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In this paper, we propose a control Lyapunov function based on a nonlinear controller for a turbocharged diesel engine. A
model-based approach is used which predicts the experimentally observed engine performance for a biodiesel. The basic
idea is to develop an inverse optimal control and to employ a Lyapunov function in order to achieve good performances. The
obtained controller gain guarantees the global convergence of the system and regulates the flows for the variable geometry
turbocharger as well as exhaust gas recirculation systems in order to minimize the NOx emission and the smoke of a
biodiesel engine. Simulation of the control performances based on professional software and experimental results show the
effectiveness of this approach.
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1. Introduction

Ecological and economical environmental requirements
have increased over the last years. Therefore, engines
with low fuel consumption and toxic exhaust emissions
are required. Thus, very important problems are
identification and fault diagnosis of an automotive diesel
engine (Simani, 2013; Boulkroune et al., 2013) and
optimal control strategies. Therefore, advances in
model based control theory are the key demands on
modern technologies (cf. Wahlstrom and Eriksson, 2011a;
Tomera, 2010; Cook et al., 2006; Delaleau et al., 2001).
Known control strategies are presented also by Yarza et al.
(2013) as well as Witkowska and Śmierzchalski (2012).

To fulfill the requirements, technologies like exhaust
gas recirculation (EGR) and variable geometry turbine
(VGT) have been introduced. The basic performance
requirements for automotive engines such as transient
response, fuel economy, and emissions are often
contradictory and require judicious tradeoffs at every
stage of the design process. This tradeoff can be avoided
by employing and manipulating EGR and VGT actuators
in order to achieve the control objective, which is to
supply an amount of air and a fraction of appropriate

EGR for given operating conditions. The emissions can be
reduced by increasing the intake manifold EGR-fraction,
and the smoke can be reduced by increasing the air/fuel
ratio (Kao and Moskwa, 1995). These are main reasons
why diesel engines are solutions for technical applications
due to their low fuel consumption and durability.
Much of the energy demand is from the transportation
sector, which is predominantly accommodated with
petroleum-based fuels. At the same time, biodiesel is an
attractive alternative to diesel, produced from vegetable
oils or animal fats. These alternative fuels are gaining
importance as a means of reducing petroleum dependence
and green house gas emissions. Biodiesel is an attractive
renewable fuel, but it typically results in increased
emissions of nitrogen oxides NOx relative to diesel (Adi
et al., 2009).

Designing coordinated control is a difficult problem
because the presence of both the VGT and EGR in
the intake airflow path introduces varying degrees of
complexities. Various approaches to control of EGR and
the VGT for emission reduction have been published.
Cook et al. (2006) and Jankovic et al. (2000) present
a good overview of various control aspects of diesel
engines with EGR and the VGT, and give a comparison
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of some control approaches with different selections of
performances.

A well-known approach has been presented by
Takagi and Sugeno (1985) as well as Tanaka and
Wang (2001) for fuzzy identification of nonlinear control
systems using a linear matrix inequality approach that is
very useful for nonlinear control problems. For example,
in the paper of Djemili et al. (2012) the control strategy
of a diesel engine air path described by a Takagi–Sugeno
(TS) model is presented. In this approach a mean value
model of a diesel engine can be transformed into a TS
model, and the gains of the adaptive observer and the
feedback controller are obtained by solving linear matrix
inequalities derived from Lyapunov theory.

Similar work has been done by Abidi et al.
(2013) in order to design fuzzy robust tracking control
with pole placement for a diesel engine. Zemouche
et al. (2004) presented another interesting approach to
nonlinear system interpretation based on the differential
mean value theorem in order to design an observer for
nonlinear systems. It was applied for a diesel engine
model by Kuzmych et al. (2012). Gain scheduling control
for a diesel engine model is used very often (see, e.g.,
Wahlstrom et al., 2005; Lansky, 2008).

In this paper, we develop a nonlinear control design
based on the control Lyapunov function (CLF) which
was proposed by Jankovic et al. (1998) and extended
with an integral action by Wahlstrom and Eriksson
(2011b). The proposed approach will extend from a trivial
quadratic Lyapunov function case considered in various
LPV approaches to a more general Lyapunov function
with an additional degree of freedom. Compared with
quadratic Lyapunov functions, this generalized Lyapunov
function will help to construct the resulting nonlinear
control law so that the design objective is optimized with
respect to a given cost functional for good performance.

Our paper extends the work of Jankovic et al. (1998),
since we develop a nonlinear controller for the diesel
engine. We briefly review the control design presented
in this work and by Sepulchre et al. (1997), analyze
the stability of this structure, and compare the results
of Jankovic et al. (1998) with our more general control
Lyapunov function, which leads to improved performance
control. This nonlinear control approach yields a fast
increase in the air intake, and slow degradation in
performances.

The design steps include construction of a Lyapunov
function, inverse optimal control, and a nonlinear input
transformation (Utkin, 1992). The CLF is constructed
as a Lyapunov function for the closed-loop system with
a feedback linearizing controller. The controller is then
derived from the Lyapunov function for the desired mass
flow rate of EGR and the desired turbine mass flow rate.
For this approach, it is necessary to invert the flow model
to obtain the EGR valve position and the VGT vane

position which represent the control inputs to the model
reported by Stefanopoulou et al. (2000) and Upadhyay
et al. (2002).

The design objectives are to regulate the air-fuel
ratio and the EGR fraction to their respective setpoints
determined by the operating conditions during
quasi-steady state operation. The compressor mass
flow and the exhaust manifold pressure are chosen as
outputs. Therefore, the setpoints for the air/fuel ratio and
the EGR fraction can be transformed to setpoints for the
compressor mass flow and the exhaust manifold pressure.
The proposed controller is tested at the operating points
using the look-up table obtained from test experiments of
biodiesel engine performance and in the virtual testbed
simulator AMESim. The real static maps are based on
a trade-off between fuel economy and minimal NOx

and smoke generation. We discuss the advantages of the
nonlinear CLF-based controller in order to evaluate the
experimental benefits in the testbed.

This paper is organized as follows. In Section 2
the turbocharged diesel engine testbed Caterpillar and the
virtual testbench AMESim are described, and the dynamic
model is introduced in Section 3. After having pointed
out the control design problem and the methodology
in Section 4, a construction of the control Lyapunov
function is presented and a control law is designed in
Section 5. This control strategy is successfully evaluated
using an advanced diesel engine professional simulator
AMESim (LMS) in Section 6, and experimental results in
Caterpillar testbed are reported in Section 7. Conclusion
and recommendations for future work are presented in the
last section.

2. Turbocharged diesel engine testbed

2.1. Caterpillar testbed description. Necessary
biodiesel experimental tests were conducted on the
advanced engine testbed in an automotive laboratory
located at the University of Sussex in Brighton. This
testbed is built with a Caterpillar 3126b heavy-duty
truck engine coupled with a SCHORCH dynamometer
controlled by the CP Cadet V12 control and data logging
system. The Caterpillar 3126b engine has Caterpillar’s
hydraulically-actuated electronic unit injector (HEUI)
fuel injection system, which can significantly improve
combustion efficiency and reduce emission. The
employed biodiesel meets the EN14214 specification.

Additionally, a high pressure exhaust gas
recirculation system and the Garrett GT3782VA variable
geometry turbocharger were installed, which can further
improve fuel consumption and reduce emissions like
Soot and NOx. In order to control the EGR and VGT
in real-time, a dSPACE MicroAutoBox 1401/1501
is connected. By receiving relevant signals such as
temperature, pressure and flow from the sensors installed
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Fig. 1. Block diagram of the CLF-based control law.

around the engine, MicroAutoBox can output control
signals to move the EGR and VGT actuators in real-time.

External sensors are used to measure various
quantities including temperatures, pressures, torques, air
and fuel flows, and exhaust emission. Exhaust emissions
sensors are used to measure CO2, NOx, and PM. These
control signals are generated from the control algorithm
uploaded into the MicroAutoBox. These sensors and
actuators are listed in Tables 1 and 2. The date and the
control signal flow are illustrated in Fig. 1. The engine is
connected with two control platforms, which are the CP
Cadet and the dSPACE control desk. The engine tests are
conducted and monitored by the CP Cadet Platform. By
uploading the developed VGT and EGR controller to the
MicroAutoBox through the Matlab/Simulink platform,
the EGR valve and VGT vane positions can be adjusted
by the controller output signal from dSPACE ControlDesk
in real-time. Testing data can be collected from both
platforms and used for data acquisition and analysis. The
specifications of the Caterpillar 3126b truck engine are
shown in Tables 3–6.

2.2. Virtual test-bench. The operation points for the
designed CLF-based and PID control strategy have been
simulated on a four-cylinder diesel engine model that was
built in LMS AMESim professional software. This is a
virtual testbed based on an intuitive graphical interface in
which the system is displayed throughout the simulation
process. The engine model was developed within the
AMESim platform associated with the IFP-Engine library,
which is suitable for engine design as well as for strategy
validation. A four cylinder turbocharged diesel engine
with an EGR loop and a variable nozzle turbine has
been simulated. Two heat exchangers are used in this
application: one for the EGR path, to cool down the
burnt gas (EGR cooler), another one on the intake path to
cool down the compressed gas (inter-cooler). The general
performance parameters were taken from the static engine

Table 1. Sensors.

Inlet temperature sensor
Inlet air flow meter
Inlet pressure sensor
Pre-turbo exhaust pressure sensor
Acceleration pedal position sensor
Engine speed sensor
Inlet manifold oxygen sensor
Exhaust manifold oxygen sensor
Exhaust opacity sensor (AVL Opacimeter 439)
Exhaust emission sensor (Testo 350 Engine test kit)
EGR position feedback sensor
VGT position feedback sensor

Table 2. Actuators.

EGR valve drive actuator
VGT vanes drive actuator

Table 3. Description of the truck engine.

Model Caterpillar 3126B
Type of engine In-line, 4-stroke
Number of cylinders 6
Number of inlet valves 2
Number of exhaust valves 1
Firing order 1-5-3-6-2-4
Type of combustion Direct injection
Maximum torque 1166 Nm@1440 rpm
Maximum power 224 kW@2200 rpm
Idle speed 700 rpm
Maximum speed 2640 rpm

Table 4. Geometrical characteristics.

Bore 110 mm
Stroke 127 mm
Compression ratio 16
Total displacement 7.25 liter
Connecting rod length 199.9 mm
Crank throw radius 63.5 mm

Table 5. Injection system.

Type HEUI
Injection pressure 200–145 bar
Injection orifices No. 6
Type of combustion Direct injection

Table 6. Geometrical characteristics of manifolds and pipes.

Intake manifold 5 L
Exhaust manifold 0.945 L
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Table 7. Nomenclature.

ηvol Volumetric efficiency
ne Engine speed
ncyl Number of cylinders
Vd Volume
Ra Gas constant of the air
Wc Compressor mass flow
pamb Ambient pressure
Tamp Ambient temperature
Jt Turbocharger moment of inertia
Wf Engine fueling rate requested by the driver
τ Time constant
Vim Intake manifold volume
Vem Exhaust manifold volume
Tim Intake manifold temperature
Tem Exhaust manifold temperature
Tc Temperature after the compressor
Avgt max Maximum area in the turbine that gas flows

through
Aegr max Maximum effective area
γe Specific heat capacity ratio of exhaust gas
γa Specific heat capacity ratio for air
Re Exhaust gas constant
cpe Specific heat capacity at constant pressure for

exhaust gas
cpa Specific heat capacity at constant pressure for air
cp Specific heat capacity at constant pressure
cv Specific heat capacity at constant volume
ηt Turbine isentropic efficiency
ηm Turbocharger mechanical efficiency
hv Turbocharger efficiency
ηc Compressor efficiency
pim Intake manifold pressure
pem Exhaust manifold pressure

data and the reference values for the operation points were
obtained from experiments.

3. Model description

In this section, we present a model of a diesel engine
equipped with a VGT and an EGR valve. We consider
a third order model for the intake flow loop based
on the simplifying assumptions that all thermodynamic
properties are referenced to air while the intake and
exhaust manifold temperature dynamics are insignificant.
This approach has been adopted previously by Jankovic
et al. (1998). In this paper, we follow Wahlstrom and
Eriksson (2011a) to model a cylinder flow and a mass flow
through the EGR and VGT systems.

A schematic diagram of a diesel engine is shown in
Fig. 2. The turbocharger consists of a variable geometry
turbine and a compressor mounted on the same shaft. The
turbine takes the energy from the exhaust gas to power the

compressor. The mixture of air from the compressor and
the exhaust gas coming through the EGR valve is pumped
from the intake manifold into the cylinders. The fuel is
injected directly into the cylinders and burnt, producing
the torque on the crank shaft. The hot exhaust gas is
pumped out into the exhaust manifold. A part of the
exhaust gas flows from the exhaust manifold through the
turbine out of the engine, and the other part is recirculated
back into the intake manifold.

3.1. Manifolds. The modeling effort is focused on
the gas flows. The intake and the exhaust manifolds are
modeled as dynamic systems with two states each, and
these are pressures. The standard isothermal model gives

Fig. 2. Turbocharged diesel engine.

the differential equations for the manifold pressures:

d
dt
pim =

RaTim

Vim
(Wc +Wegr −Wei)

d
dt
pem =

ReTem

Vem
(Weo −Wt −Wegr) .

The intake manifold temperature Tim and the exhaust
manifold temperature Tem are assumed to be constant.

3.2. Cylinder flow. The total mass flow Wei from the
intake manifold into the cylinders is modeled using the
volumetric efficiency ηvol ,

Wei = pim
ηvolneVd

120RaTim
,

where pim and Tim are the pressure and the temperature
in the intake manifold, ne is the engine speed and Vd is
the displaced volume.

Fuel mass flow Wf into the cylinders depends on uδ,
which gives the injected mass of the fuel,

Wf =
10−6

120
nencyluδ.
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The mass flow Weo out from the cylinders is given by the
mass balance as Weo = Wf +Wei .

3.3. EGR and VGT valves. The mass flow through
the EGR valve is modeled by

Wegr =
Aegrψegr√
TemRe

pem ,

where ψegr is modeled as a parabolic function,

ψegr = 1 −
(

1 − Πegr

1 − Πegropt
− 1
)2

.

The pressure ratio Πegr is modeled according to

Πegr =

⎧⎨
⎩

Πegropt if pim

pem
< Πegropt ,

pim

pem
if Πegropt ≤ pim

pem
≤ 1,

1 if 1 < pim

pem
,

The effective area is Aegr = Aegr maxfegr(kegr ), where
kegr is a position of EGR valve. The compressor mass
flow is

Wc =
ηc

Tacp

Pc(
pim

pa

)μ

− 1
,

the compressor power is

Pc =
WccpaTamb

ηc

(
Π

1− 1
γa

c − 1
)
,

and the compressor efficiency is

ηc =
Tamb

(
Π

1− 1
γa

c − 1
)

Tc − Tamb
.

The turbine mass flow Wt is modeled according to

Wt =
AvgtmaxfΠt(Πt)fvgt(kvgt )pem√

TemRe

,

where Avgtmax is the maximum area in the turbine that
the gas flows through and kvgt is the VGT valve position.
This mass flow depends on the VGT actuator signal kvgt
and the pressure ratio Πt such that fΠt(Πt) =

√
1 − Πt,

where Πt = pamb/pem .

3.4. State space model. The model proposed here
has three states: the intake manifold pressure pim , the
exhaust manifold pressure pem , and the compressor power
Pc, which describe the main dynamics and the most
important system properties. The turbocharger dynamic
is modeled as a first-order lag power transfer with time
constant τ . These states are collected in a state vector

x = (pim , pem , Pc). Accordingly, our control design
model becomes

ṗim = k1 (Wc + u1 − kepim) ,
ṗem = k2 (kepim − u1 − u2 +Wf ) ,

Ṗc =
1
τ

(ηmPt − Pc) ,

(1)

with nonlinear functions

Wc =
ηc

Tacp

Pc(
pim

pa

)μ

− 1
,

Pt = ηtcpTem

(
1 −

(
pa

pem

)μ)
u2,

where

k1 =
RaTim

Vim
, k2 =

RaTem

Vem
, ke =

ηvNVd

RaTim

and μ = 0.28. Thus, the control goal is to regulate two
outputs

y1 = Wc −W d
c y2 = Wegr −W d

egr (2)

to zero. We assign v1 = Wegr and v2 = Wt, which are the
two control inputs, with the assumption that the desired
flow values can be assigned by manipulating the EGR and
VGT actuators kegr and kvgt . W d

c and W d
egr are setpoints

of the compressor and the EGR mass flow rates.
In this approach, it is necessary to invert the flow

model to obtain the EGR valve position and the VGT vane
position commands, which are the control inputs to the
model.

4. Control design

The design objectives are to regulate the air-fuel ratio and
the EGR fraction to their respective setpoints determined
from the static engine data,

AFref = AFref (N,Wf ) ,

EGRref = EGRref (N,Wf ) .

The generated static maps are based on a trade-off
between maximal fuel economy and minimal NOx and
smoke generation. Hence, while the setpoint for AF
determines the engine response and prevents smoke, the
EGR flow fraction seeks to minimize NOx generation in
the cylinder. The setpoints of the air-fuel ratio and the
EGR fraction can be transformed into the setpoints of the
compressor and the EGR mass flow rates W d

c and W d
egr

using their relationship in steady state, see the work of
Jankovic et al. (1998) for details.
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4.1. Control methodology. We choose a feedback
control u(x) for the system of the form

ẋ = f (x) + g (x)u, (3)

which achieves asymptotic stability.
We follow the methodology given by Jankovic et al.

(1998), but instead of a quadratic Lyapunov function
we develop a more general Lyapunov function which
includes the components of state multiplications, and
make this function more “flexible” by providing an
additional degree of freedom in order to achieve system
stability.

The control Lyapunov function V (x) is a smooth,
positive definite function such that

·
V (x) =

∂V

∂x
f (x) +

∂V

∂x
g (x) u < 0. (4)

This condition is equivalent to

LgV (x) = 0 ⇒ LfV (x) < 0. (5)

For an appropriately chosen positive scalar
domination function γ(·), the control low obtained
by redesigning

u (x) = −1
2
γ (V (x)) (LgV )T (x) (6)

is globally stabilized. A sufficient condition for existence
of γ is that the quadratic part of V (x) be a CLF for the
Jacobian linearization of (3).

To apply the domination redesign control law (6), we
center the controls for the system (1) v1 and v2 at their
setpoint values and obtain

v1 = u1 +W d
egr , v2 = u2 +

(
W d

c +Wf

)
. (7)

4.2. Feedback transformation and outputs. The
first step in our control method is to construct a CLF
V (x), which is done by feedback linearization (Jankovic
et al., 1998; Isidori, 1989). We employ input-output (IO)
linearization to construct a CLF for the diesel engine
model. Thus, consider the system (1) with the output
vector defined as

y1 = Wc −W d
c ,

y2 = Wegr −W d
egr .

(8)

But before applying the stabilization technique, it
is necessary to check the stability of zero dynamics. It
was shown by Jankovic et al. (1998) and Upadhyay et al.
(2002) that a system has an equilibrium which is unstable.
Hence, as stressed above, control design is not meaningful
but it is possible to circumvent this problem through
output redefinition.

Consider a new set of outputs as defined below,
where we replace the output of the EGR flow rate by the
exhaust manifold pressure pem,

ȳ =
[
ȳ1
ȳ2

]
=
[

y1
pem − pe

em

]
. (9)

A change of coordinates consistent with the chosen output
gives

˙̄y1 = −a (ȳ1 +W d
c − kepim

)
− 1
τ

(
ȳ1 +W d

c

)− av1 + bv2,

˙̄y2 = k2 (kepim +Wf ) − k2v1 − k2v2,

ṗim = k1

(
ȳ1 +W d

c − kepim + v1
)
,

(10)

where

a = k1

μ
(

pim

pa

)μ−1 (
y1 +W d

c

)
(

pim

pa

)μ

− 1
,

b =
1
τ
η∗
Tem

Ta

1 −
(

pa

pem

)μ

(
pim

pa

)μ

− 1
,

η∗ = ηmηcηt.

To establish the stability of the internal dynamics,
we examine the zero dynamics of the system as ȳ =
˙̄y = 0 and solve for v1 and v2. Then after substituting
this into pim dynamics, we obtain stable zero dynamics
for the equilibrium pe

im
. With the zero dynamic stable,

the standard stabilization technique for an input-output
linearizable system can be applied. The feedback
transformation v = G−1 (w − F ) with the invertible
matrix

G =
( −a b

−k2 −k2

)

yields

[
v1
v2

]
= G−1

×
(
w1 + a

(
ȳ1 +W d

c − kepim

)
+ 1

τ

(
ȳ1 +W d

c

)
w2 − k2 (kepim +Wf )

)
.

Introducing a new coordinate z = pμ
im − (pe

im)μ and
rendering from new inputs w1, w2 to the outputs ȳ1, ȳ2,
the system becomes

ẏ1 = w1,

ȳ2 = w2,

ż = kz

(
b− 1

τ

)
y1 + fz − kzw1 − kzb

ke
w2,

(11)

where

kz = μpμ−1
im

k1

b+ a
, (12)
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fz = kz

((
b− 1

τ

)
W d

c + b
k2

ke
Wf + (k2 − ke) pimb

)
.

(13)

5. Construction of the control law

To design a robust controller, we construct the control
Lyapunov function of the form

V (ȳ1, ȳ2, z)

= c1ȳ
2
1 + c2ȳ

2
2 + c3z

2 + c4ȳ1z + c5ȳ2z + c6ȳ1ȳ2.
(14)

According to the definition of V to be a CLF for the
system, we have V = LfV + LgV u ≤ 0. We use the
equivalent condition such that LgV = 0 impliesLfV ≤ 0
for all (ȳ1, ȳ2, z) �= 0.

To design a control law, we obtain the sufficient
condition for V to be a CLF, and for an appropriately
chosen positive scalar function γ0 we get the control law

u (x) = −1
2
γ0 (LgV )T (x) . (15)

Theorem 1. For the system (11), the sufficient conditions
for the function (14) to be a CLF are

⎧⎨
⎩

d1 > 0,
d2 > 0,
d2 >

1
2d1 max {|z|} ,

(16)

where

d2
1 = (2c3 + c4c21 + c5c22)kz

(
1
τ
− b

)
c21, (17)

d2 =
(2c3 + c4c21 + c5c22) fz

2d1
, (18)

c11 =
c6 − kzb

ke
c4

2c1 − kzc4
, (19)

c22 =
kzb
ke

2c3 − c5 − c11 (kz2c3 − c4)

2c2 − kzb
ke
c5 + c11 (kzc5 − c6)

, (20)

c21 =
(
kz2c3 − c4
2c1 − kzc4

)
+
(
kzc5 − c6
2c1 − kzc4

)
c22. (21)

The proof of this theorem in included in the
Appendix.

Remark 1. Note that the condition (16) of Theorem 1
can be transformed to the form

max {|z|} c21 +W d
c > 0,

(see Appendix for details).

Having constructed the CLF, we employ it to obtain
an inverse optimal control law which guarantee robustness
properties. Because V is a CLF for the system (11),
it is a CLF for the system (10) obtained by feedback
transformations. Then the redesign control law takes the
form (

u1

u2

)
= −1

2
γ0

(
Lg1V

Lg2V

)
.

For the system (11) having ż = μpμ−1
im ṗim, the

general derivative of V becomes

V̇

= (2c1ȳ1 + c4z + c6ȳ2)

×
[
− a

(
ȳ1 +W d

c − kepim
)

− 1
τ

(
ȳ1 +W d

c

)− au1 + bu2

]

+ (2c2ȳ2 + c5z + c6ȳ1)
[
k2

(
pimke +Wf

)

+ k2u1 − k2u2

]

+ μpμ−1
im (2c3z + c4ȳ1 + c5ȳ2)

× (k1

(
ȳ1 +W d

c − kepim + u1

))
.

(22)

We obtain

Lg1V = ȳ1

(
−a2c1 + c6k2 + c4kμp

μ−1
1

)

+ ȳ2

(
−ac6 + k22c2 + c5k1μp

μ−1
1

)

+ z
(
−ac4 + k2c5 + 2c3k1μp

μ−1
1

)
,

(23)

Lg2V = ȳ1 (b2c1 − k2c6) + ȳ2 (bc6 − k22c2)
+ z (bc4 − k2c5) .

To apply the domination redesign control law (6), we
center the controls at their setpoint values,

u1 = v1 −W d
egr , u2 = v2 −

(
W d

c +Wf

)
.

We choose a constant matrix

γ0 =
(
γ1 0
0 γ2

)
.

Finally, we center the controls for the system (1), v1
and v2, and we obtain the control law

u1

= W d
egr +γ1

[(
Wc−W d

c

) (−2ac1+c6k2 + c4kμp
μ−1
1

)

+ (pem − pe
em)

(
−ac6 + 2k2c2 + c5k1μp

μ−1
1

)

(pμ
im − (pe

im)μ)
(
−ac4 + k2c5 + 2c3k1μp

μ−1
1

)]
,

(24)
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u2

=
(
W d

c +Wf

)
+ γ2

[(
Wc −W d

c

)
(2bc1 − k2c6)

+ (pμ
im − (pe

im)μ) (bc6 − 2k2c2)
+ + (pμ

im − (pe
im)μ) (bc4 − k2c5)] ,

(25)

where the controls for the system (1), v1 and v2, are
expressed by (7).

6. Experimental results in the AMESim
virtual test-bench

Fig. 3. Intake manifold pressure Pim.

Fig. 4. Exhaust manifold pressure Pem.

6.1. Model validation and generation of operat-
ing points. Optimal engine control is an important and
challenging task and cannot be optimized separately from
the calibration process and the operation strategy, and
the control of diesel engines is mostly based on maps.
A distinction between analytical and empirical models
should be taken into account in order to derive good
control performance. The presented analytical Jankovich
model consists of a set of differential equations, and the
empirical AMESim model depends on the availability
of accurate measurements. Therefore, the accuracy of
dynamical model validation is important since the control
of diesel engines is mostly based on maps. The connection
between the models is based on lookup-tables in which the
measured data is stored.

Therefore, the calibration of the control unit is a
time consuming process, requiring a large amount of
measurement data and experienced engineers. In Figs. 3
and 4, one can see model validation for the intake and the
exhaust pressure, respectively. The inputs of these maps
are the quantity of the fuel injected and the current engine
speed. The maps are tuned according to low emissions
and smoke. It is necessary to invert the flow model to

Fig. 5. EGR mass flow dependence.

obtain the EGR valve position and the VGT vane position
commands, which are the control inputs to the model. The
control performance was tested at three operating points:
the engine speed varies from ne = 2000 (rpm) to 1800
(rpm), the mass of the fuel injected uδ = 34.9 (mg/cycle),
the valve positions kegr(%) = 20, 40, 60 and kvgt(%) =
40, 40, 30, respectively. The turbine and compressor mass
flow rates and their dependence on the valve positions
were determined and collected into the look-up table in
order to use them in the input transformation block. By
inversion of the flow control inputs, the obtained EGR
valve position and the VGT vane position commands are
passed on to the engine. In Fig. 5 some simulation
results are presented for the EGR mass flow dependence
of the valve. These experiments were conducted on the
AMESim platform and cover a large operating region.
Furthermore, by inversion of the flow control inputs, the
obtained EGR valve position and VGT vane position
commands are passed on to the engine.

6.2. Control validation. All the model components of
this virtual testbed are taken from libraries included in the
software.

The general performance parameters were taken
from the static engine data and the reference values
for the operating points were obtained from simulation
experiments in the AMESim software. The design
parameters γ1, γ2 and c1, c2, c3, c4, c5, c6 provide
degrees of freedom for the best control performance.
Once calibrated, these parameters were held constant
throughout the operating region. For satisfactory
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Fig. 6. Desired and actual value of intake manifold pressure.

Fig. 7. Desired and actual value of exhaust manifold pressure.

Fig. 8. Pressure ratio Pim/Pem .

regulation of the EGR flow rate, it is essential to monitor
the behavior of the pressure ratio.

Figure 8 depicts the achieved pressure ratio
trajectory, as well as the smooth profile. This is
attributable to the model inversion approach that was used
to estimate the EGR valve position and is sensitive to the
manifold pressure ratio. Figures 6 and 7 show the intake
and the exhaust manifold pressure profiles with desirable
smooth trajectories. Figures 9 and 10 give the desired flow
profiles for the compressed air flow rate and the turbine
flow that were to be achieved via the EGR and the VGT

Fig. 9. Response of compressor mass flow rate Wc.

Fig. 10. Response of turbine mass flow rate Wt.

control input regulation. Therefore, only a limited number
of parameters need to be tuned on the engine.

6.3. Simulation and comparison with PID. The
CLF-based control performance as well as the PID
controller were tested at the same four operating points
ne = 2000 (rpm) and 2500 (rpm), injection duration 1.2
(ms) and 1.8 (ms), valve positions uegr(%) = 20, 70, 10
and uvgt(%) = 20, 30, 60 (see Table 2).

Table 8. Operating points used in simulation.
Parameter OP 1 OP 2 OP 3 OP 4

ne (rpm) 2000 2000 2000 2500
Injection
duration
(ms)

1.2 1.8 1.2 1.8

uegr(%) 20 70 70 10
uvgt(%) 20 30 20 60

Figure 13 depicts the pressure ratio trajectory.
Figures 11 and 12 show the intake and the exhaust
manifold pressure profiles. Figure 14 gives the desired
flow profile for the compressed air flow rate. Figures 17
and 18 show the intake and the exhaust manifold pressures
of the PID controller. Figures 15 and 16 show satisfactory
regulation without oscillations of the EGR flow rate and
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Fig. 11. CLF-based controller. Desired and actual value of in-
take manifold pressure Pim.

Fig. 12. CLF-based controller. Desired and actual value of ex-
haust manifold pressure Pem.

Fig. 13. CLF-based controller. Desired and actual value of ex-
haust manifold pressure Pem.

the turbine mass flow rate of the CLF-based controller
in comparison to the PID controller, shown in Figs. 19
and 20.

Feasibility, performances and robustness of
CLF-based control schemes as well as PID control
can be firstly evaluated on the model and secondly
validated experimentally on the engine. The advantages
and the effectiveness of CLF-based nonlinear control
are concluded and results show that PID gives slower
control and oscillation compared with CLF, and CLF
gives no oscillations and provides a robust trajectory. The
developed CLF-based nonlinear control approach gives
a fast increase in the air intake, and slow degradation in

Fig. 14. CLF-based controller. Response of compressor mass
flow rate Wc.

Fig. 15. CLF-based EGR control

Fig. 16. CLF-based VGT control.

performances. Depending on the choice of the control
design method, the controllers then have to be fine-tuned
experimentally on the engine. However, without this
fine-tuning, the controller may not perform adequately at
some operating points.

7. Experimental results from the caterpillar
testbed

7.1. Operating points. The operating points for the
designed CLF-based control strategy were selected as
shown in Table 9.

The reference values for the operation points were
obtained from Caterpillar testbed experiments. These
experiments cover a large operating region. In order to
validate the CLF controller, we consider two subregions
presented in Fig. 21. The first one is [400 s, 620 s] at an
engine speed of 1600 rpm and a load of 42, and the second
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Fig. 17. PID controller. Intake manifold pressure.

Fig. 18. PID controller. Exhaust manifold pressure.

Fig. 19. EGR input of a PID controller.

Fig. 20. VGT input of a PID controller.

Table 9. Operation points used in simulation.
Parameter Operating point 1 Operating point 2

ne (rpm) 1600 1800
load 42 50
uegr(%) 20 40
uvgt(%) 42 50

Fig. 21. Operating region of the test experiment.

Fig. 22. Selection of operating points.

one is [620 s, 1100 s] at an engine speed of 1800 rpm and
a load of 50.

The EGR and VGT control inputs and their
corresponding amounts of NOx and the opacity are
presented in Fig. 22. Hence, two operating points were
selected based on a tradeoff between the minimum of
NOx and the opacity (see Table 9). For the inversion we
use the expressions of the EGR mass flow and the turbine
mass flow (Section 3.3).

7.2. Experimental results. The control strategy was
tested on a six-cylinder diesel engine model which was
built using MatLab. Therefore, only a limited number of
parameters need to be tuned on the engine. Figure 25
depicts the pressure ratio trajectory, which has a smooth
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profile. Figures 23 and 24 show the intake and exhaust
manifold pressure with smooth profiles. Figures 26 and
27 demonstrate the EGR and VGT control inputs.

Fig. 23. Intake pressure and its reference.

Fig. 24. Exhaust pressure and its reference.

Fig. 25. Pressure ratio.

Depending on the choice of the control design
method, the controllers have to be fine-tuned
experimentally on the engine. Therefore, a model-based
robust control design is beginning to find applications in
the engine and automotive industry.

Remark 2. (Discussion and comparison with the LPV
approach) The proposed approach will extend from the

Fig. 26. EGR control input.

Fig. 27. VGT control input.

trivial quadratic Lyapunov function case considered in
various LPV approaches to a more general Lyapunov
function with additional degrees of freedom. Compared
with quadratic Lyapunov functions, this generalized
Lyapunov function will help us to construct the resulting
nonlinear control law so that the design objective can
be optimized with respect to a given cost functional for
good performance. Having the condition Lg1V = 0,
Lg2V = 0 and LfV < 0 for the function V to be a CLF,
by manipulation of the parameters, it is possible to verify
the condition J → min in order to evaluate the optimal
cost criteria J . This parameter manipulation under the
stability conditions improves control performance and
can expand the stability region of nonlinear systems.
By adopting a Lyapunov function by a computationally
effective optimization approach to redesign the control
law, it provides more freedom to achieve a higher
performance level for the resulting generalized control
gain.

Theoretically, compared with quadratic Lyapunov
functions, this generalized Lyapunov function helps, to
search for a best-fitted Lyapunov function and construct
the resulting nonlinear control law so that the design
objective can be optimized.

8. Conclusions

We developed a CLF-based nonlinear controller for
the flows of VGT-EGR systems in order to regulate
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the oxygen-fuel ratio and the intake manifold EGR
fraction, and to minimize the NOx emission and the
smoke. The more general control Lyapunov function
considered provides additional degrees of freedom, which
gives better control performances, satisfies the stability
condition and guarantees the global convergence of
the error system. This nonlinear control approach
offers a fast increase in variable performance and
graceful degradation. Experiments in the biodiesel
engine Caterpillar testbed and a virtual test-bench for a
four-cylinder diesel engine show the effectiveness of this
approach.

In the future work, a performance comparison with
multiple model approaches, LPV and Takagi–Sugeno
approaches as well as other types of nonlinear controller
will be considered. Robustness regarding the disturbances
and parametric uncertainties, measurement noise and
reliability features will be investigated.
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Appendix

Proof of Theorem 1

By calculating the derivative of the Lyapunov function
(14), we obtain

V̇ = 2c1ȳ1 ˙̄y1 + 2c2ȳ2 ˙̄y2 + 2c3zż + c4ȳ1ż

+ c4z ˙̄y1 + c5ȳ2ż + c5z ˙̄y2 + c6ȳ1 ˙̄y2 + c6ȳ2 ˙̄y1
(A1)

and transform this expression into

V̇ = ˙̄y1 (2c1ȳ1 + c4z + c6y2) + ˙̄y2 (2c2ȳ2 + c5z + c6ȳ1)
+ ż (2c3z + c4y1 + c5y2) .

(A2)

Substituting the state derivatives, we collect the control
inputs,

V̇ = w1 (2c1ȳ1 + c4z + c6ȳ2 − kz (2c3z + c4ȳ1 + c5ȳ2))

= w2

(
2c2ȳ2 + c5z + c6ȳ1

− kzb

ke
(2c3z + c4ȳ1 + c5ȳ2)

)

+ (2c3z + c4ȳ1 + c5ȳ2)
(
kz

(
b− 1

τ

)
y1 + fz

)
.

(A3)

Assume that Lg1V = 0, Lg2V = 0. Then the
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obtained system is

2c1ȳ1 + c4z + c6ȳ2 − kz2c3z − kzc4ȳ1

− kzc5ȳ2 = 0,

2c2ȳ2 + c5z + c6ȳ1 − kzb

ke
2c3z

− kzb

ke
c4ȳ1 − kzb

ke
c5ȳ2 = 0,

giving

ȳ1 =
kzc5ȳ2 + kz2c3z − c4z − c6ȳ2

(2c1 − kzc4)
. (A4)

Substituting this in the second equation of (A4), we obtain

2c2ȳ2 + c5z +
c6 − kzb

ke
c4

2c1 − kzc4

(
kzc5ȳ2 + kz2c3z − c4z

− c6ȳ2

)
− kzb

ke
2c3z − kzb

ke
c5ȳ2 = 0.

Then, using (19), we obtain

ȳ2 =
kzb
ke

2c3 − c5 − c11 (kz2c3 − c4)

2c2 − kzb
ke
c5 + c11 (kzc5 − c6)

z

and

ȳ1 =
(
kz2c3 − c4
2c1 − kzc4

)
z

+
(
kzc5 − c6
2c1 − kzc4

)

×
(

kzb
ke

2c3 − c5 − c11 (kz2c3 − c4)

2c2 − kzb
ke
c5 − c11 (kzc5 − c6)

)
z.

Using (20) and (21), we obtain

ȳ1 = c21z, ȳ2 = c22z. (A5)

Consider the LfV component of the Lyapunov
function derivative,

LfV = (2c3z + c4ȳ1 + c5ȳ2)
(
kz

(
b− 1

τ

)
ȳ1 + fz

)
,

and prove that LfV < 0. We substitute (A5) into the last
expression in order to obtain

LfV = (2c3z + c4c21z + c5c22z)(
kz

(
b− 1

τ

)
c21z + fz

)
.

Transform the last formula into

LfV = z2 (2c3 + c4c21 + c5c22) kz

(
b− 1

τ

)
c21

+ z (2c3 + c4c21 + c5c22) fz.

For the values of d1 and d2, we apply the formula
(d1z + d2)

2 = d2
1z

2 + 2d1d2z + d2
2 and obtain

−
(
(d1z + d2)

2 − d2
2

)
< 0. (A6)

We consider the following two cases.

Case 1: z > 0. Note that it is possible to choose the
parameters c1, c2, c3, c4, c5, c6 such that d2 > 0. Taking
into account that (1/τ − b) > 0, we conclude that

d1 =

√
(2c3 + c4c21 + c5c22) kz

(
1
τ
− b

)
c21 > 0.

(A7)

Case 2: z < 0. From (A6) we obtain

(d1z + d2)
2 − d2

2 > 0 (A8)

and

d2
1 |z|2 − 2d1d2 |z| > 0 ⇒ d1 |z| > 2d2.

Then the condition 2d2 < d1 |z| < d1 max {|z|} holds.
From the last formula and after collecting the results
for both the cases z > 0 and z < 0, we obtain the
condition (16) of the theorem. Hence, V is a CLF for the
system (11).

By substituting d1 and d2 into (A6), we get

d2
1 |z| − (2c3 + c4c21 + c5c22) fz

d1
> 0,

|z|kz

(
1
τ − b

)
c21 − fz

d1
> 0.

Having d1 > 0, we get |z|kz (1/τ − b) c21 > fz .
After substituting fz into this expression and taking into
account z < 0 and (b− 1/τ) < 0,

|z|
(

1
τ
− b

)
c21 > −

(
1
τ
− b

)
W d

c .

From this we get max {|z|} c21 + W d
c > |z| c21 +

W d
c > 0. Finally, we obtain the following condition:

max {|z|} c21 + W d
c > 0, which has been pointed out

in Remark 1.
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