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In this paper, the problem of feedback stabilization for a class of impulsive state-dependent neural networks (ISDNNs) with
nonlinear disturbance inputs via quantized input signals is discussed. By constructing quasi-invariant sets and attracting sets
for ISDNNs, we design a quantized controller with adjustable parameters. In combination with a suitable ISS-Lyapunov
functional and a hybrid quantized control strategy, we propose novel criteria on input-to-state stability and global asymp-
totical stability for ISDNNs. Our results complement the existing ones. Numerical simulations are reported to substantiate

the theoretical results and effectiveness of the proposed strategy.
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1. Introduction

The memristor was called the fourth circuit component
by Chua (1971). It can be used as a synapse in an
artificial neural network or as a transistor in a new
generation of computers. Owing to the appealing physical
characteristics of the memory device, memristive neural
networks (MNNs), a class of state-dependent neural
networks (SDNNSs), have attracted close attention in
recent years (Duan et al, 2017; Guo et al., 2018;
Huang et al., 2019; 2018b; Wang et al., 2016; Yang
et al., 2016; 2019; Zhang and Shen, 2015; Zhu et
al., 2018). Guo et al. (2018) analyzed multiple stable
equilibrium points using reasonable assumptions on the
decomposition of index sets and switching thresholds,
and obtained a new theoretical result on recursive neural
network switchings with stable radial basis functions
and state-dependent switchings. Zhang and Shen (2015)
obtained sufficient conditions to guarantee the global
exponential stability of a class of delayed neural networks
with state-dependent switching. The criteria of Lagrange
stability for Takagi-Sugeno (T-S) with time-varying
delays are obtained by constructing a scale-limited
generalized Halanay inequality (Huang et al., 2018b).
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In the realization of electronic networks, due
to the influence of frequency changes, the switching
phenomenon, voltage mutation or sudden noise, the state
of SDNNs may be disturbed by a sudden change and
instantaneous disturbance in some cases. Impulsive
systems are widely used in engineering, physics and
science, which can be used to describe disturbances.
Therefore, it is necessary to study the dynamical behavior
of SDNNs with impulsive effects. For instance, the
exponential stability of the SDNN model with variable
delays and impulsive control is studied by choosing a
suitable function (Duan et al., 2017). A generalized model
of SDNNs with an impulse time window is discussed
by Yang et al. (2016), and the relationship between the
exponential convergence rate and impulsive parameters is
also pointed out. Zhu et al. (2018) studied systems with
event-based impulsive control and applied it to SDNNs.

Many of the results mentioned above ignore the
impact of data quantification, assuming that all data
transmissions can be performed with unlimited precision,
but this is not realistic in real-world networks. As usual,
quantization may change the dynamical behavior of the
system, and it will result in instability, oscillation or chaos.
A quantizer can be regarded as a device that converts a
real-valued signal into a piecewise constant one taking
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on a finite set of values. There have been two main
control methods developed in recent years. One is the
static quantizer, the other is the flexible quantizer (Chang
et al., 2013; Fan et al., 2016; Sun et al., 2019; Wan
et al., 2017; Wu et al., 2018; Hong et al., 2019; Zhang
et al., 2019). The former divides the domain of the
quantized signal and has a fixed quantization level.

Chang et al. (2013) quantified all the error sampling
measurements by a logarithmic quantizer, and studied the
synchronization of complex networks. In order to estimate
the unknown disturbance, Sun ef al. (2019) designed a
novel fixed-time disturbance observer and constructed a
fixed-time controller to ensure the convergence of the
system state. Zhang et al. (2019) gave some sufficient
conditions for finite-time and fixed-time synchronization
of discontinuous complex networks under the control
of the static logarithmic quantizer. On the other hand,
the flexible quantizer can be zooming-in or zooming-out
according to the system state.

Fan et al. (2016) used a quantizer with adjustable
time-varying parameters to study the synchronization
of chaotic systems. Wan et al. (2017) proposed
a novel quantized output control strategy to make
discrete closed-loop systems with two quantized
signals asymptotically stable or satisfy a specified H,
performance. The advantage of this method is that it can
dynamically expand the quantization level to increase the
region of attraction and attenuate the steady-state limit
cycle.

Wu et al. (2018) combined quantitative control
and event triggering control with the bounded
consistency problem of multi-agent systems with
external disturbances. Qian et al. (2012) studied a hybrid
impulsive control system and gave a simple criterion
for system stability. Hao e al. (2011) assumed that the
network has two time-varying additive delays and limited
capacity and proposed a continuous time Takagi—Sugeno
(T-S) fuzzy system correlation stabilization method
for pulse effects to ensure the asymptotic stability
of the closed-loop system. Although some papers have
considered a hybrid pulse system under quantized control,
they often only quantify the disturbance input, but do not
take the quantification of impulse terms into account.

Inspired by the aforementioned discussion, our
purpose is to study how to obtain better performance of
ISDNNs with nonlinear disturbance inputs considering
the quantization effect. Our contributions are highlighted
as follows:

1. It is for the first time that a flexible quantizer is
discussed in ISDNNs. By proposing a quantitative
control scheme, we propose novel criteria on
input-to-state stability (ISS) and global asymptotical
stability for ISDNNGs.

2. The control strategy is different from those used

by Wang et al. (2016); we adopt quantized control
for external inputs and impulses, which is divided
into two stages: zooming-in and zooming-out. It is
superior to error-free control (Duan et al., 2017; Guo
et al.,2018; Wang et al., 2016; Zhu et al., 2018).

3. By introducing a quasi-invariant set and an attracting
basin, it can be obtained that the corresponding
trajectory is inside an ellipsoid in a certain time
interval. Through quantized control, the difficulty of
channel blockage and limited channel can be solved.

The rest of the paper is organized as follows. In
Section 2, the model of ISDNNs with quantized control
is given. Some necessary assumptions, definitions, and
lemmas are introduced. In Section 3, we first prove ISS
and introduce quasi-invariant sets and attracting sets for
ISDNNs with an input quantizer. Due to a quantized
input-feedback control, we obtain the global asymptotic
stability of ISDNNs. In Section 4, the numerical results
show that the quantization controller is effective.

Notation. As usual, let R, = [0,00) and I be an
identity matrix. R™ denotes the n-dimensional space with
Euclidean vector norm || - || and R™*™ is the set of m x n
real matrices. co{a, a} denotes the closure of the convex
hull generated by real numbers G and G. Amin(-) and
Amax(-) denote the minimum and maximum eigenvalues
of the corresponding matrix, respectively. C[R,R] : R —
R is a continuous function. P > 0 denotes a positive
definite matrix P. By R(z) = {z € R"[2T Pz < 2} we
denote the corresponding ellipsoid.

2. Preliminaries and the model

In this section, we give our model description and recall
some useful lemmas.

Define % as the set of measurable locally essentially
bounded functions v : R™ — R"™ and ¥ as the set of
bounded functions J : R™ — R™. A functiony : Ry —
R is said to be a class of . if it is continuous, strictly
increasing and y(0) = 0; v € J#& if v € # and also
v(s) - o0ass > 00, £ € HLIE Ry xRy —
Ry, &(-,t) € X foreach fixed t,£(s, t) decreases to zero
as t — oo for each fixed s.

Consider the following SDNNs with a nonlinear
disturbance inputs model (Wang et al., 2016):

i (t) = —di((t))xi(t) + Z aij(zi(t)) f(x;(t))
+ui(zi(t)), t>0, (D

where i € N := {1,2,3,...,n},z;(t) is the voltage of
the capacitor C;, n stands for the number of neurons, f; :
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R — R is a neural activation function, u;(x;(t)) is the
nonlinear disturbance inputs, d;(-) and a;; (-) represent the
parallel-memristor corresponding to the capacitor C; and
the memductances of the memristor between the function
fj(z;(t)) and (z;(t)), respectively, and

ayf, |zi(t) < T,
aij(wi(t)) =4 &
ap, |wi(t)] > T,
where 7; > 0 is a switching jump, while d;* > 0, d >
0, af‘;f, f’J (1,7 € N) are constants which satisfy ;M £
d;® and a £ a”

To improve the resistance disturbance capacity of the
SDNNs with nonlinear disturbance inputs (), we can add
impulsive controllers to the nodes. Then, the SDNNs
of hybrid switching with impulses can be described as
follows:

Xii(t) = —di( ) i@ ()

+ Za” xz

+u1(x1(t))7 t> 07 t 7é tk,

.”L'z(tz_) = Jik(lvi (t;)), t = tg,

where Jii(z;) € C[R,R], 27 (t) is the reset of z at ¢
and ¢ (k € N) are the impulsive moments with 0 < t5 <
tit1, limyg o0 t = 00. Assume that

0<0 <ty —tr1<p, 2

for all k € N and some numbers 6,p. As usual,
if not explicitly stated, signals are assumed to be
right-continuous and to have left limits at all times.

In the control system, since u; is a continuous input
signal and J;;; is a discrete one, we call (u;, J;;) the
hybrid input of an impulsive system. In the above
mentioned works, hybrid input is taken directly for the
stability of impulsive systems. Due to limited information
feedback, however, it is interesting that only quantized
input is available to stabilize the system.

Let z € R”™ be the variable being quantized, and
q(+) : R™ — U be a quantizer that is a piecewise constant
function, where U is a finite subset of R". Usually, we
assume that ¢(z) = 0 for z in some neighborhood of the
equilibrium point, which satisfies

o If ||2||< M, then |jg(z) — z||< A.

o If ||z||> M, then ||g(2)||> M — A.

In general, we can view M and A as the quantization
range and quantization error, respectively.

In the following control strategy, a flexible quantizer
with one adjustable parameter 4 is adopted in the form of

qu(z) = /MJ(;),

where © > 0. We can get it quite naturally with the
quantization range of pM and the quantization error of
1A, We can refer to v as a “zoom” variable, if we increase
1 that is equivalent to zooming out, which is substantially
getting a new quantizer with or larger quantization range
and a larger quantization error, if we decrease p that is
equivalent to zoom in, which is substantially getting a
quantizer with smaller quantization rage and a smaller
quantization error.

Definition 1. (Aubin and Cellina, 1984) Consider the
following ordinary differential equation:

dx

5~ MM@), h(0) =ho €R™, 3)

where h(z) : R” — R" is not necessarily continuous.
The Filippov set-valued map of h(x) is defined as follows:

NN«

6>0 u(N)=

(, 0)\N)];

where K (F) is the closure of the convex hull of set
E,B(x,0) = {y : [ly — || < ¢} and p(N) is the
Lebesgue measure of the set N C RY.

An absolutely continuous vector valued function z(t)
defined on [0, T] is called a solution in the sense of the
Filippov of dz/dt = h(z) if for almost all ¢, dz/dt €
F(x) and if, it satisfies the initial condition 2 (0) = hy.

According to Aubin and Cellina (1984), (3) has at
least one Filippov solution on R", i.e., there exists a
measurable function x € F(xz(t)) such that

dz
det
Fori,j € N, write

Ei = max{dl-M, dis},
d; == min{d;", -S}
Tij —max{a”, ZJ}
a;; = mm{af\f, fj
iy = mac{al |, oS}

Based on Definition 1 and the theory of differential
inclusion, an ISDNN with nonlinear disturbance inputs
model can be described by the following differential
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inclusion:

l’l(t) S —CO{diM, dis}xi(t) + Z CO{aijM, aijs}
j=1

x fi(@i () + ui(wi(t)), tF#tx,

wi(ty) = Jun(wi (8,)), t=tn

There exist measurable functions d;(t) € co{d;™,d;"},
aij(t) € CO{aijM, aijs} such that

i(t) = —d;(t)ai(t) + Z aij (t) fi(z;(t))

B (5)
+ui(zi(t), tF# t,
zi(65) = Jiw(ws ().t = ti.
Set
DM = diag{a),aM, ... d¥},
D¥ = diag{d;,d5,...,d5},
D = diag{d,,d,,...,d,},
D(t) = diag{dy(t),da(t), ..., dn(t)},
AM = (CLU )nxnv
A% = (af’j)an, le(t) = (dij (t))nxns
A = (dij)nxnv
2(t) = (21 (t), 22(t), ..., 2 (1),
f@(t) = (fr(@(t)), f2(2(t), ..., fulz(®)T,
u<$(t)) = (ul(x(t))vu2<$(t))v . ’un<$(t)))T7
Ti(2(t) = (Ju(2(1)), Jor(2(1)), - -, Tk (x(8)))T

Similarly to (@) and (@), we have
i(t) € —co{ DM, D%}a(t) + co{ AM, ASV f(x(t))
+u(x(t)), t#tg,
a(th) = Ji(z (), t=tx,

or, equivalently, there exist measurable functions D(t) €
co{ DM D5}, A(t) € co{ AM A5} such that

() = —D()z(t) + A1) f (x(t))
+u(z(t), t#tk, (6)
() = Ji(z (t,)), t=ts.

Based on (@), if the input feedback is quantized, then
the closed-loop ISDNN with quantized measurements is

“)

as follows:
@(t) = =D(t)x(t) + A(t) f (x(t))
+qﬂ(u z(t))), t=0,
a(ty) = o (Ju(z (),
where functions v € %,J;, € ¥ are continuous in
R™, (u, Ji) is the hybrid input, and x and v are zoom

variables. We assume that there are some .’ class upper
bounded functions u, J; such that

[u()l| < @),

for all z € R™. Actually, for the existence of the upper
bounded functions, we can take

tF# T, (N
t= tk?

17 @< T (ll=1)), (®)

() = max [lu(z)]l

J(s) = max ||J ()]

llzll<s

Rewrite the ISDNN system with quantized
measurements (7)) as

#(t) = —D(t)z(t) + A(t) f (x(t))
+u(z)+ F(u), t>0,
J?(t;) = Jk(x7)+G(Jk), t = tg,

t#tk, )

where F(u) = F(u(z)) = qu(u(z)) — u(z), G(Jx) =
G(Jk(7) = qu(Jr(2)) — Ji(2).
Remark 1. In previous results, some papers consi-

dered the stability and synchronization of SDNNs under
impulses (Duan et al., 2017; Yang et al., 2016; Zhu
et al., 2018), but they all assumed that the transmission
and exhibit processing of data have zero transmission
delay and infinite precision. Because of the bandwidth
constraint in SDNNs, the observations of the system
state can only be transmitted to the controller through
the finite rate network after quantization and coding,
so that the influence of quantization and coding on the
performance of the control system cannot be ignored. To
the best of the authors’ knowledge, the stability of SDNNs
under quantization impulses has not been taken into
account in previous papers. Therefore, the quantization
technique is used in hybrid systems to quantify the
external disturbances and impulses, which makes the
results more practical.

Definition 2. (Xu and Long, 2012) For compact sets
v, ¢ € R™, {p, ¢} is called a quasi-invariant pair of (9)
if, for any initial value z( € ¢, the solution x(¢, to, zo) of
([©) belongs to the set ¢ for ¢ > ty. In particular, the set
is called an invariant set of (9), when ¢ = ¢.

Definition 3. (Xu and Long, 2012) For S, D C R", the
set S is called an attracting set of the system (@) and D is
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called an attracting basin of S if, for any initial value z( €
D, the solution x(t, to, xo) converges to S as t — o0,
that is,

dist(x(t, to, x0),S) — 0 as t — 400,

where
dist(zx, S) = inf dist(z,y),
yeS

|z(s) —y(s)]-

dist(z,y) = sup
s€(—00,0]

Definition 4. The ISDNN is called input-to-state stable
(ISS) with the form of () if there exist functions & €
H ¥ and v € 5 such that, for every initial condition
and every input (u, Ji), the solution corresponding to (@)
exists globally and satisfies

|2(t)] < &(|wol,t — to)
+'Y( ”(quk)”[to,t) )a t Z t07

for any forward complete solution x(t) =
x(t,to, zo,u, Ji) of @), where || (u, i) |/[z,,+) denotes
the norm on the interval [to, t) defined by

1w Tl 1to.)

= max{ess. sup |u(s)|, sup
s€[to,t) ti€[to,t)

[Ji(t) -

Lemma 1. (Huang et al., 2018a) The ISDNN (9) is ISS
with respect to the disturbance (F(u), G(Jy)) if there ex-
ists a candidate exponential ISS-Lyapunov function V :
R™ — R that satisfies

a(llzl]) < V(z) < B(ll=l]), (10)
VV(z)i(t) < —cV(z) +I(|F(w)]),  AD
V(zf) < e V() + (|G, (12)

—dN(t,s) —(c=N)({t—s)<r, t>s>0, (13)
where x € R™ o, 8,0 € Ko, F(u) € %,G(J;) €
¥, N(t,s) denotes the number of impulse instants tj, in
(s,t],¢,d,r, X\ are constants and r, A > 0.

Remark 2. ISS is a stability problem based on
perturbed systems, which was first proposed by Sontag
(2002). Because some unexpected abrupt or instantaneous
disturbances often occur in SDNNs (Wang et al., 2016),
it is interesting to consider the external disturbances and
impulses and quantify them in this paper. However, few
results have been reported in the literature.

Lemma 2. (Yuetal., 2014) Let P be an nxn symmetrical
and positive definite matrix; then, for any x(t) in R"™, the
following inequality holds:

/\min(P):CT(t):E(t)
< 2T (t)Px(t) < Amax(P)x? (t)z(t).

Lemma 3. (Yang et al, 2011) For any vectors
x(t),y(t) € R™, the inequality

227 ()y(t) <« (H)Qx(t) +y" (1)Q ™ y(t)

holds, in which Q) is an n X n matrix or a constant with

Q > 0.

Assumption 1. For j = 1,2,...,n, the activation
functions f;(u) are bounded and there exist nonnegative
scalars o such that, for Va1, 22 € R, 21 # 29,

0< fi(z) — fi(z2) <o

Xr1 — X9
Assumption 2. For j = 1,2, ..., n, the jump operators
Jir(z) satisfy the Lipschitz condition with J;;,(0) = 0,
i.e., there exist nonnegative scalars p;; such that, for
V1,29 € R, # 29,

[Jir(x1) — Jir(x2)| < pir|z1 — 22|
Assumption 3. Fori = 1,2, ..., n, the disturbance input
u;(x;(t)) satisfies the Lipschitz condition with u;(0) =
0, i.e., there exist nonnegative scalars L; such that, for
Vo1, T2 € R,z # 22,

lui(w1) — wi(w2)| < Lirr — @2

3. Main results

In this section, we analyze some properties like the
quasi-invariant pair and attracting set for ISDNNs with
quantized measurement under Assumptions 1-3, ensuring
that the impulsive control systems (@) are globally
asymptotically stable.

Theorem 1. Under Assumptions 1-3, the ISDNN with
quantized input ([9) is ISS if there exist positive constants
r, X, positive definite matrix C, symmetric and positive
definite matrix P such that

(t—s) (o 'lnwp +A—c)<r, t>s5>0, (14)
where
¢ = “Amax{ PACTVAT + PC1 41
— 9D +a"LY(ACA + ECE)}
with

Oé:Amin<P), A:diag{L17L27"' 7Ln}7

6amcs
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E = diag{o1,02,...,0n}, + BI|F ()]
wy = Amax(PxPpr) = —cV(2) + BIIF (). (16)
(0%
with When t = {3,
pr = daglpins paks oo Pk V(a(t) = JF (@) PI ((t7)
. {P’ 0< <L G ilalty ) PCUR (1)
0, wp =1 < 2"(t; ) prPpra(ty)
+ G (T () PGk ((t;,)))
)\max(pkppk) — —
Proof. Consider the following candidate exponential < TIT (ty ) Pa(t))
ISS-Lyapunov functional: + GT(Jk (2(t;)) PG (Jx(2(t;)))
V() = V(a(t) = a” (t)Px(?). = wiV(2(t;)) + BIGTII, (17)
According to Lemma 2, we get the estimate where
wp — Amax (PrPpr)
allz(t)<V(z) < B @), a ’
which implies that and hold.
where @ = Apin(P), 8 = Amax(P), i.e., (IO) holds. P (D @
) o ) ) We know that
Differentiating the functional V() along the solution
of the ISDNNs with quantized input (9), we have (Inwy)N(t, 8) — (¢ — A\)(t — s)
V(z) = =227 () D) Px(t) + 2T (x(t)) AT (t) Px(t) <(t—s)(o ' Inw, + X —c),

+2uT (2(t)) Pa(t) + 2FT (u) Px(t). (15)
From Lemma 3 and Assumptions 1-3 it follows that
2f7 (x(t)) AT (t) Pa(t) < 2™ (t) PA()C~ AT Pu(t)
+fT(w(t))Cf( (1))
( )PA(t)C~ AT Pa(t)
T (H)ZECE(t),
20" (2(1)) Pa(t) < ( (t))Cu(z(t))
T (t)PC~ Pa(t)
< ( YJACAx(t)
2T (t)PC~ Pa(t),
2FT (u)Px(t) < FT(u)PF(u) + 27 (t)Px(t).

From the above inequalities and (I3), we obtain

V(z) = =227 (t)DPx(t) + 2T (t)PACL AT Px(t)
+ 2T () 2CEx(t) + 2T () ACAz(t) + 2T (t)P
x O~ Pa(t) + o7 (t)Pa(t) + FT (u)PF(u)

(t)
<a’(t)(PACTIATP + :C:P | ACAP

+PCTIP4+ P 2QP>x(t) + FT(u)PF(u)
- AmaX{PAC*lAT +PC'41-2D

a L (ACA + ECE)}xT(t)Px(t)

where N(t,s) is the number of impulse instants ¢; in
(s,t]. Combined with (I4), we can obtain that (I3) is
valid.

In summary, all the conditions of Lemma 1 are
satisfied, which gives us the desired result. [ |

Proposition 1.  If all the conditions in Theorem I are
valid and there exist positive constants A, M satisfying
a < b, where
—X0y—1
)71,

b:ae_Tmin{ﬁ_l(uM),jk_l(vM)}, (18)

a = BA*? (/LQ)fl +03(1 —

then {R(z*), R(e"z*
forany z* € (a,b].

)} is a quasi-invariant set pair of (@)

Proof. For any initial condition x(ty) = o, the
solution x(t) = (¢, to, xo) exists at least locally for the
ISDNN (@). Let Q = [{g, ts,) be the maximum existing
interval, where tg < t,, < oo. Take V(t) = V(z(t)) =
2T (t)Pz(t), and from (I6) and (I7), we have

{()
Via) <

By wusing an impulsive-type comparison result

V() + B [IF ()],
weV () + B IG(Ji)l1?,

t# tg,
t=1.
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(Lakshmikantham et al., 1989), we have
Vi(z(t) < @, to)V( (o))

+B [ ®(ts) [F(u(s)]* ds

+ﬁz

to<tp <t

(t, tx) IG(J ()7,

where ®(t, s) is the Cauchy matrix of
b(t) = —c(t),
O(t)) = e (1),

From the condition (14), it follows that

t £t
t =ty

(b(t,S) _ e(lnwk)N(t,s)—c(t—s)

< elt=s)(e

“Lnwg—c)
< ere M=)
for ty < s < t. Hence, we get
V(x(t))
< eTe_/\(t_tO)V(:E(to))
s [ PP as
to
+ e Y e N GREDIT . (19)
to<tp <t
From a < b, there exists a sufficiently small constant

€ > 0 such that z := z* — ¢ < b, which satisfies

z—a > 0. (20)

We claim that if V' (¢g) < z, then
Vit)<e'z, t>tp. 21)

Otherwise, since V'(¢) is a piecewise continuous function,
there must be a t* > ¢ such that

V(") >e"z, V(t)<ez, to<t<th (22)
From (8), (I0) and (22)) it follows for tq < t < t*, that

lu(z®)Il < a( =@ )

[T (@@ < i (=)
J)

From the definition of quantizers, we can easily obtain that

llgu (u(z(t)) = u(z@)l] < pA,
g0 (Jr((1))) = Ji(z(8))]| < vA (23)

for tg < t < t*. From the inequality (2) and X > 0,

Z e~ Mt—tk)

to<tp<t
S Z e—)\(t—tk)
to<tp<t
x (1 _ e*)\(tkftkfl))(l _ e*)\ﬁ)fl
< (1 — e AMEto)y (1 — e M) 7L (24)

Combining (19), 20), 23) and 24), we get
V(") < ere MV (1)

-
e [ e ()| ds

to
+8e" D
to<tp<t
< eTe_’\(t*_to)V(to)

o
+6€T<NA)2/ e—)\(t*_s) ds

eGP

to
+ Be"(vA)?(1 — e_/\(t*_to))(l —e M)t
2
< e M o) [z _ ﬁ(ﬂ)\A)
— BLAP(1— e )
2
+ er(ﬁ(u)\A) + 6(UA)2(1 o 67)\0)71)
<e'z

f— )

which contradicts (22]). This implies that the assertion of
@I) holds. Assuming ¢ — 0, from the estimate (1),
we arrive at the solution z(t) € 2R(e"z). The proof is
completed. |

Proposition 2.  If all the conditions in Theorem I are
valid, then R(b) is the attracting basin and R(e"a) is the
attracting set of (9). Furthermore, for any € > 0, all tra-
jectories of Q) that start in R(b) enter R((a + €)e”) ina
finite time, which is less than or equal to

T := max {o, M } (25)

Proof. Forany given zg € 2R(b), according to Theorem 1,
we obtain V() < e"b,t > to. Then [|u(z(t)) || < pM,

@amcs
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|7 (z(£))||< v M. Namely, @3) holds for t > to. Thus,
V(t) < e"e MV (2(t))

e | [0 | Fu(s))? ds

to

+ Be” Z e~

to<tp<t

MG (T ()P

5

< bere—/\(t—to) + ﬁ€T<NA)2/ e—)\(t*_s) ds

to

+ B (WA (L — e M) (1 — )7
< e (b— a)e M) 4 erg
<e'(b—a)e M +ea
<(a+e)e", t>tp.

Let e — 0. We get z(t) € 9(e"a), which implies the
conclusion. |

Remark 3. These two properties tell us that there are two
nested invariant regions in SDNNs, allowing all tracks of
the quantization system (9) starting from the larger region
to enter the smaller region in a finite time. However,
it is not sure that further convergence can be achieved.
Then we will adopt an adjustable quantizer to discuss
further whether the system can achieve global asymptotic
stability.

Theorem 2. [f all the conditions in Theorem 1 hold, the
quantized range M and quantized error A satisfy

BAPNT + (1 —e ) < e *a(n(uM)), (26)

where 1(s) = min{a"'(s),J (s)} € Ha. Then
there exists a hybrid quantized input feedback control
scheme guaranteeing the system (9) is globally asymptot-
ically stable.

Proof. For simplicity, we set x(t) = v(t). Note that y is
a piecewise constant function and the parameters given in

(18} are

a(p) = B(pAP? IXH+ (1 —e )7,

b(p) = e~ "a(n(p)). @7
From [26), we take
(e7"b(p) —
where 0 < g9 < 1. Thus, T given in (23) satisfies

Infb(p) —a(p)] —Ine(p) _ —In(co)
A A

e(p) = o a(p)) >0, (28)

T(u) = > 0.

The control law is determined in the stages that
follow.

Y. Hong et al.
Stage 1. (Zooming-out) In this stage, take u(z) =
Jr(z) = 0 so that the system () becomes open-loop.

Our aim is to make the system state x(t,0,x) enter
the quantized control domain by increasing p. Let 7 be
a positive number. Set p(t) = 1 for [0,7). For ¢t €
[(k—1)1,kT),k € N, we take

u(t)
|
= — a " (e"(f max |<(s,0,z , (29)
T @7 (B max s(.0.2)]))
where ¢(t,0, z) is the solution of impulsive system (@)

2)
with u(z) = Ji(r) = 0. For any given x, there must
be tg € [(k — 1)7, kT) such that

x(to,0,20)|< max || ¢(s,0,2) | .
[[2(to, 0, 20)]| < o ax [1<(5,0,2) |

From (10), @27) and (29), we have

V(.’L’(to,l',l'o)) < ﬁ HZU(fO»OaxO)H
<e "a(n(Mpu(to)))
= b(u(to))- 30)

Then, z(to,0,20) € R(b(u(to))), and so the system state
enters the quantized control domain. Hence a controller
can effectively control the state.

Stage 2. (Zooming-in) Let v and Jj, satisfy the conditions
in (). Then (@) becomes closed-loop.

For t € [to,to + Tv), let pu(t) = po = p(to), where
To = T(po) is given by (23). We know that z(tg) €
R(b(10)), according to Propositions 1 and 2 with a =
a(po),b = b(uo),e = (o) in @7) and (28); we have
z(t) € R(e"(b(uo))) and z(to + To) € R(e"(alpo) +
£(po))))-

Fort € [to + To,to + 1o + T1), let

pu(t) = p1 = (po), (31

where 77 = T'(u1) and

1 ., _
—n a7 (e?

(po) = M

"(a(po) +£(po))))-

In view of (27), we obtain

I(p0) = b~ (¢" (a(o) + £(10)))- (32)

From 0 < €¢ < 1 in (28), we arrive at
b= (" (alpo) + (o) ) )
<b? {er (a(uo) + E(;O)ﬂ = uy,

0
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which implies I(p0) < po. By BI) and (B2), we get

w(t) = 1 < po, t€ [to+To,to+To+Th).

Hence, we have (i(to + T') < u(to). Combining this with
@I and B2), we have R(b(p1)) = ROII(o))) =
R(e"(a(po) +e(po))), which means that we can continue
the analysis for ¢ > to + T as before. Then z(tg + Tp) €
R(b(p1)), using Propositions 1 and 2, we obtain that
x(t) € R(e"(b(p1))) and z(to+To+T1) € R(e" (alp1)+
E(ul))). For t € [to 4+ To 4+ -+ + Tr—1,to + To +
oo+ Te), k€ N let u(t) = pr = T(pg—1), where
Tk = T(,uk) and

T1(s) = 7o (o (2 (als) + <(s)

=b(e"(a(s) +£(s))), s>0.
Repeating the process, we obtain that R(b(ug)) =
R((a(pr—1) + e(pr—1))e") and hence x(to + To + - - - +
Ti—1) € R(b(ur)). Applying Propositions 1 and 2, we
obtain that x(t) € R(e"b(ur)) and z(to+To+---+Tk) €
R((a(pr)+e(pr))e”). From 0 < g < 1in (28], we have

I(s) = b~" (" (a(s) + £(s)))

which implies 0 < II(s) < s for s > 0. Then pp — 0
as k — oo, which implies xz(t) — 0 as ¢ — oo from
Ty, > (—1Ineg)/A > 0. Therefore, the conclusion is easily
obtained. u

Remark 4. In fact, the scaling of x4 is performed at ¢ =
to + To,to + To + 11, ..., which is not the only set of
time series. We can replace it with any set of time series
t1,to,... satisfying t;41 —¢; > T3, 1> 0. We can also
obtain p(t) — 0ast — 0.

Remark 5. Recently, Wang et al. (2016) studied
the stability criteria for impulsive MNNs by constructing
a Lyapunov—Krasovskii-type functional. In order to
improve the practicability of the obtained results, we
consider the bandwidth constraint problem caused by too
many nodes and too much data transmission. We add
quantization control to external inputs and impulses. By
discretely adjusting the quantization controller, we obtain
that ISDNNSs are ISS and globally asymptotically stable.

4. Numerical example

Consider the nonlinear ISDNN with nonlinear disturbance
inputs

@1 (t) = —di(w1(t))21(t) + ar1(z1(t)) fr(z1(2))
+arz(21(t)) f2(z2(t)) + wa(z1(t)), t# Ly,
Bo(t) = —da(w2(t))z2(t) + azi(z2(t)) fr(z1(t))  (33)
+aga(z2(t)) f2(z2(t)) + uz(z2(t)), t# Lk,
xz(tz_)*Jzk(xz(t];))v k€N+7 t:tkv
where i = 1,2, f;(x) = tanh(z), and
15, Jm] <1,
difan) = {1.1, 1| > 1,
11, ) <1,
a{w2) = {1 5, lusl > 1,
( ) - 02, |iZ?1| < ].,
W D02, ol > 1,
= {025 lnls1,
NN 025, Ja| > 1,
1
) S ]-7
wnrlan) =4 6, ||
7 |LL'2| > 13
L <1
) 2] > 1
ass(w2) =< 8
- |.’,E2| > 17

We can obtain

and

N

Il
S| = O] =
QO — =]

Let u;(x;(t)) = 0,Jix(zi(tx)) = 0. Under these
conditions, the system (33) without disturbance input and
impulse effects is stable, which can be seen in Figs. 1-3.

When we consider nonlinear disturbance
inputs and impulsive effects, let w;(x;(t)) =
sin(x;(t)), Jir (x;(tr)) = atan(z;(tg)). We choose
ty —tpr—1 = 0.1,sothat§ = p = p = 0.1. We can see
that the system (33) is unstable when we add impulses
and disturbance inputs in Figs. 4-6.
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State z1(t) of the ISDNN (33) without external distur-

bances and impulses.

State z2(t) of the ISDNN (B3) without external distur-

bances and impulses.

Phase curves of the SDNN (33)) without external distur-
bances and impulses at different initial values.

1051,

Fig. 4. Phase curves of the ISDNN (33)) with nonlinear external
disturbances and generated impulsive switching at t =
0.1k, k € N, under different initial values.

0

0.5

25 3

Fig. 5. State z1(t) of the ISDNN (33) generates impulsive

X,

switching att = 0.1k, k € N.

0.5

25 3

Fig. 6. State z2(t) of the ISDNN (33) generates impulsive

switching att = 0.1k, k € N.
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Now we consider the quantized hybrid input
feedback g, (u;(x;(t))) and g, (Jix(zi(t))). Choose the
quantizer ¢, (z2)

qu(2)
pMA, 2> (M+0.5)A,
= —uMA, 2 <—(M+05)A,
pAlE] (M +05)A < 2 < (M+05)A,

where M,A > 0,][] is the rounding operation. It can
be seen that M is the quantization range and A is te
quantization error of the quantizer according to definition
in Section 2.

Set P =C = ILa=p8=19(s) = s pix =
09,L; =0, =1,A=01,r=0,9=1,2,k € N. After
calculation we get A = = = [,¢c = —1.944, w;, = 0.81.
We obtain

(t—s) (0 ' Inwg + X —c)

_1X(mmsn
- 0.1

We can verify that (I4) holds in Theorem 1; then the
ISDNN with quantized input is ISS. This shows that
we can still prove that the system (9) with quantized
measurements is ISS.

Taking M = 2,A = 0.1, = v = 1, we can
calculate the parameters a = 1.1050,b = 2, which were
used in Theorem 2. Then from Propositions 1 and 2,
{R(z*),R(z*)} is a quasi-invariant set pair of (33) for
any z* € (1.1051,2] and all the trajectories starting in
M (1.1050) approach R (2).

We take the hybrid quantized control policy by
making discrete on-line adjustments of the quantizer
parameters in Theorem 2. We set ;(s) = s, Jix(s) =
s, which implies that (8) holds and n(s) = s. In the
zooming-out stage, the system is open-loop and the zoom
variable follows the formulation (29). When ¢y = 0.2375
and p(tg) = 1.5,z(tp,0,20) € R (3) and the system
state enters the quantized control domain. Then the first
control stage is over at tg = 0.2375. In the zooming-in
stage, the flexible quantizer ¢, (u;(x)) and ¢, (Jix(z))
with adjustable parameters gives

L0014+ 1.944) — _0.0630 < 0.

u(t) = v(t) = = (k)
1

= g7 @(k—1) + (1))

= %(601)(#1671) + (1 —eo)al(pr—1)

= 0.95u,_1 + 0.02767 4,
tefto+To+-+Th1,to+To+- - +Til,

where a(pp) = 1.1050p2,b(pk) = 2pk,e(ug) =

25

®

- 151

05

0 2 4 6 8 10 12

Fig. 7. State x1(t) of the system ISDNN (33) quantized by ex-
ternal disturbances and impulses.

251

=15+
x

051

Fig. 8. State x2(t) of the system ISDNN (33) quantized by ex-
ternal disturbances and impulses.

Fig. 9. Phase curves of the system ISDNN (33)) quantized by ex-
ternal disturbances and impulses at different initial val-
ues.
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095(17(/“6) 70,(#]6)) with Eo = 095, E0 = 095, a(uk) =
1.10784uk—1 + 0.000764% 1,b(ug) = 1.9up—1 +
0.5525u% _,, which implies a(ug) < e "b(uk), T >
—1In(eg)/X = 0.5129, satisfying the condition (26).
Figures 7-9 show the asymptotical stability behavior of
quantized impulsive system.

5. Conclusion

By using the concepts of a quasi-invariant set and
attraction, we considered the stability of ISDNNs in the
case of quantization of nonlinear external inputs. Based
on the ISS-Lyapunov function, differential inclusion
theories and some inequality techniques, we obtain the
ISS stability theorem and the global asymptotic stability
theorem for ISDNNs with nonlinear impulsive controllers.

This paper does not discuss the impact of time delay
on the ISDNNs. The time delay will make the system
unstable. Therefore, we can consider the stability and
synchronization of ISDNNs under the time-varying delay
using quantized feedback.
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