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Reachability and minimum energy control of descriptor fractional discrete-time linear systems with different fractional
orders are addressed. Using the Weierstrass—Kronecker decomposition theorem of the regular pencil, a solution to the state
equation of descriptor fractional discrete-time linear systems with different fractional orders is given. The reachability
condition of this class of systems is presented and used for solving the minimum energy control problem. The discussion is

illustrated with numerical examples.
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1. Introduction

Solutions to the minimum energy control problem for
linear time-invariant systems produce an input sequence
that will bring the system to a desired state with minimum
energy expenditure. This subject has been considered in
many papers and monographs (Kaczorek and Klamka,
1986; Kaczorek, 2014; Klamka, 1991; 2009; 2010; 2014).
LTI (linear time-invariant) systems theory deals with
numerous types of systems, e.g., positive (Kaczorek
2002; 2013a; 2013c¢; 2011d), descriptor (Campbell et al.,
1976; Dai 1989; Dodig and Stosic, 2009; Guang-Ren,
2010; Van Dooren, 1979; Van Dooren and Beelen, 1988)
or fractional (Nishimoto, 1984; Oldham and Spanier,
1974; Podlubny, 1999). Recently fractional systems
have received more attention since fractional differential
equations have been used by engineers for modeling
various processes (Dzielifiski et al., 2009; Ferreira and
Machado, 2003; Popovi¢ et al., 2013).

From a mathematical point of view, fractional
calculus is well known (Nishimoto, 1984; Oldham
and Spanier, 1974; Podlubny, 1999; Miller and Ross,
1993); however, some new results appear, e.g., a
new definition of the fractional derivative (Caputo and
Fabrizio, 2015) or fractional systems with different
fractional orders (Kaczorek 2010; 2011a; 2011b). The
resulting combination of descriptor fractional systems

with discrete-time linear ones, which are commonly
used for process modeling, becomes a source of interest
in this paper, which deals with descriptor fractional
linear systems described by difference equations of
different fractional orders. A solution to the state
equation of descriptor fractional discrete-time linear
systems with regular pencils was given by Kaczorek
(2011d; 2013b), along with that for continuous-time
systems (Kaczorek, 2013a; 2013c). A solution to the
descriptor fractional continuous-time linear systems with
two different fractional orders was introduced by Sajewski
(2015). Reduction and decomposition of descriptor
fractional discrete-time linear systems were considered by
Kaczorek (2011c). The reachability and minimum energy
control problem for continuous-time systems with two
different fractional orders was considered by Sajewski
(2016a). A comparison of three different methods for
finding the solution of descriptor fractional discrete-time
linear systems can be found in the work of Sajewski
(2016b), along with the case of fractional systems with
two different fractional orders (Sajewski, 2016c).

This paper is devoted to the minimum energy
control problem of descriptor fractional discrete-time
linear systems with different fractional orders. In most
cases, the solution for descriptor systems is accomplished
by the Shuffle algorithm, which leads to more complex
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fractional systems with delays (see, e.g., Kaczorek, 2014).
A new approach, based on the Weierstrass—Kronecker
decomposition theorem, will be given. This solution is
proven by an example for greater efficiency .

The organisation of this paper is as follows. In
Section 2 the descriptor fractional discrete-time linear
system with different fractional orders is presented
and a solution to the system, with the use of
the Weierstrass—Kronecker decomposition theorem, is
given. An example of decomposition is also presented
in Section 2. Section 3 is devoted to reachability
of descriptor fractional systems, and the reachability
condition is given. The minimum energy control problem
of descriptor fractional discrete-time linear systems with
different fractional orders is formulated and solved in
Section 4, where an illustrating example is also given.
Concluding remarks are included in Section 5.

2. Descriptor fractional discrete-time linear
systems of different orders and their
solution

Consider a descriptor fractional discrete-time linear
system with two different fractional orders,

ElAafEl(k + 1) =

EoAPay(k+1) = Agyy

where 0 < o,8 < 2,k € Z4, x1(k) € R™ and
22 (k) € R™2 are the state vectors, u(k) € R™ is the input
vector, [;, A;; € R™*™, By € R™*™; 4,5 =1,2;
R™*™ is the set of n x m real matrices and Z . is the set
of nonnegative integers.

The fractional difference of order « (3) is defined by
(Kaczorek, 2011a)

ca(0) =1,
cali) = (-1(%) @
_ (_Ujoz(oz—1)..].‘!(04—j—|-1)7
j=1,2,...

Rewriting () in matrix form, we have

E[ 222%:13 ] = A[ 283 } + Bu(k), (3)
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where
FEi 0 A A }
E = A =
[0 E’2:|7 {Am Asp |7
“)
B=|B
5]
In descriptor systems it is assumed that

det E =0, (5)

and we also assume a regular pencil,

Eiz 0 A A
| B il | R

for some 21,29 € C, where C is the field of complex
numbers.

Sajewski (2016¢) showed that the
Weierstrass—Kronecker ~ decomposition theorem of
the regular pencil (Kaczorek, 2011a; 1998) can be used
for systems with two different fractional orders.

A solution of the descriptor fractional discrete-time
linear system (I) with (3) and (@) is supported by the
following lemma.

Lemma 1. There  exist nonsingular  matrices
P,Q € R™ " such that the descriptor fractional discrete-
time linear systems (B) with regular pencil (6) can be de-
composed as

FEiz1 O A A
P _
H 0 Eozo } [ Asy Az ” @
_ ElZl O_ o %11 %12 (7)
0 EQZQ A21 A22 ’

where

[P0 Qo0
p_[ol PJ, Q—{Ol QQ}, ®)

and the submatrices of () have the following form:

_ I, O
El—P1E1Q1—|:01 le
7 Iy 0

Ey = P ErQr = {02 N, }
_ [ An 0
An =PiAnQ = 0 Ls ]
- [ A 0
Ay = PiA12Q2 = 0 12 0 } )
i [ As 0
Azl = Py A2 Q1 = 0 0
- [ An 0
Ao = Py A2eQo = 0 Ls

Bl
P1B1:|:B§:|7 P,By = { ]
1
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2 2
where I, is the n X n identity matrix, N € R™ %™,
2 2
Ny € R™*"2 gre a nilpotent matrices with the index p;,
s : Pi pi—1
i=1,2(ie, N =0and N" "~ #0),
~ 1 1
All E Rnl ><nl7
1 1 ~ 1 1
c anxnz7 A%l c anxnl’
c IRn%Xn;7 B% c Rn%xm,
~ 2 ~ 1
B} ¢ R™m*™ B ¢ R"*™,
52 2%
B; € R™*™
1
Ng,

rank F; = n%, rank By =

1 2 1 2
ny +ni = ny, ng + ng = ng, Ni+ng=n.

Example 1. Let the system (@) have the pencil E, A
(given by @) of the form

1 00 -1 -1 -1
E1: O 1 0 5 EQZ 2 4 2 3
|00 0 1 4 1
1 0 1 4 11 4
A;=10 1 0 , Ap=125 2|,
| -1 0 -1 00 0
[ -3 2 0 08 1.7 28
Apn=]6 2 0|, Ayp=|04 08 14
|3 70 22 4.6 22

(10)

We wish to find its decomposition (9). It easy to check that
the condition (@) is met since det £y = 0, det F» = 0 and
E is diagonal. The condition (@) is also met since

det || £r21 0 | A A
0 Eszo Az As
= 2723 — 032720 — 2125 + 0.0227
—16.72129 — 8.0221 + 1229 — 10.2.

Using the row and column elementary operations
(Kaczorek; 1998), we obtain the matrices P and () of the
form

01 0 1 25
=101 |, Pb=—]| -2 1],
00 —1 Wy 3 9
01 0 2 1 -1
le 10 0 ) QQZ 1 00 ;
0 -1 1 0 0 1
11
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which decompose the pencil of the system (@) with the

matrices (I0) to the desired form,

Ey = PiE1Q
Lo 10 0
= 1 =10 1 0
0 Ny
00 0]
Ey = PyE>Qo
Lo 100
= 0 N =0 1 0
2 |0 0 0|
A = PiAQs
_All 0 1 0 0
=10 I =10 0 O
ni 00 1
Az = PLA12Q2
A12 0 1 2 0
= 0 0 =13 4 0
L0 0 0|
Ag = PyAy1 Q4
AQl 0 3 0 0
= 0 0 =11 3 0
0 0 0|
Ay = PyA2Q
AQQ 0 0.1 1
= 0 I = 0 0.2
n3 0 0
ni=nsy=2 ni=ni=1, n
ng=ny+ni=3 n=m

0
01,
1
=nj+n? =3,
+no =6
12)
¢

Computation methods for the matrices P and () have

been discussed, e.g., by Van Dooren (

1979), Van Dooren

and Beleen (1988) or Kaczorek (2011a).

Using the decomposition given
system (@) can be written as

In} 0 0 0 AYx
0 N, 0 0 Az
0 0 Ia 0 APz
0 0 0 N APz
Ay 0 A 0
|0 Lz 0 0 [
T Ay 0 Ay 0O
0 0 0 Iy
B}
B ]
+ | 51 | uk) forkeZ,.
B2
B3

by Lemma 1, the

SIS

)
)
)
)
] 13)

DD == DN = =

1
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The notation (I3) is possible since by premultiplying
the state equation (@) by the matrix P € R"*" and
introducing the new state vector

z(k)
k) | _ o1 [ ma(k) -1 nt
ii(k) - Q [ afg(k‘) ] ’ xl(k) ER ’
3 (k)
z3(k) e R™, z3(k) € R™, x3(k) € R™,
(14)
we obtain the following state equation:
1| A% (k+1)
PEQQ [ APy (k +1) ]
_ —1| w(k)
= PAQQ { (k) } + PBu(k),
keZy. (15)

Following Lemma 1, decomposition of (@) allows us to
distinguish two subsystems:
the standard one,

[ Aczy(k +1) ]
APEY(k +1)
[ a2 ]S [+ [B o a0

and the nilpotent one,
Ny 0 A2 (k+1)
0 Ny ABZ2(k+1)
I 0 23 (k) } [ B} }
= " + | = u(k). (17)
{0 I3 } {m%(k) Bz | ®)
A solution to the standard subsystem (I6) is well known

(Kaczorek, 2011a) and can be computed with the use of
the following formula:

EIRNER)
z5(k) 73(0)
- a1 (18)
+ ;Cbk_z_l [ Bl } u(i), ke€Zy,
where
Loiyny for i=0,
O, =9 AP, 1 — DP9 —---—D;_19Pg
for i=1,...,k,
(19)
o, B . A, A
B, = 1 %2}, A:{ 110 ~12]
[ D5 Dhy Asr Asg
D, = cai—i—l)In% 0 . ’
0 cp(i+ 1)In%
Ala = All + In%a, Agﬁ = 12122 + In%ﬁ
(20)

A solution to the nilpotent subsystem (I7) depends
on the max nilpotencyindexof matrices /Ny and Ny, thatis,
po= max(p1, fi2).

If N; = Ny = 0 (for which the nilpotency index
1 = 0), we obtain the following solution to (I7):

[ E%(/f) ] - { gg ]u(k), keZ,. (21
|

(for which the nilpotency index y = 1), we have two
equations with two unknown elements per each element
of the state vector, and this lead to the following solution

of (T7):

If

0
0

S =

N1:N2={

b, )
[ g } =g, [ETUS [ ; }u(kx
0

keZy, (22)

where

Continuing for ; = 2,. .., 7, we obtain

| |- ﬁ J -+

+---+[ ]u(k+1) (23)

BQ
- { Bé }u(/{), ke,

In general, knowing the solution of the standard
subsystem (T6)) and the solution of the nilpotent subsystem
(I, we can find the desired solution of the system (3).

Taking under consideration (I8), (T9), @0) and 23), the
solution of (@) has the form

8 B8
DO DO = = DN = =

[y | =
24)

8l

k+p B
+ Z QUy_;_1Bu(i), keZ,,
1=0
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where
B b0 @, 0
- | B2 o o0 o0
b= B} |’ Vi = oy, 0 DL, 0 |’
B2 0 00 0
0 0 0 0
0 U;*t 0 o0
— (_1\ut1 1
Yoy = (1) 0 0 0 0 ’
0 0 0 ot
(25)
fori = 0,1,....k,p =0,1,... and U;"" ! € R,

vt e Rrm depends on shape of nilpotent matrices
N1, N> given by (9); e.g., for 4 = 1, we have

_ 1 0 _ 1 0
\1111:[0 1], \1/21:[0 1},
0 1 2 |0 1

]7 \112 - 0 O:|'

0 0
3. Reachability of fractional descriptor
systems

(26)
U=

Again consider a fractional descriptor system (1)) (or ().
This system is called reachable in ¢ steps if for any given
x5 € R there exists an input sequence u(i) € R™ for
1=20,1,...,q+ wthat steers the state of the system from
z(0) = 0 to zy € R", where p = max(u1, y2) and
h = g+ v+ 1 is the number of steps in which the state of
the system is transferred from x(0) to z.

Theorem 1. The descriptor system (1) is reachable in q
steps if and only if the reachability matrix

Ry,

- 27
:[ QY1 B @7

QUoB QV_, 1B ]
contains n linearly independent columns, that is,

rank R, = n, where the matrices V and B are defined
by (23) and the matrix Q follows from Lemma 1.

Proof. Using @4) for k = ¢, the matrices N with index
pw=1 and x¢ = 0, we obtain

a:f = Jiq
= QV_2B QU, 2B QU, B ]
u(g+1) 0
u(q) u(0) (28)
X : =Ry U(IID ,
u(@ U(q'+ 1)

u(0)

where Ry, is defined by @7). From 8) it follows that
there exists an input sequence wu(i) € R™ for
i=20,1,...,q+ 1if and only if the matrix (27) contains
n linearly independent columns. ]

4. Minimum energy control problem

Assuming that the descriptor fractional discrete-time
linear system (1) (or (@) is reachable, this imply that
there exist many input sequences that steer the state of the
system from x(0) = O to the given final state xy € R™.
Above all, we are looking for a sequence u(i) € R™ for

1=0,1,...,q+ pthat minimizes the performance index
q+p

I(u) =) u” ())Ghuli), (29)
i=0

where G, € R’ is a symmetric positive defined matrix
and AT is the transpose matrix A.

The minimum energy control problem for the
discussed class of fractional systems (B can be defined
as follows: for given matrices (9), fractional orders o and
B, a number ¢, a final state xy € R" and a matrix G,
of the performance index (29), find an input sequence
u(i) € R™ fori = 0,1,...,q + p that steers the state
vector of the system from xz(0) = 0 to zy € R” and
minimizes the performance index (29).

Following Kaczorek (2011a) and Klamka (1991), to
solve the problem we define the matrix

Wy, = RyG, 'R € R™*™, (30)
where Ry, is defined by (27) and
G, ' = blockdiag[G™1,...,G~ ] e Rl (31)

From (30) it follows that the matrix W}, is invertible if and
only if the matrix R;, R} is nonsingular; then the input
sequence

u(q + 1)

ap, = : =G, 'REW, 'z e R"™ (32)

steers the system from x(0) = 0 to zy € R™ since

z(q) = Ryt
= RpQ;,'RIW, 2y = x4, (33)
h=q+p+1.

Theorem 2. Let the descriptor system (3)) be reachable
in q steps and the conditions (30), (B1) be satisfied. Let
u(i) e R™ i=0,1,...,q+ u, be an input sequence that
steers the state of the descriptor system (3)) from z(0) = 0
to xy € R™. Then the input sequence (32)) also steers the
state of the system fromz(0) = 0 to zy € R" and
minimizes the performance index 29), i.e., I(4) < I().
The minimal value of the performance index (29) is given
by

I(a) = 27 Wy g (34)
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The proof is similar to the one given by Kaczorek
(2014).

Summing up the discussion, to compute the optimal
input sequence (32) and the minimal value of the
performance index (34) first we have to find the matrices
(8) and decompose the state matrices (@) to the form ().
Then knowing the matrices B, ¥, G}, and using (Z7),
compute the matrix R; and check the reachability of
the system. From (30) compute the matrix W},. Finally,
using (32), we can find the input sequence u(i) € R™,
i=0,1,...,q + u, and using (34), the minimal value of
the performance index ().

This approach is also valid in the case when o = f3
and also when o« = 8 = 1, where the matrices B, ¥, G},
are simplified.

Example 2. (Continuation of Example 1) Consider the
descriptor fractional discrete-time linear system () with
the fractional orders v = 0.5, 8 = 0.6, described by the
matrices (I0). Find the input sequence u(i) € R™, i =
0, 1 ..., that steer the state of the system from the zero
initial conditions

z1(0)=[0 0 0]7, a90) = [0 0 0]
to the final state
rip=1[2 1 27, ayp=[1 1 1]
for ¢ = 3 and minimizes the performance index (29) with
G=1x10"1.

Using matrices P and () given by (1)), we obtain the
decomposition (I2) and

71, (k)
[ i (k) 1y (k)
o { 21(k) } | 2®) | _ | 2w
2 (k) (k) zy (k) |
| 73(k) Z39(k)
i 73, (k)
[ Bih(k) 0
By Bi,y (k) 0
_| B | _ | Buk) | _ |1
PB = B | | Bh(k) | | 0545 |7
B3 1?52(k) —0.091
| B3, (k) 0.182
TL%:TL%ZQ, n%:n§=1, nl—n2_3a

(35)

Taking under consideration size n}, n3, the solution of the

L. Sajewski
standard part (I6) has the form
o #,(0)
j%z(kf) - @, 57%2(0)
j%l(k) 57%1(0)
T3y (k) T32(0)
1
o1 gg (36)
+ (I)k— —1 ~12 U(Z)a
Bs,
keZs,
where ®; is defined by (19) with
o 15 0 1 2
i [Ae Az ]_|o 053 4
" An Ay T3 0 07 1 |
1 3 0 0.8
b _ [ cali+ 1)k 0
! 0 cpgli+ 1) |’
Bl 0
B, | | o
BL | T | o545 | (37)
Bl ~0.051

Similarly, taking under consideration the sizes n?
and n3, the solution of the nilpotent part (I7) has the form

[ %Eg ] - [ (1).182 }“(’f)’ keZy, (38)

since
Ni=N2=0, p1=p2=0,
By 1 (39)
B2 | 0182 |
To compute matrices ¥; for i = —1,0, 1, 2, first we

have to compute matrices ®; for ¢ = 0, 1, 2, which in this
example have the form

Do = 1y,

[ 1{1104 14:112

| Aa1 Ao

(15 0 1 2
0 0.5 3 4

3 0 0.7 1 ’
1 3 0 0.8

®, =
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~ ~ 2
Dy — [ Ara Arz }

Ag1 Ao
S
—1
0 5(52! )12 (40)
7.38 6 22 56
|13 1238 3.6 8.2
~ 176 3 3.64 7.5
23 39 10 14.79
and
000000
000000
v .00 1000
L1710 o000 0 0}
000000
000001
1 0 0 0 0 0
010000
G |0 00000
°“ 100010 0]
00 0010
00 0000
15 0 0 1 2 0
0 05 03 4 0
w0 0 00 0 0
=13 0o o007 1 o0}
1 3 00 080
[0 0 00 0 O
[ 7.28 6 0 22 56 0
13 1238 0 36 82 0
|0 0 00 0 0
27176 3 0 364 75 0 |’
23 39 0 10 1479 0
| 0 0 00 0 0
(41)
The reachability matrix has the form
Ry=[ QUB QU.,B QUyB QU_,B ]
122 127 0 0
069 036 0 0
—1.22 —1.27 0 1 (42)

1.51 -0.66 —1.18 —-0.18 |’
1.3 0.29 0.55 0
0 0 0 0.18

and rank R; = 4. Taking under consideration (3I)), the
matrix (G4 has the form

G, = diag[G, G, G, G), (43)

and by the use of (30) with #2) and {@3) we can compute

Wy
= RyG, 'R}
3.0 1.3  —3.09 099 0195 0
1.3 061 —-1.3 0.8 1 0
| —-3.09 —-13 409 —-1.18 —-1.95 0.18
~ 1099 08 -1.18 411 1.12 —0.03
195 1 ~-1.95 1.12 207 0
0 0 0.18 —0.03 0 0.03
x 109,
(44)

Now, using (32) with (@2)—(@4) we obtain

us
L2 | A1 pT—t
u = 1,)/1 = G4 R4 W4 l'f
- ao
[ 1.06 —0.75 0.07 0.23
. 1.61 0.22 —-0.003 —-0.19
| =-0.52 0.07 —-0.09 -045 (45)
| —0.08 0.05 —0.22 —0.004
2
0.53 1.59 1 3.88
—05 477 | |2]| | —202
0.89 0.31 1] | —0.39
—0.002 6.67 1 6.11
1
Using (34) and (@4) we obtain
I(a) =af W ey =65 x 107", (46)
¢

5. Concluding remarks

Descriptor fractional discrete-time linear systems with
two different fractional orders were analyzed. The
Weierstrass—Kronecker decomposition theorem of the
regular pencil was used to find the solution of the
state equation. Based on the proposed solution, a
reachability condition was given. The minimum energy
control problem for descriptor fractional discrete-time
linear systems with two different fractional orders was
formulated and solved. The effectiveness of the proposed
method was demonstrated with numerical examples.
Extension of these findings to systems consisting of
more than two subsystems with different fractional orders
is possible. An open problem is computation of the
solution if the Weierstrass—Kronecker decomposition is
impossible.
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