.
(ii) Optimum strategy

Define the Lyapunov like function L in terms of the
entropy H(p;) = —p; lnp; as

L= max (—a;lnay).
i=1,...,]¢|
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Then
Uk=0(po) =1,
Ul (p1) = Llooi(p1) - U (po)]
= L[1/3- 2% 1] = max H[0.666] = 0.270,
Ul (p2) = Llooz(p2) - UZ% (po)]
= L[1/3-1] = max H[0.333] = 0.366,
Uil (p3) = Lloos(ps) - UL (po)]
= L[1/3-1] = max H[0.333] = 0.366.

(I) The optimum strategy o* for accidents of consider-
able size that must be managed centrally by the assurance
company is represented by

U]l:iJo(p7) = 0270;

L[1-0.276] = max H[0.276] = 0.355,
Ut (p13) = Llo1o,13(p13) - Upls™ (p10)

+ o11,13(p13) - Uty (p11)]
= L[l -0.187+1 - 0.276]
= max H[0.463] = 0.356,

Llo12,14(p14) - U5 (p14)

+ 013,14(p1a) - U 5 (p13)]
— L[1-0.355+1/2 - 0.356]
— max H[0.533] = 0.335.

Uit (ps) = Llozs(ps) - UpZg (p7)]
— L[1-0.270] = max H[0.270] = 0.353,
Upt4(po) = Llog 9(pe) - U= (ps)]
= L[2/5-0.353] = max H[0.141] = 0.276,
Ui (pro) = Llos0(p10) - Up 2y’ (ps)]
= L[1/5-0.353] = max H[0.070] = 0.187,
Uptt(p11) = Llosai(pn) - U2y (ps)]
— L[2/5-0.353] = max H[0.141] = 0.276,
Uit (pr2) = Llooa2(p12) - Up 2% (po)]
[
[

Uil (p1a) =

The firing transition vector is

1 1 1 1 1 1 1
g8 | 99 | q10 | q11 | 912 | 13 | q14

For this case the adjustor or the garage must abort the
process because the accident is out of their range obtaining

Ut (p1s) = Lloie,1s(p1s) - Upsss™ (p16)]
= L[4/5 - 0.367] = max H[4/5 - 0.367]
— 0.359,

Uyl (pas) = Lloaa,o6(pas) - Upe™ (p2a)]
= L[3/4-0.367] = max H[3/4 - 0.367]
= 0.355.

Accordingly,

Ut (p1a) < Uit (pas) < Upl (pis),

ie, U (pis), Ul (pag) are more expensive than
Uplp(p1a)-

(I) The optimum strategy o'~ for small accidents that
must be managed ideally by the garage is represented by

U (p1s) = 0.366,
Uit (p16) = Llo1s,16(p16) - Uty (p15)]
— L[1-0.366] = max H[0.366] = 0.367,
Uit (p17) = Lloie,17(p17) - Uy (p16)]
= L[1/5-0.367] = max H[0.073] = 0.191,
U4 (pro) = Lloir,0(p1o) - Upts™ (p17)]
= L[6/8-0.191] = max H[0.143] = 0.278,
L{o17,20(p20) - U™ (p17)]
L[1/8-0.191]
= max H[1/8-0.191] = 0.089,
L{o19,21(p21) - Up 25 (p19)
+ 020,21(p21) - U 2% (p20)]
= L[l -0.278+1 - 0.089]
— max H[0.367] = 0.367.

Uk 0 (on)

Ul (p21) =

The firing transition vector is

y| LT T T[T [T]1

qi6 | 917 | 918 | 4919 | 420 | 421

(TIT) The strategy o for small accidents that must be man-
aged by the adjustor is represented by

Uyt (p22) = 0.366,

Uyl (pa3) = Loz 23(pa3) - Upss™ (p22)]
— L[1-0.366] = max H[1 - 0.366] = 0.367,

Uyl (p2a) = Lloag 2a(paa) - U™ (p23)]

— L[1-0.367] = max H[1 - 0.367] = 0.367,
Ut (pas) = Lloaa,a5(p2s) - Upig® (p2a)]

— L[1/4-0.367]

= max H[1/4-0.367] = 0.219,
Uil (p27) = Lloas 27(p2r) - U 25" (p25)]

L[1-0.219] = max H[1 - 0.219] = 0.332,

1
Ut (pas) = Lloaz,28(p2s) - Upes™ (pas)]
= L[2-0.332] = max H[2 - 0.332] = 0.271.

The firing transition vector is

1 1 1 1 1 1
22 | 4923 | 24 | 925 | Q27 | 428

ul/ —
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Observe that, since Uy"%(p21) is greater than
U, (p2s), small accidents must be handled by the garage
whenever possible.

4. Conclusions and future work

A formal framework for hierarchical decision process
Petri nets was presented for modular modeling of com-
plex systems. The hierarchical refinement process gener-
ates simple nets with equivalent behavior. Consequently,
the complexity of the analysis of the DPPN is consider-
ably reduced. The analysis of the HDPPN is supported
by the hierarchical structure. In this sense, several steps
can be performed locally, thereby drastically reducing the
size of its upper levels. An algorithm for optimum hier-
archical trajectory planning used to identify the optimum
point was described. The traditional notions of local and
global stability in the sense of Lyapunov used to character-
ize the stability properties of the HDPPN were explored.
Illustrative examples where the properties of the HDPPN
were shown to hold were addressed.
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Appendix A
HDPPN mark-dynamic properties

We will identify the mark-dynamic properties of the
HDPPN as those properties related to the DPPN.

Theorem 6. The hierarchical decision process Petri net
HDPPN is uniformly practically stable iff there exists a
® strictly positive m vector such that Av = u” A® < 0.

Proof. (Necessity) It follows directly from Proposition Il
(Sufficiency) Let us suppose by contradiction that
uT A® > 0 with @ fixed. From M’ = M +uT A, we have
that M'® = M® + uT A® > M®. Then, it is possible to

construct an increasing sequence M® < M'® < --- <
M"® < ... which grows up without bound. Therefore,
the HDPPN is not uniformly practically stable. [ ]

Theorem 7. The local decision process Petri net
DPPN; € HDPPN is local uniformly practically sta-
ble iff there exists a strictly positive m vector ® such that
Av=uTAd <0.

Proof. This result follows directly from the previous the-
orem for a local condition. ]

Remark 11. It is important to underline that the only
places where the DPPN;¢ and the HDPPN will be al-
lowed to get blocked are those which correspond to equi-
librium points.

Theorem 8. The hierarchical decision process Petri net
HDPPN is uniformly practically stable iff every local De-
cision Process Petri net DPPN; € HDPPN is local uni-
formly practically stable.

Proof. (Necessity) Let us suppose by contradiction
that for an HDPPN we have that u” A® > 0 with
fixed. From M’ = M + uT A we have that M'® =
M+ ulAD > M. Then, it is possible to construct an
increasing sequence M® < M'® < --- < M"P < ...
which grows up without bound. Therefore, it is possible
to chose a subsequence M P, < Mg’fbg << Mé@ <
... for I < n that belongs to the DPPN, which grows
up without bound. Therefore, DPPN¢ is not uniformly
practically stable.

(Sufficiency) It follows directly from the previous theo-
rem. ]

Appendix B
HDPPN trajectory-dynamic properties

We shall identify the trajectory-dynamic properties of the
HDPPN as those related to the utility at each place of the
DPPN. In this sense, we shall relate an optimum point to
the best possible performance choice. Formally, we intro-
duce the following definition.

Proposition 2. Let HDPPN be a decision process
Petri net and let p™ € P a global optimum point. Then
U(p®) < U(p), ¥p € P such that p <y p*.

Proof. From the previous theorem we have U (p$%) <
U(pei) Vpie € Pe. Then, by the definition of the
HDPPN, the relationship U (p”) < U(p) holds. |

Proposition 3. Let DPPN: € HDPPN be a local deci-
sion process Petri net and let p** € P: be a local opti-
mum point. Then U(p*>) < U(pe;), Vpei € P, such that
pei <v p*°

¢ SU P

Proof. We have that U(p$%) is equal to the minimum
or an infimum. Therefore, U(p*2) < Ul(pg;) Vpei € P
such that pg; <y p2. ]

Theorem 9.  The hierarchical decision process Petri
net HDPPN is global uniformly practically stable iff
U(pi+1) = U(pi) < 0.

Proof.  (Necessity) Let us choose v = Id(U(p;)). Then
Av = U(pi+1) — U(pi) < 0. By the autonomous version
of Theorem[J]and Corollary[Il the HDPPN is stable.

(Sufficiency) We want to show that the HDPPN is prac-
tically stable, i.e., given 0 < A < A we must show that
|U(p:)| < A. We know that U(pg) < A and, since U is
non-decreasing, we have |U(p;)| < |U(po)| < A < A.

|

Theorem 10. The local decision process Petri net
DPPN¢ € HDPPN is local uniformly practically stable

iff U(pe,iv1) — U(pei) <0.

Proof.  From the previous theorem we know the uni-
form practical stable condition, and since in particular, if
U(pe,it1) — U(pei) < 0 the local decision process Petri
net D PP N¢ is local uniformly practically stable. [ ]

Remark 12. It is important to note that the HDPPN is
uniformly practically stable in the large, but not necessar-
ily for every local system.

Appendix C

Convergence of the HDPPN mark-dynamic and
trajectory-dynamic properties

Theorem 11. Let HDPPN be a hierarchical decision
process Petri net. If p* € P is a global equilibrium point,
then it is a global final decision point.

Proof.  Let us suppose that p* is a global equilibrium
point. We want to show that its utility has reached an in-
fimum or a minimum. Since p* is a global equilibrium
point, by definition, it is the last place of the net and its
marking cannot be modified. But this implies that the
routing policy attached to the transition(s) that follows p*
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is zero (if there is such a transition(s), i.e., worst case).
Therefore, its utility cannot be modified and, since the
utility is a decreasing function of p;, an infimum or a min-
imum is attained. Then, p* is a global final decision point.

|

Theorem 12. Let HDPPN be a finite and non-blocking
hierarchical decision process Petri net (unless p € P is
a global equilibrium point). If py € P is a global final
decision point, then it is a global equilibrium point.

Proof. If py is a global final decision point, since the
HDPPN is finite, there exists & such that Uy (ps) = C.
Let us suppose that p; is not a global equilibrium
point.
Case 1. Then, it is not bounded. So, it is possible to incre-
ment the marks of p; in the net. Therefore, it is possible
to modify its utility. As a result, it is possible to obtain a
lower utility than C.
Case 2. Then, it is not the last place in the net. So, it is
possible to fire some output transition to p in such a way
that its marking is modified. Therefore, it is possible to
modify the utility over py. As a result, it is possible to
obtain a utility lower than C'. [ ]

Corollary 2. Let HDPPN be a finite and non-blocking
hierarchical decision process Petri net (unlessp € P is a
global equilibrium point). Then, a global optimum point
p® € P is a global equilibrium point.

Proof. From the previous theorem we know that a
global final decision point is a global equilibrium point
and, since, in particular, ]oA is global final decision point,
then it is a global equilibrium point. [ ]

Remark 13. The finite and non-blocking (unless p € P
is a global equilibrium point) condition over the HDPPN
cannot be relaxed:

1. Suppose that the HDPPN is not finite, i.e., p is in a
cycle. Then the Lyapunov-like function converges to
zero, as k — o0, i.e., L(p) = 0 but the HDPPN has
no final place. Therefore, it is not a global equilib-
rium point.

2. Suppose that the HDPPN blocks at some place (not
a global equilibrium point) p, € P. Then the
Lyapunov-like function has a minimum at place py,
let us say L(p,) = C, but py is not a global equi-
librium point, because it is not necessarily the last
place of the net.

Corollary 3. Let HDPPN be a non blocking hierarchical
decision process Petri net (unless p € P is a global equi-
librium point), and let o® be a optimum global strategy.
Set

L= min {a;}.

i=1,....]f

Then U, kA (p) is equal to

@amcs

905, (Ps@) | 015, (o) T i Pe() || Ur(po)

90jn (ps(1)) T 1jn (P<)) Trijin (P<(1)) Uk (p1)

a0;, (Pe») | o5, (Pe() o (Pe) || Ur(pi)
o U

(23)

where p is a vector whose elements are those places
which belong to the optimum trajectory w given by pg <
Ps(1) SUk Po2) <Uy " Sui Ps(n) <uy - -- which con-
verges to p*.

Proof. Since at each step of the iteration U kA (pi) is equal
to one of the elements of vector «, we have that the repre-
sentation that describes the dynamical utility behavior of

tracking the optimum strategy o is
901, (Ps@) | 914, (Ps(0) T (Ps (@) || Uk (po)
90jn (p<(1)) T 1jn (P<)) Trijin (P<(1)) Uk (p1)
904, (Pe(s)) ST (Pe(s)) Tnj, (P<(i)) Uk (pi)
ol U
where jo, jn, - - -, Jvs - - . Tepresent the indexes of the op-

timal routing policy, defined by the q;.s. [ ]

Plane symmetry involves moving all points around
the plane so that their positions relative to each other
remain the same, although their absolute positions may
change. By analogy, let us introduce the following defini-
tion.

Definition 21. A hierarchical decision process Petri net
HDPPN is said to be symmetric if it is possible to decom-
pose it into some finite number (greater than 1) of local
decision process Petri nets {DPPN¢} in such a way that
there exists a bijection > between all the {DPPN¢} such
that

(p,q) € I = (Y(p),¥(q) €l

and

(¢,p) € O < (Y(q),¢(p)) € O (24)

for all of the local decision process Petri nets.

Corollary 4. Let HDPPN be a non blocking (unless p
is a global equilibrium point) symmetric hierarchical de-
cision process Petri net and let o® be an optimum global
strategy. Set
L= min {a;}.
i=1,...,]a
Then
o2U < oU, Vo,02,

where the oand o® are represented by a matrix and U is
represented by a vector.
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Proof. From the previous corollary, thanks to the sym-
metric property, we obtain

o2U < oU, Vo,0”.
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