Int. J. Appl. Math. Comput. Sci., 2025, Vol. 35, No. 2, 195-207

DOI: 10.61822/amcs-2025-0014

RAPID GENERATION OF THE SHORTEST GENERALIZED DUBINS PATH
IN FORCED LANDING

MIN TIAN ¢, YINGJING SHI**, Rul L1%, ESTEBAN TLELO-CUAUTLE?

“School of Automation Engineering
University of Electronic Science and Technology of China
2006 Xiyuan Avenue, Chengdu, China, 611731
e-mail: shiyingjingQuestc.edu.cn

®Department of Electronics
National Institute of Astophysics, Optics and Electronics (INAOE)

Luis Enrique Erro No. 1, Puebla, Mexico 72840, Mexico

This paper investigates the problem of rapid shortest path generation during an aircraft’s forced landing, where the heading
angle of the target point is variable. To address the minimum turning radius constraint of the aircraft, the shortest path is
determined using Dubins curves. Additionally, the shortest generalized Dubins path is selected when the heading angle of
the target point is not fixed. Specifically, the paper focuses on four generalized Dubins curves which are relevant to forced
landings. By comparing the lengths of these curves, the shortest curve is identified for different positional relationships
between the forced landing starting and ending points, with theoretical justifications provided. Additionally, distance
calculation methods for these curves are presented to determine the distance of the shortest generalized Dubins path. The
effectiveness of the proposed method is confirmed through numerical simulations.
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1. Introduction

Forced landing refers to a scenario where an aircraft is
compelled to land at a nearby designated landing site
due to an interruption in its normal flight operations,
such as the loss of engine thrust. The planning of flight
paths is a critical aspect of forced landing investigations,
with numerous studies dedicated to addressing this issue
as documented in references (Kim et al., 2020; Vana
et al., 2018; Izuta and Takahashi, 2017; Haghighi et al.,
2022; Guo et al., 2021; Eng, 2011; Liu et al., 2022).
In the case of a fixed-wing aircraft that is restricted to
forward movement and has a minimum turning radius,
the flight paths must adhere to curvature constraints.
Dubins (1957) introduced a technique for determining the
shortest curvature-constrained path between two points
with a fixed heading angle, making the Dubins path
the predominant method for path planning in fixed-wing
aircraft operations.
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Research conducted by Dubins (1957) demonstrates
that the shortest path between two points, while
maintaining a specified heading angle, consists of a
combination of arcs and straight line segments. These
components are designated as arcs (C) and straight line
segments (S), resulting in two possible configurations
for the shortest path: CSC or CCC. Moreover, when
considering right-turning arcs (R) and left-turning arcs
(L), the shortest path can be classified into six distinct
combinations: RSL, RSR, LSR, LSL, RLR, and
LRL. This shortest path, comprising the aforementioned
combinations, is commonly known as the shortest Dubins
path.

Following the above conclusion, there has been
extensive research conducted on determining the shortest
Dubins paths in various scenarios. One notable
scenario of study is the Dubins traveling salesman
problem (DTSP), which is concerned with identifying the
shortest path for visiting multiple locations. Numerous
investigations have delved into this scenario (Parlangeli,
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2019a; Vana and Faigl, 2022; Chen and Shima, 2019a;
Parlangeli, 2019b; Chen and Shima, 2019b; Drchal et al.,
2020; Manyam and Rathinam, 2018). Additionally,
a significant body of research has been dedicated to
analyzing the shortest path between an initial position
with a specified heading angle and a target circle (Chen,
2020; Manyam et al., 2019b; Gupta Manyam et al., 2022;
Manyam et al., 2019a).

The papers mentioned above examined the issue in
scenarios where the position and heading angle of the
target point were either fixed or unfixed. This study
focuses on analyzing the shortest Dubins path in another
significant scenario, where the target point’s position is
fixed but the heading angle is variable. The rationale
behind this study is that for forced landings of fixed-wing
aircraft, the heading angle of the target point does not
necessarily have to be fixed. Typically, the landing site
for fixed-wing aircraft during forced landing is a suitable
location near the aircraft, such as a lake or sandy area,
making the heading angle of the aircraft insignificant
when approaching the forced landing site. In this specific
scenario, it is validated that the shortest Dubins path
comprises only two segments, either CS type or CC type.
Additionally, the shortest path is one of four potential
combinations: RS, LS, RL, and LR. These Dubins curves
are known as generalized Dubins curves in this scenario.

Several papers (Gao et al., 2013; Ismail et al., 2018)
have investigated the shortest generalized Dubins path
from a fixed heading angle starting point to an unfixed
heading angle ending point. To be specific, Gao et al.
(2013) proposed a solution method using the theory of
Dubins curves and an analytical approach to the shortest
generalized Dubins path problem. However, it is not
applicable when the distance between the two points
is short. Ismail er al. (2018) examined the shortest
generalized Dubins path for any distance between the
starting and ending points. However, the approach in
Ismail et al. (2018) only considers paths involving RS and
LS curves, neglecting RL and LR combinations, which
may not always represent the actual shortest path between
the two points.

No research has been reported yet on a direct
method for determining the shortest curve among the four
curves RS, LS, RL, and LR, given arbitrary positional
relationships between their starting and ending points.
Current engineering practices involve calculating the
lengths of these curves and comparing them to identify
the shortest one, which entails a complex algorithm and
significant computational time. In scenarios such as
forced landing, where the ending point’s position is fixed
but the heading angle is variable, the shortest generalized
Dubins path is typically chosen as the optimal path. In
the event of an emergency forced landing, it is imperative
to quickly determine an optimal path for the aircraft.
Furthermore, real-time calculations of the optimal path

distance between the current aircraft position and the
designated forced landing site are essential to ensure the
safety and success of the landing procedure. Therefore,
there is a necessity to seek a fast method to generate the
shortest generalized Dubins path in real-time.

Taking inspiration from the above considerations,
this paper introduces a viable approach for quickly
generating the shortest generalized Dubins path
connecting the starting point with a fixed heading angle
and the ending point with an unfixed heading angle, while
accommodating any arbitrary positional configuration
between these two points. Specifically, the research in
this paper involves the comparison and validation of the
length disparities among the four generalized Dubins
curves, culminating in the determination of the shortest
generalized Dubins path. Additionally, the paper outlines
the methodology for calculating the shortest generalized
Dubins path under the conditions of a known starting
point position and heading angle, as well as the ending
point position.

The main contributions of this work are twofold.

(i) A method is proposed for quickly generating the
shortest generalized Dubins path in forced landing.
With this method, the optimal path is derived directly
without computation and comparison of the lengths
of four curves, which ensures a fast engineering
solution.

(i) The methodology for calculating the length of
shortest generalized Dubins curve is provided, with
which the distance of the optimal path is analytically
obtained in forced landing.

The subsequent sections of this paper are organized
as follows. Section [2| presents a formal statement
of the shortest generalized Dubins path problem being
examined. Section [ establishes and proves the length
relationship among four generalized Dubins curves
and determines the shortest generalized Dubins path.
Section [ outlines the distance calculation techniques for
the four generalized Dubins curves and presents numerical
simulation results to verify the correctness of the proposed
methods.  Finally, Section demonstrates the main
conclusions of this paper.

2. Preliminaries and problem statement

In the context of forced landing scenarios, the
mathematical formulation of the shortest path problem
can be conceptualized as follows. Consider a starting
point with a specified direction and an ending point
without a designated direction in the two-dimensional
plane, and these points are linked through of a generalized
Dubins curve. The objective of this paper is to determine
the shortest generalized Dubins curve connecting the two
points.
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Assume that vectors p and q are situated within
the two-dimensional plane, and 6 represents the angular
measurement of the starting direction. The concept of
“type” refers to a form of generalized Dubins curve, which
is taken from RS, LS, RL, or LR. L. represents the
distance operation utilized for determining the generalized
Dubins curve of a specific type between p and q.
L (p, 8, q) denotes the shortest generalized Dubins curve
distance from p to q.

The solution of L (p, 0, q) is dependent on the spatial
relationship between p and q. Let ¢, and c;s denote
the centers of the right-turning and left-turning circles
respectively, both originating from the starting point p,
and p represents the radius of these circles. When
lla — crs|| < p, the curves RS and RL connecting p and
q do not exist. Similarly, when ||q — c;s|| < p, the curves
LS and LR do not exist. A common solution applied in
the current references for L (p, 6, q) can be concluded as

min {Lgrs, Lvs, LrL, LLr}, Case I,
L(p,0,q) = { min{Lys, LLr}, Case 2,
min {Lgs, LrL} , Case 3,

(D

where Case 1 is ||q — ¢,s|| > p N |la — cis|| > p, Case 2
is||q — ¢ps]| < p, Case 3is ||q — ¢ < p.

The aim of this paper is to find out an exact solution
for (), and provide distance calculation methodologies
for four generalized Dubins curves, specifically focusing
on solving Liype.

For the sake of clarity, it is necessary to introduce
some definitions:

Definition 1. For s,c € R?, p € RT, define S (c, p) =
{sllls —cll <p}.

Definition 2. For p,r,x € R?, A € R, let
r be the direction vector of p. Define line (p,r) =
{x|x=p+Ar}

Definition 3. For r € R?, let r be a direction vector,
andr = (z,y) . Define y (r) = atan2 (y,z), x (r) €
[—7, 7]. Here,

arctan(%, x>0
arctan(% +m y>0,z<0
vy _
(g1 | remn ()= <0 <o
29 Y y L =
-5 y<0,x2=0
undefined. r=y=0

Definition 4. For a,b € R2, let a and b be direction
vectors. Define 0i (a,b) = mod(x (b) — x (a),2n),
o1 (a,b) = mod (x (a) — x (b), 27).

3. The shortest generalized Dubins path

In this section, we present the methodologies for
determining the shortest generalized Dubins curve based

on various positional configurations between the forced
landing starting and ending points. We first establish the
main results of this paper. The solution of () can be
specified as

Ligr, Casel,
. Ly, Case?2,

L (p’ 93 q) - LR57 Case 3’ (2)
Lys, Cased4,

where Case 1is ||q — ¢,s|| < p, Case 21is ||q — ¢5|| < p,
Case 3is [|q — ¢,s|| = pNlg — ¢l < [[g — cis|, Case 4
is lg = cisll = p N lla = el < [la = ers]l.

In order to draw the conclusion in (), we only need
to prove that

Lir < Lis, Case 1,
Lr1, < Lgs, Case 2,
min {Lgs, Lis, Lrr, LLr} = Lrs, Case 3,
min {Lgs, Lis, Lrr,, Lir} = L1g. Case 4.

In the following, we provide theoretical proofs for
the correctness of these methodologies.

3.1. The ending point outside the turning circles of
the starting point. In this subsection, for ||q — ¢,s|| >
pNlq — cis|| > p, we prove that

Lgs ”q - CTSH < ”q - ClSH
L(p,0,q) = ) ,
(p.6,9) { Lis, [la—cusll <lla—crsl,

which implies that with the common tangent of circle ¢,
and circle c;s as the boundary, the shortest generalized
Dubins curve distance is Lrg when q is on the common
tangent or on the side of c,, and the shortest distance is
L1,s when q is on the side of c;,.

Assume that r,, is the direction of p, i = [1, O]T, the
rotation matrix is

| cosp —singp
R(w)_{singp cos @ }’

so we haver, = R() - i.
With the help of the above definitions, we get

cu=ptpR(xr)+3) 0 O
cw=ptpR(x(m)-3) i @

Next, we present the methodologies for determining
the shortest generalized Dubins curve in cases where q is
situated either on or outside the turning circles of p by
Lemma[Tland Theorem[Il

Lemma 1. Suppose q ¢ S (c,s, p) U S (cis, p). Then

LRS < LLS? qu CTSH < ||q7 Cls“v
LRS = LLS» Hq_ CrsH = ”q_ Cls”a
LRS > LLS- Hq_ CrsH > ”q_ Cls”-

aamcs
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Fig. 1. The ending point is outside the two turning circles of the starting point and closer to the right-turning circle.

Proof. The lemma regards three distinct cases

(i) It is required to prove that Lrgs < Lpgs when
la—crsll < lla— el

(i1) It is required to prove that Lrs = Lps when
la—crsll = [la — el

(iii) It is required to prove that Lrs > Lps when
la—crsll > [la — cusl-

Case [()] is shown in Fig. [[I For curves Lys and
Lgs, it is clear that line (q, a — q) is tangent to the circle
s at a, line (q, b — q) is tangent to the circle ¢, at b,

q1 = line (q,a — g)Nline (p,r;), and line (q1,a1 — q1)
is tangent to the circle ¢, at a;. Then

Lrs = pbr (P — Cps, b — Crs) + ”q - b” .
Based on the principle of symmetry, it can be inferred that

Lis = pby (p — c1s,a —¢i5) + [|q — a|
= p9R (p — Crs,a1 — CTS) + ”ql - al”
+lla—aill-

In Fig.[1l o is defined as
o=p+p R(x(rp)+m)- i
The shadowed region in Fig.[Tis
D =~{aeR?|lla-cul < la— el la—cml = p,

la— ol <p,(p*0)(q—o)>0}.

For q ¢ D, as illustrated in Figs. and [I(b)} we
have that

AL = Lys — Lgrs
— PeR (b — Cpg, a1 — Crs)
+llai —ail| + la — a1l — [la - b[| >0,

which indicates that
L1s > Lgs.
For q € D, as illustrated in Fig. we have that

AL = Lis — Lgs
=l —ai]| + [[g — a1l
— (pOr (a1 — crs, b —crg) + [|[g — b]]).

In Fig.[I(d)} x is defined as
x=line (q,b — q) Nline (a1, q1 — az).
Then
lar = x|l +lla—ail > la= bl +[b-x|. (5
It is a well-established fact that
Or (x — Crs,a1 — Crg) € (0,7/2)

and
Or (x — Crs,b —c;5) € (0,7/2) .

Therefore,

tanfg (a1 — Cr5, X — Cps) > g (a1 — Crs, X — Cprs)
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and

tanfg (X — ¢ps, b — €p5) > O (X — Crsy b — Crs) s
so we conclude that

Ix — | + b — x|| > phi (a1 — ¢yorb — crs) . (6)
By utilizing (3) and (&), we get

lar —aill + [[a — ail| > pbr (a1 — €rs5, b — C15)
+lla—b|.

Hence
Lys > Lgs.

Therefore, we prove Lrs < Lrs when ||q — ¢,5]| <
la — il

For[(i1)] from the symmetry relationship, we have that
Lgrs = Lis when |[q — ¢, = [[q — cus|-

For similarly to the first case, we prove that
Lrs > Lyps when ||q — c,s > [[q — ¢

Thus, the demonstration of this lemma has been
concluded. [ ]

Theorem 1. Suppose q ¢ S (¢, p) U S (cis, p). Then

_ [ Lrs, lla—cusl < lla—cs,
Lwew={ 7 AT ST
Proof.  Assume that q ¢ S (crs,p) U S (cis,p). This
implies the existence of a CS curve that is shorter than
the CC curve. Consequently, the shortest generalized
Dubins curve between p and q is exclusively chosen
in Lrs and Lys. According to Lemma [Il Lgs is the
shortest curve when ||q —c,s|| < ||q—cil|, Ly is
the shortest curve when [[q — ¢,s| > [lg — ¢l For
la=crsll = |lg—cisl|, we have that Lgs = Lis.
Without loss of correctness, we specify that the order
of selection and comparison of the shortest generalized
Dubins curves between two points is RS, LS, RL, and LR.
Consequently, Lrg is identified as the shortest curve when
la—crsll = [la — |-

Hence, the proof of this theorem is completed. |

3.2. The ending point inside the turning circles of the
starting point. In this subsection, for ||q — ¢,s|| < p or
lla — cis|| < p, we prove that

Lir, [la—cl <p
L ’9’ — ) )
<p q) { LRL7 Hq - clsH <p,

which implies that the distance of a CC-type curve is
shorter than the distance of a CS-type curve when q is
inside the two turning circles of p.

Remark 1. Suppose that q € S (¢, p). It is known that
the LS curve exists and is unique. Regarding the LR curve,
it is observed that there are two distinct LR-type curves

Fig. 2. The range of the starting arc radian of LR curve.

which are formed by a left-turning arc and a right-turning
arc, depending on the initial arc with different radians.
Since it is not possible for a point inside the circle to
lead to a straight line tangent to that circle, the RS curve
does not exist. Additionally, due to the imposed turning
restriction, the ending point of the RL curve must lie
outside the circle c,.;, which leads to the non-existence of
the RL curve as well. Therefore, to determine the shortest
generalized Dubins curve, we only need to compare one
LS curve and two LR curves. Similarly, we only need to
compare one RS curve and two RL curves to determine the
shortest generalized Dubins curve when q € S (s, p).

Subsequently, by Lemma 2] Lemma Bl Lemma []
Lemma [3 and Theorem [2 we obtain the methods for
selecting the shortest generalized Dubins curve when g
is inside the turning circles of p.

Lemma 2. Suppose that q € S (c,s,p) U S (cis, p) and
0s represents the starting arc angle of the CC-type gen-
eralized Dubins curve connecting p and q. Then 65 €
(0,7/3) U (57/3, 2m).

Proof. The lemma regards two distinct cases
(i) g € S(crs, p),
(i) q € S (cis, p).

For Case in accordance with Remark [I] the
CC-type generalized Dubins curve exclusively features
the LR curve, with the RL curve being absent. There are
two cases for the position of the LR curve’s right-turning
circle center, which is illustrated in Fig. The centers
of these circles are denoted as c,. and c ,.., with their
respective positions determined by

cre=cis+2p-R(x1 — x2) -1, (7

Cro =i + 20 R(x1 + x2) -, ®)
where

X1 =x(q—cp),

2
302 + |la — 4| )

X2 = arccos
( iplla— el
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Fig. 3. The ending point is inside the the right-turning circle of
the starting point.

Here, x2 is solved by the cosine theorem.

For ¢,.., we have 8, = 01, (¢ys — €15, Cre — Ci5) > 0.
0 reaches a maximum value of 7/3 when circle c¢,.. and
circle ¢, are tangent to each other, which is illustrated in
Fig.2(b)} Thus 65 € (0,7/3).

For c;c, we have 0, = 01, (crs — ¢i5, ¢/ re — Cp5) <
2. 6 reaches a minimum value of 57/3 when circle
c;c and circle c,, are tangent to each other, which is
illustrated in Fig.[2(b)} Thus 05 € (57/3,27).

Therefore, we have proven that 65 € (0,7/3) U
(57/3,2m) whenq € S (c,s, p).

For Case by employing the aforementioned
methods and steps, similarly, we prove that 6, €
(0,7/3) U (57 /3, 2m).

Therefore, the proof of this lemma is completed. ™

Inspired by Lemma 2] we will discuss the length
relations of the CC and CS-type curves for 05 € (0,7/3)
and 05 € (57/3,2m), respectively, when q € S (¢;5, p) U
S (cis, p). We first discuss the case of 8, € (0,7/3),
where the distance operations of the CC-type generalized
Dubins curve is denoted as Lgry, and Lyr. Then we
compare Lgy, and Lrs when q € S (c;s, p).

The situation is shown in Fig. Bl where
line (q,a; — q) is tangent to the circle ¢;5 at a; and
circle ¢, is tangent to the circle c,.. at az. Then

Lis = pby, (p — c15,a2 — ¢i5)
+ pbL (a2 — cis,a1 — ¢i5) + [lg — ai [,
Lir = pbL (p — c15,a2 — Ci5)
+ pOr (a2 — Cre, 4 — Cre) -
Consequently, we have
AL = Lir — L1s
= pbr (a2 — Cre, 9 — Cre) )
— pbL (ag — cis,a1 — ¢is) — [lg —aq | .

Let 61 = 27 — 6y (a2 — Cre,q — Crc), Oy = 27 —
01, (a2 — ci5, a1 — ¢5). According to the cosine theorem,

we have
la—cisl| =p- /5 —4cosby,

which yields

2 2
la—arl = /lla - el — llar — e
=2p-4/1—cosb.

With @) and (I0), AL can be rewritten as

(10)

AL:p-<92—91—2 1—00591). (11)

In reference to the LR curve depicted in Fig. Bl since
the circle c,. can be regarded as circle c,s rotated
counterclockwise around the circle c;5 by a specific angle,
q lies on the right side of the circle c,. when q €
S (crs, p). Thus we have 6 € (0, 7).
Let
Z=0y—6; -2

where 61 € (0,7) and 6 € (0,7/2]. It is known that
comparing the size relationship between Li,g and Lg is
equivalent to comparing the size relationship between Z
and 0.

From (12), we know that the sign of Z depends on
01 and 6. For #; and 65, we derive some conclusions as
follows.

As illustrated in Fig.[3l we have

1 —cosft, (12)

.0
la — a2l = 2psin =,

2
.0
a1 — azf| = 2psin 327
0
Or (a2 —ai,q —a;) = 72»
0
Or (a1 —q,a2 —q) =7 — 0 — 51
From the sine theorem, it follows that
2psin & 2psin &2
PP PPy (13)
sin sin (7T — 0y — 71)
Simplify (I3) as
cos (01 4+ 02) —2cosby +1 =0. (14)

Then we obtain

01

—05 + arccos (—1 4 2 cos ),
O<91+92§7T (15)

and

01 = 2w — 05 — arccos (—1 + 2 cos 6)
0+ 0 >m. (16)

Next, we give a result to illustrate the size
relationship between Z and 0.
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Lemma 3. Suppose that q € S (cps, p). For Z = 03 —

01 — 2v/1 — cos b1, where 6, € (0,7) and 63 € (0,7/2],
we have Z < Q.

Proof. We prove that Z < 0 by analyzing the
derivative dZ/df, and examining the boundary value of
Z in relation to 05.

According to (I2), we get

dZ _l_d_éh_ sin 64 d_91 (17

dfy; = dfy  /1— cosB; dby’
which needs the solution for d6; /d65.

From (I3) and (16), there are two cases of the
relationship between 6; and 6;. For 0 < 67 + 03 < m,
as illustrated in Fig.Bl #; = 7/2 and 62 = 7/2 must
hold simultaneously. Thus, it is sufficient to examine the
scenario where 6; = 6, = 7/2, and the case where
91 7& 7T/2,92 7& 7T/2

Therefore, this lemma will be proved in three cases
as follows.

(i) Case of 01 = 02 = /2.

From (12), we get Z = 0 — 07 — 2y/1 — cosby =

-2 <0.

(ii) Case of 61 + 02 > .
According to (I6), we determine the derivative of 6;
with respect to 0, as

do, 1
L 1. 1
dés cos 02 + (18)

By combining (I7) and (I8), we deduce that

dz 1
— =1+(1++1 0 1 1
dfs +( Vi cos 1) ( + V cos B2 i ) >0,

which indicates that Z increases monotonically when
02 € (0,7/2),s0o we have Z < Zy,_r /o = —2 < 0.

(111) Case of01 —+— 02 S T, 01 ;é 71'/2, 02 75 71'/2.
From (13), we have

do, 1
— =1 1. 1
dés + cos 02 + (19

By combining (I7) and (19), we obtain

3_922:1_(1+m)

1
X (—1 + + 1) .
cos 05
Since it is difficult to directly determine the positive
or negative parts of dZ/dfy from @0), we enlarge

dZ /df,, where we need to compare 7 and 65.
According to (I3), define

f(O2) =01 — 02
= —205 + arccos (—1 + 2 cosbs) ,

(20)

where 03 € (0,7/2). Taking the derivative of f(f2) with
respect to 05, we get

df (6s) 1 w
— 2 14 ——, ¢ .
do, + + cosfy’ ° < (O’ 2)

It is easy to see that d f (62)/df2 increases monotonically
for 62 € (0,7/2). Due to

df (62)

<0,
92:0

02=7%
we know that df (62)/df2 has only one zero point in
02 € (0,7/2), which is arccos (1/3). Therefore, f (02)
decreases monotonically when 6, € (0, arccos (1/3)] and
increases monotonically when 6, € (arccos(1/3),m/2).
Since f(0) = f(w/2) = 0, we have f (f2) < 0 when
02 € (0,7/2), which indicates that 6; < 0.

Based on the aforementioned conclusion, from (20)

we have
(192 < ( 2) '

where

h(eg):1_(1+m)

1
X (—l—i— —l—l) .
cos 05

Lett = cosfs € (0,1). Then

h(02) =g (t)

=1-(1+Vi+t) <1+\/%+1>.

Taking the derivative of g (¢) with respect to ¢, we get

dg(t): 1 N 1
dt 2VI+t 2t /t(t+1)
1 1
+m*2—ﬁ>0,

which shows that g (¢) increases monotonically when ¢ €
(0,1), so we have g (t) < g (1) = 0. Hence, we get

dz
19, <h(#2)=g(t) <0,

which shows that Z decreases monotonically when 6, €
(0,7/2). From (12)), we get

7 < Zgy—o = 0.

Thus, the proof of this lemma is completed. |
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Next, we give a conclusion in Lemma[d]based on the
above analysis.

Lemma 4. Suppose that q € S (c,s,p) U S (cis, p) and
0s € (0,7/3) for the CC-type generalized Dubins curve
connecting p and q, where the distance operation of CC-
type curve is denoted as Lyry, and Lir. We have

Lir < Lis, |la—cs| <p,
Lry < Lrs, |la—cis| < p-

Proof. The lemma discusses two distinct cases

(1) It is required to prove that Lyr < Lps when
la—crsll < p.

(i) It is required to prove that Lry < Lgrs when
la—cusll <p.

For Case [()] with @), (11D, (I2), and Lemma[3] we
get Lir < Lis when ||q — ¢,s]| < p.

For Case similarly, we have that Ly, < Lps
when ||q — cis]| < p.

Therefore, the proof of this lemma is completed. =

Next, we discuss the length relations between CC and
CS-type curves when 0 € (57/3, 2m).

Lemma 5. Suppose that q € S(crs,p) U S (cis,p)
and 05 € (57 /3, 2m) for the CC-type generalized Dubins
curve between p and q. Then if the distance operations of
CC-type generalized Dubins curve denoted are Ly, and
L ., we have the following relationships:

L/LR > LL87 Hq - crs” < p,
L'ry > Lrs, |la—cisl| < p.

Proof. The lemma outlines two distinct cases
(i) It is required to prove that LLR > Lys when
la—crsll <p.
(i1) It is required to prove that L;QL > Lgrs when
lla—cisll < p.
Case [(D)] is shown in Fig. [ where the circle c;, is
tangent to the circle c .. at az. Then
LiR = pby, (p — c15,a3 — Ci)
+ peR (3.3 - C/rcv q— C/rc) .
Consequently, we have
AL = L'1r — Lis
= pfL (a1 — cis,a3 — Ci5)
+ PGR (a3 - clrca q-— C/’I"C) - ||q —a || > 07
which means L], > Lrs.
For Case using the above methods and steps,

similarly, we prove that Lj;; > Lrs when ||q — ¢5|| < p.
Thus, the proof of this lemma is completed. |

Fig. 4. The ending point is inside the right-turning circle of the
starting point.

Next, we give the methods for selecting the shortest
generalized Dubins curve when q is inside the turning
circles of p.

Theorem 2. Suppose that q € S (c,s,p) U S (cis,p)-
Then

Lir, |la—csl <p
L ,9, — b 9
(p.0.q) {LRL, la — il < p.

Proof. With Remark [[] Lemma 2l Lemma @ and
Lemmaf3] we get Lir < Lis < Li when ||[q — ¢, <
pand Lgy, < Lrs < Ly, when ||q — cis|| < p. Thus,
the proof is completed. |

4. Distance calculation methods and
simulations

In this section, distance calculation methods for four
generalized Dubins curves are presented. By the
presented distance calculation methods, the numerical
simulation results are utilized to verify the correctness of
the proposed method for selecting the shortest generalized
Dubins curve.

4.1. Distance calculation methods of four curves. As
detailed in Section 3 p, r, and q represent the starting
point’s position, starting point’s direction, and ending
point’s position, respectively. Once p, r,, and q are given,
we determine the distance calculation methods for the four
generalized Dubins curves as follows.

It is established that the determination of the center
points of the turning circles plays a crucial role in the
computation of the distances associated with generalized
Dubins curves. The center points c,s, ¢;s and c,. are
obtained from (@), @) and (7)), respectively. The center
of the left-turning circle of RL curve is denoted as ¢,
and, in a similar manner as described in (7)), we have

Clc :CrerQP'R(Xl +X2) 'iv (2D

where
X1 =X (d—crs),
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Fig. 5. The distance calculation of generalized Dubins curves:
the distance calculation of an RS curve (a), the distance
calculation of an LR curve (b).

2
302 + |la — s )

X2 = arccos
( Ipld—crl

Here, x> is solved by the cosine theorem.

As shown in Section 2 “type” refers to a form of
generalized Dubins curve, which is taken from RS, LS,
RL, or LR. Then we introduce 8iype to denote the arc
radian of the generalized Dubins curve of a specific type.
The computation of distance for the RS curve is illustrated
in Fig.[5(a)] For RS curve, line (q, b — q) is tangent to the
circle c,¢ at b then we have

Lgs = pbrs + |la— b, (22)

la —bll = /lla - ersl” = p2. (23)

Subsequently, we calculate frg, as illustrated in

Fig.[5(a)
frs = mod (x (@ —b) — x (rp),27),

where

where the function ‘mod’ ensures that 6rg is
positive. Make a straight line through b parallel to
line (c;s,q — ¢5), then the direction vector of the
straight line is q — c,.

Let
= wosin ()
« = arcsin | ——— | ,
la — crsll

which is shown in Fig. Therefore, we obtain
x(@—b)=x(q—c) +a
Subsequently, we have
Ors = mod (X', 27), (24)
where

/ . P
X' = x(q— c,s) + arcsin <7) —x(rp).
Hq - CrsH P
With @2), 23), and @4), we get the method for

calculating the distance of the RS curve.

Similarly, we have the distance calculation method
of the LS curve as follows. We have that

Lis = pbrs +1/lla — clsH2 - p?,

frLs = mod (', 27),

where

/ . p
X =x(rp) —x(a—c¢ )+arcsm<7>.
' ’ la— cu]

The computation of the distance for the LR curve is
illustrated in Fig. where 6, presents the starting arc
angle of the curve and 6. presents the ending arc angle of
the curve. Thus we have

Lig = pbir =p(0s +6e). (25)

As illustrated in Fig. the starting arc of the LR curve
involves a left turn, so that

95 = mOd (X (p — cls) — X (c'r‘c - cls) 727T) ) (26)

where the function ‘mod’ ensures that 6y is positive. The
ending arc of the LR curve involves a right turn, so

96 = mod (X (q - Crc) - X (Cls - Crc) 727T) P (27)

where the function ‘mod’ ensures that 6, is positive.
With @23), @6), and @7), we get the method for
calculating the distance of LR curve.

Similarly, we have the distance calculation method
of RL curve as follows. We have that

Lry = pOrr = p (05 + 0e) ,

where
0s = mod (x (cic — Crs) — X (P — Crs) ,2m),

0. = mod (x (crs — cic) — x (@ — ¢c) , 27) .

4.2. Simulations. Numerical simulation results are
presented to validate the correctness of the proposed
method for selecting the shortest generalized Dubins
curve.

In Section [3] for the different position relationships
between the starting and ending points, we provide the
method to determine the shortest curve among RS, LS,
RL, and LR, with accompanying theoretical proofs. Now
we verify the correctness of the proposed method by
numerical simulation.

We specify that each simulation combination
consists of a starting point, the direction vector of the
starting point, and an ending point. Then we give
some simulation combinations that have different position

@amcs
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Fig. 6. The positions of the ending point: the ending point is on or outside the turning circles of the starting point and closer to the
left-turning circle (a), the ending point is inside the left-turning circle of the starting point (b).

relationships between starting point and ending point.
For the simulation combinations where the ending point
is on or outside the turning circle of the starting point,
we calculate their RS and RL curves, and then present
the results to compare the lengths of curves. For the
simulation combinations where the ending point is inside
the turning circle of the starting point, we calculate their
RS and RL curves, or LS and LR curves, and then present
the results to compare the lengths of curves.

Certain conditions and parameters utilized in the
simulation include the position of starting point denoted as
p = [0,0] ", the direction vector of starting point denoted

asr, = [1, 0] ", and the radius of turning circles denoted
as p = 1000.

Example 1. The first simulation is conducted to verify the
correctness of proposed shortest generalized Dubins curve
selection method in cases where the ending point is on or
outside the turning circles of the starting point.

The position and direction of the starting point for the
simulation have been previously specified, and now the
position of the ending point for the simulation, denoted
by q, is provided. Write q = [¢y, qy]T, and let

Qz = (2000 -sin 155 + 10m) * COS 1055
gy = — (2000 - sin 755 4 10m) - sin 757,
where m,n € Z, 0 < m < 100, 1 < n < 99, which
indicates that q lies on or outside the turning circles of p
and is closer to the left-turning circle. The positions of q

are illustrated in Fig.

With the distance calculation method of RS and LS
curves presented in Section Il we get the results as

shown in Figs.[7(a)land (b), which show that the LS curve
is consistently shorter than the RS curve in this case.
Next, do not change the value of ¢, but let

nm nm

~ (2000 sin 7 ¢ 10m) -sin T

Gy ( 000 - sin 100 +10m ) - sin 100"

where m,n € Z, 0 < m < 100, 1 < n < 99, which
indicates that q is closer to the right-turning circle.

Similarly, we get the results shown in Figs. and
which show that the RS curve is consistently shorter
than the LS curve in this case. ¢

Example 2. In contrast to Example [T this simulation
verifies the correctness of proposed method where the
ending point is inside the turning circles of the starting
point.

Therefore, we write q = [q,, qy]T

, and let
gz = 0,¢q, = —1000,

or
— nm
{qw = 10m - cos %5,

qy = —1000 + 10m - sin £7,

where m,n € Z,1 < m < 99,0 < n < 99, which
indicates that q lies inside the left-turning circle of p. The
positions of q are illustrated in Fig.

With the distance calculation method of RS and RL
curves presented in Section 4.1} we get the results shown
in Figs. and (b), which show that the RL curve is
consistently shorter than the RS curve when q is inside
the left-turning circle of p.

Then we do not change the value of ¢, but let

g, = 1000,
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or o
50’

where m,n € Z,1 < m < 99,0 < n < 99, which
indicates that q lies inside the right-turning circle of p.

gy = 1000 + 10m - sin

Similarly, we get the results shown in Figs.
and (d), which show that the LR curve is consistently
shorter than the LS curve when q is inside the
right-turning circle of p. ¢

5. Conclusions

This paper examines the problem of quickly generating
the shortest generalized Dubins path during the forced
landing of aircraft. Through theoretical analysis and
numerical simulations, the paper determines the shortest
path among the four possible generalized Dubins curves
RS, LS, RL, and LR based on the relative positions of the
forced landing starting and ending points.

Specifically, when the ending point is located on or
outside the turning circles of the starting point, the RS
curve is identified as the shortest path if the ending point
is closer to the right-turning circle, while the LS curve
is the shortest when the ending point is closer to the
left-turning circle. Moreover, the RL curve is determined
to be the shortest when the ending point is situated inside
the left-turning circle, and the LR curve is found to be the
shortest when the ending point is within the right-turning
circle.

According to the aforementioned conclusions, we
proceed with a direct computation of the shortest distance
from the aircraft’s present location to the designated
landing site in the event of a forced landing. It eliminates
the need to determine the lengths of the four generalized
Dubins curves and subsequently compare them to identify
the shortest path. This streamlined method simplifies the
path generation algorithm for forced landings, facilitating
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real-time distance calculations.
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