Int. J. Appl. Math. Comput. Sci., 2004, Vol. 14, No. 2, 221-232 ‘ ames

LINEAR-WAVELET NETWORKS

ROBERTOK.H. GALVAO*, VICTOR M. BECERRA"*
JoAo M.F. CALADO***, PEDRO M. SILVA ***

* Instituto Tecnoldgico de Aeronautica
Div. Engenharia Eletrénica
Sao José dos Campos — SP, 12228-900, Brazil
e-mail: kawakami@ele.ita.br

** University of Reading, Department of Cybernetics
Reading RG6 6AY, United Kingdom
e-mail:v.m.becerra@reading.ac.uk

*** ISEL, Mechanical Engineering Studies Center
1949-014 Lisboa, Portugal
e-mail:{jcalado, psilva}@dem.isel.pt

This paper proposes a nonlinear regression structure comprising a wavelet network and a linear term. The introduction of
the linear term is aimed at providing a more parsimonious interpolation in high-dimensional spaces when the modelling
samples are sparse. A constructive procedure for building such structures, termed linear-wavelet networks, is described.
For illustration, the proposed procedure is employed in the framework of dynamic system identification. In an example
involving a simulated fermentation process, it is shown that a linear-wavelet network yields a smaller approximation error
when compared with a wavelet network with the same number of regressors. The proposed technique is also applied to the
identification of a pressure plant from experimental data. In this case, the results show that the introduction of wavelets
considerably improves the prediction ability of a linear model. Standard errors on the estimated model coefficients are also
calculated to assess the numerical conditioning of the identification process.
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1. Introduction vent this problem, Zhang (1997) proposed a construction
technique which takes into account only those wavelets
A wavelet network is a nonlinear regression structure that whose support contains at least one modelling sample.
implements input-output mappings as the superpositionHowever, even by doing so, there remains the problem
of dilated and translated versions of a single function, of providing interpolation over those regions of the input
which is localized both in the space and frequency do- space in which modelling data are not available. Such a
mains (Zhang and Benveniste, 1992). Such a structure carproblem clearly intensifies with the number of inputs to
approximate any square-integrable function to an arbitrary the network.
precision, given a sufficiently large number of network el- In the present work, this limitation is alleviated by
ements (called “wavelets”). adding a linear term to the basic wavelet network ar-
The main advantage of wavelet networks over simi- chitecture, resulting in a structure termed “linear-wavelet
lar architectures such as multi-layer perceptrons and net-network” (Galvdo and Becerra, 2002). Linear regressors
works of radial basis functions (RBF) (Haykin, 1998) is can be seen as appropriate complements to wavelets and
the possibility of optimizing the wavelet network struc- vice-versa. In fact, linear functions can more easily pro-
ture by means of efficient deterministic construction al- vide interpolation when the modelling samples are sparse,
gorithms (Kan and Wong, 1998; Zhang, 1997). However, whereas wavelets can account for nonlinearities in the sys-
owing to the localized nature of the wavelet basis func- tem to be identified. Notice that in the approximation of
tions, wavelet networks may not be well-suited to dealing functions that display only small deviations from linear-
with high-dimensional data. In fact, constructing and stor- ity, linear regressors may replace a much larger number of
ing a wavelet basis of large dimension may be computa- wavelets, thus allowing a more parsimonious representa-
tionally prohibitive (Benvenistet al, 1994). To circum-  tion to be obtained.
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It should be emphasized that the introduction of lin- This paper is organized as follows: Section 2
ear regressors does not impair the approximation capabil-presents the wavelet network structure considered in this
ities of the wavelet network, since it is equivalent to ex- work and introduces the proposed linear-wavelet network.
panding the library of functions from which the elements Section 3 describes the constructive procedure to build a
of the network are selected. In fact, a similar strategy was linear-wavelet network from a given set of input-output
adopted in (Galvaet al, 1999; Souza Jret al, 2002), data. The examples using simulated and experimental data
where a bias function was added to the wavelets in orderare presented in Sections 4 and 5, respectively. Conclud-
to improve the approximation of functions with localized ing remarks and suggestions for future work are given in
low-frequency features. Section 6.

A constructive procedure for building a linear- ]
wavelet network on the basis of a given set of input-output 1-1- Notation
pairs 1S also presented. Thg procedur_e Is aimed at aChIev'Scalars are represented in italic lowercase, vectors in bold
Ing an apcurate representation qf the input-output data re'type lowercase and matrices in bold type capitals. The
Iat|ons_h|pW|th the smallest po_ssuble numberofregressor_s.symbol Ix|| means the Euclidean norm of. The i-

For this purpose, a mechanism for redundance (that is

li itV bet th ” i i 'th element ofx is denoted byz;. The hat symbol
ﬁlc; :ann(:glréze de ween the regressors) avoidance is exp 'Cindicates an estimated value. The Fourier transform of

f is denoted by Ff. L?(R?) is the space of func-

For illustration, the proposed modelling technique is tions that are square-integrable Rt that is, L*(R?) =
employed in a nonlinear system identification framework. {f : R? — R st [p.[f(x)[*dV, < oo}, where
The modelling of nonlinear dynamic input-output map- dV, = dx; dxs - - - dzg is a volume element ifR.
pings from experimental measurements is a problem of
relevance in many engineering applications (Ljung, 1999). .

The goal is to obtain a model that can be used to predict2- Linear-Wavelet Networks

the future behaviour of the process from measurements
2.1. Wavelet Networks

taken up to the present moment. The model can also be

used as a mathematical surrogate of the actual system dura  wavelet network with one outputy, d inputs

ing the design of a controller. {x1,29,...,24} and L nodes can be parameterized as

When no particular insight into the system prop- follows (Zhang, 1997; Zhang and Benveniste, 1992):

erties is employed, the modelling procedure is termed L

“black-box” modelling. Among the classical approaches Y= fuav(X) = ijvaj,bj (%), (1)

to black-box modelling, one could cite the use of Kernel j=1

estimators (Naradaya, 1964; Watson, 1964), \olterra ex-

pansions (Rugh, 1981), and B-splines (Schumaker, 1981)wherex = [z 2 - - - xd]T is the vector of inputs. Func-
More recently, regression structures inspired by artifi- tions v, ,b,, called wavelets, are dilated and translated
cial intelligence paradigms have been popularized, suchversions of a single function : R¢ — R:

as artificial neural networks (Narendra and Parthasarathy,

1990; Poggio and Girosi, 1990), fuzzy (Takagi and Va, b, (x) = a; Y% (X_bJ> )
Sugeno, 1985) and neuro-fuzzy models (Jang and Sun, o ’ a;
1995).

Functionv, termed the “mother wavelet”, is required

The representation capabilities of the wavelet net- {0 have zero mean, thatis,
work have been exploited for system identification in a
number of works (Cannon and Slotine, 1995; kiual., / v(x)dV, =0, 3)
2000; Souza Jret al, 2002; Zhang, 1997). The black- R
box approach employed by those authors will be adoptedand also to be localized both in the space and frequency
in two examples presented in this work. In the first of domains (in the sense thét(x)| and |Fv(w)| rapidly
them, the linear-wavelet network is compared to a con- decay to zero ag|x|| — oo and |jw| — oo, respec-
ventional wavelet network in the identification of a sim- tively) (Daubechies, 1992). A number of methods (Can-
ulated fermentation process (Zhang, 1997). The secondnon and Slotine, 1995; Zhargg al., 1995) are available
example employs experimental data from a real pressureto construct multidimensional mother wavelets (i.e., with
plant. Standard errors on the estimated model coefficientsd > 1) from one-dimensional functiong : R — R
are presented to check the numerical conditioning of thewith fast decay in space and frequency. For the pur-
identification process. poses of this work, the radial approach is adopted, that
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is, v(x) = ¥(||x||). This is the choice made, for instance, in (3) can be rewritten in the following manner:
in (Zhang, 1997).

In (2), the dilation parametesi; € R* controls the /d v(x)dx = /d o(|1x]]) dx
spread of the wavelet, whereas the translation parameter ** &

b; € R? determines its central position. It can be shown 7 i i o0 d-1g
that, if pairs (a;, b;) are taken from a grid\ given by " oo o e Ui Y(r)r®dr
A= {(a™,nBa™); meZmneZ} (4) d—2 o
< | T (siny)) 77| dmadyz - - dvya-a, (6)
for convenient values ofx > 1 and 8 > 0, then any j=1

function f € L%(R?) can be approximated by (1) to L .

an arbitrary precision, given a sufficiently large number It follows that a necessary and sufficient condition

of wavelets (Daubechies, 1992; Zhang, 1997). Typical 'O the lastintegral to equal zero is

choices fora, 8 are a« = 2, 8 = 1, and they are adopted 0o

throughout this work. / Y(r)yrttdr =0 (7)
r=0

It is worth noticing that in many practical situations,
the function f to be approximated may not belong to because(sinvy;)* =1 > 0, Vy; € (0,7),j = 1,...,
L?(R%). Linear functions, for instance, are not square- d — 2. Condition (7) is illustrated in the following exam-
integrable, and thus cannot be approximated as a lineample.
combination of wavelets over the entife?. However,
this limitation can be circumvented because in several ap-Example 1. Consider the unidimensional Mexican hat
plications the approximation only needs to be performed function given by
over a compact set’ ¢ R (Cannon and Slotine, 1995).
For instance, suppose that an approximation to a certain U(z) = (c — %) 05" (8)
function f is to be constructed on the basis of a given
modelling set of input-output pair§(x[k], f(x[k])), k = where ¢ is a parameter which needs to be adjusted to
1,...,M}. For a finite M, the modelling pointsx[k] ensure thaty(|[x||) has zero mean. By introducing the
will lie inside a compact sef c R¢. If the approxima-  above expression fog(z) in (7), it follows that
tion of f(x) for x outsideX is not an issue (that is, one

is not attempting to perform extrapolation), then the tar- / (c— r2)e—0~5r27~d—1 dr=0=c¢
get function f can be replaced by a modified functigh 0
defined as o o=
_ fo e—0.57%d+1 g _ Tiia ©)
~ f(x), xe, Jo em0srtpd=tdr  Iay
fO=1"0" stherwi ®) f
»  otherwise By letting n = %% and d¢ = r¢'dr, I,

_ can be integrated by parts, yielding
If f is square-integrable inY, then f is square-

integrable inR¢ and can thus be approximated to an ar- o0 o—0.5r%.d |
bitrary precision by a wavelet network. Loy = nél7y — /T Ofdn =T a4

It should be noticed that this discussion is mainly of N
theoretical interest, because an explicit definitioniofis 0
not required in the construction algorithm to be presented 1 [ gi1 052 Loy
later. However, the reasoning discussed above is useful T3 /TZOT ¢ dr=——. (10
to relax the conditions required for the input-output map-
ping f to be approximated. Thus, henceforth it will be as- Thus, by using this resultin (9), it follows that= d.
sumed thatf is square-integrable in a region sufficiently ¢

large to cover all thex modelling points.

. 2.2. Structure of a Linear-Wavelet Network
Remark 1. The requirement of a zero mean far

can be restated for the function used in its genera-  The model structure proposed in this work has the form
tion. In fact, by using the hyperspherical coordinates
(r,v1,72,---,7a—1) defined in Appendix, the integral Y = fin(X) + fwav(X), (11)
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d
fiin(X) = O1xaXax1 = Y _Oizi, 0; €R  (12)
=1
is a linear term andfy,., (x) is implemented by a network
of radial wavelets, as in (1). Henceforth, a model with the
structure given by (11) will be termed a “linear-wavelet”
network (see Fig. 1 for a graphical presentation).

y
(%)

Fig. 1. Structure of a linear-wavelet network. The circles repre-
sent wavelet functions with different dilation and trans-

lation parameters. The square represents the linear part4

of the model, which consists of the inner product of the
input vectorx with the vector of parameter8.

It should be noticed that in problems involving the
approximation of a function over a compact sub&étc
R?, the linear-wavelet network has the same approxima-
tion capabilities of a standard wavelet network. In fact,
linear functions are square-integrable over any compact
subset ofR? and thus, according to the discussion in the
previous subsection, they can be replaced by a linear com-
bination of wavelets. However, many wavelets may be
required to approximate a linear function, specifically in
high-dimensional domains, because linear functions are

5)

Algorithm 1. (Model construction) Suppose that\M/

modelling samples are available in the form of input-
output pairs (x[k], y[k]),
(x[k])ax1 is a column vector. Then

k 1,...,M, where

1) Normalize the input data to fit within the effective sup-
port H of the mother wavelet employed. For radial
wavelets, H is a hypersphere ilR? with radius R.

For computational simplicity,H is approximated as
a hypercube inscribed in the hypersphere with edges
parallel to the coordinate axis.

2) Choosemyin and my,y, the minimum and maxi-

mum scale levels to be employed.

3) For each samplex[k] in the modelling set, findly,
the index set of wavelets whose effective supports con-

tain x[k]:
I, = {(m,n) s.t. x[k] € Hyn;
Mpin < M < Mppax, N € Zd}a (13)

where H,, ,, is a hypercube centred atga™ with
edgesa™Rv/2.

Determine the pairgm,n) which appear in at least
two sets I; and Io, k1 # kso. These are the
wavelets whose effective supports include at least two
samples. This step is different from the algorithm de-
scribed in (Zhang, 1997), which allows for wavelets
with effective supports containing only one sample.
Such wavelets are not included here because they
would introduce oscillations between neighbour mod-
elling points, which might compromise the generaliza-
tion ability of the model.

Let L be the number of wavelets obtained in the pre-
vious step. For notational simplicity replace the dou-
ble index (m,n) by asingle indexj =1,..., L.

not localized in space. Hence, if a function to be approx- 6) Apply the L wavelets to thed modelling samples

imated is only mildly nonlinear, the use of a linear term
may replace a large number of wavelets, thus leading to a
more parsimonious representation.

3. Building a Linear-Wavelet Network

A major advantage of wavelet networks over other neu-
ral architectures is the availability of efficient construction

and gather the results in a matrix form as follows:

algorithms for defining the network structure, that is, for 7) Gather the input-output modelling data in a matrix

choosing convenient values f@im, n) in (4). After the
structure has been determined, the weightsin (1) can
be obtained through linear estimation techniques.

In this work, a constructive method similar to that
introduced in (Zhang, 1997) is employed to build a linear-
wavelet network. It can be described as follows:

u (1) o) e e (x(M)
R X ICE va(x[M])
or (1)) vr(2) o wnMD ],
(14)
form as
y = [y[l] y[?} S y[M]]lxM’ (15)
X = [x[1]x[2] --- X[MdeM’

and use least-squares regression to estimate the row
vectors of linear weightsf [01 02 --- 64] and
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wavelet weightsw = [wy we -+ wy] as S3) Normalize all the remaining vectors to the unit norm.
[é w] =y’ (®@d”) !, (16) S4) (Removing the information conveyed by the linear
regressors). Replacg and all vectorsv; by their
where projections onto the subspace orthogonal to the linear
& — X ] . (17) regressors, that is,
v
(LM v; —v;I-Px) and y < y(I-Px), (20)
Remark 2. where Px = X7(XX7)~1X and1 is the identity
1. In the last step of the above algorithm, it is assumed matrix.

that ®®” is non-singular. If necessary, QR decompo-
sition (Lawson and Hanson, 1974) or Principal Com-
ponent Analysis (Naes and Mevik, 2001) can be used

S5) (First selection) For each vecter;, evaluate the cor-
relation indexr; as

to deal with the numerical ill-conditioning. ‘ijT| 21)
Ty = —0 7
2. The standard error of the estimai@w] is given by T syl
the square root of the diagonal elements of ma8ix and indexp, defined as
given by (Draper and Smith, 1981):
-1 [(y y)(y y)T Pj = TJ'”VJ'”' (22)
— T _ -
5= (q;q; ) { M—-(d+L) |’ (18) Let h; be the vector with the largest value fpr.

. _ _ Letalsoi = 1.
wherey = [0 w]®. Notice that the term in the square

brackets in (18) is the square of the standard error of S6) (Projections) Replacg and all vectorsv; by their

the estimate fory, adjusted for the number of observa- projections onto the subspace orthogonahto that
tions (M) and estimated variableg { L) (Ezekiel and IS,
Fox, 1959).

vj < v;j(I-Pp,) and y < y(I—Py,), (23)
3. Itis often the case that Steps 1 to 4 of the construction h T S
process result in a large number of wavelets. In order ~ WhereéPn, = hi (hihi)™"h;.

to avoid overfitting problems that result from an over-  57) (Selection) For each vector;, evaluate indexp; as

parameterization of the model, it is then important to in (22). Leth,, be the vector with the largest value
select a reduced subset of wavelets. An algorithm for for p;.

the selection of wavelet regressors is described in the

next subsection. S8) Let i =i+ 1 and return to Step S6.

. Repeating Steps S6 to S8 times results in vectors
3.1. Selection of Wavelet Regressors hy, ho, ..., h,. The wavelet regressors to be included in

In this work, the selection of convenient wavelet regres- the model are those which originated such vectors.

sors is done by choosing rows &f in a stepwise manner, Remark 3
according to their correlation witly and also with their o . o
degree of independence with respect to the rows already!- N the preliminary pruning Step S2, the criterion (a)

selected. This procedure can be described as follows: aims at removing regressors with a small signal-to-
noise ratio (notice that|v,||* is the energy ofv;).
Algorithm 2. (Selection of regressors) The criterion (b) removes regressors which would in-
S1) Let v, be thej-th row of V, that is troduce undesirable oscillations between neighbouring
J ’ ]

samples (see Fig. 2 for a graphical interpretation in the
one-dimensional case). However, in tests carried out

v; = [v;(x[1]) v;(x[2]) -+ v;(x[M])], i =1,...,L. by the authors, it was found that this second pruning
' ' ‘ (19) criterion does not need to be applied when the data are
that a guideline based on a specific sparsity measure, it is

advisable to carry out the pruning using only the crite-
rion (a) and, in case the resulting model does not ex-
or hibit a good generalization ability, perform a new se-
(b) max(p—1,...ar) [vj (X[k])| < 10% maxycpra |v;(x)]. lection incorporating the criterion (b).

(@) [[v;]l < rmaxg—

1) |[[vi]| for afixed0 < x < 1

.....



R.K.H. Galvio et al.

amcs @
1

Modelling

0.5 Points

Threshold

-0.5

Fig. 2. Logic behind the second pruning criterion (illustrated
for a Mexican hat mother wavelet). The dashed lines are
at £10% of the value of the wavelet peak. In this case,
for all three modelling samples the wavelet displays val-
ues smaller than the-10% threshold. This wavelet is
then discarded.

2. Index p; used in Steps S5 and S7 reflects both the
amount of useful information irv; (measured by-;)
and its lack of collinearity with the vectors already se-
lected. In fact, if vectorv;; is highly collinear to vec-
tor v;2, then the projection ok ;; onto the subspace
orthogonal tov ;o will have a small norm. Collinearity
avoidance is important to achieve a model with a good

generalization ability when least-squares regression is

employed (Naes and Mevik, 2001).

. The entire construction procedure comprising Algo-
rithms 1 (model construction) and 2 (selection of

wavelet regressors) is a deterministic process. In fact,

it does not require the generation of an initial set of

random weights, nor the use of stochastic search al-
gorithms. This is an advantage over the methods em-

ployed for training multi-layer perceptron neural net-

works, such as the classical back-propagation algo-

rithm (Haykin, 1998). Moreover, the construction pro-

cedure does not have convergence problems becaus¥’
the number of possible regressors is finite and the re-
gression coefficients are obtained by a matrix inversion

operation, rather than an iterative optimization algo-
rithm.

3.2. Choosing the Parameters of the Construction
Algorithm

The effective support radiusk depends on the
mother wavelet employed. If the mother wavelet is gen-
erated from the Mexican hat function given by (8), for
instance,R can be taken as 4, as can be seen from Fig. 2.

The usual choice for parametessand§ is o = 2,
(8 =1 as discussed in Section 2.1.

An appropriate choice for parametet,,,, (maxi-
mum scale level) isn,.. = 0, because the data are nor-
malized to fit the support of the mother wavelet. It is as-
sumed that interpolation at larger scales is carried out by
the linear regressors.

Thus, there remain onlyn,,;, and x to be adjusted
according to the application. Parameter,;, depends
on the “smoothness” of the function to be approximated:
the approximation of sharp peaks and/or edges would re-
quire wavelets at small scales and thus a smahgr;,
would have to be employed. Parameterwhich is used
in the preliminary pruning procedure, is aimed at reducing
the computational workload in the steps that follow. As a
rule of thumb, the user should employ the smalleshat
still reduces the computational workload to an acceptable
level.

The best numbem of wavelets to include in the
model can be determined from statistical techniques such
as the minimum description length (Rissanen, 1978) and
generalized cross-validation (Li, 1986). The goal of such
methods is to find a good compromise between the com-
plexity of the model and its ability to fit the training data.

According to (Zhang, 1997), the generalized cross-
validation index GC'V of a model usings regressors is
given by

25 4

GCV(S) = Mo-ea

S [ - ARD] 2207, 2

k=1

where f,(x[k]) is the model prediction for thé-th of M
samples used in the identification process aridis the
noise variance in the measurementThe GCV can be
used as an estimate of the mean-square eMH) that
ould result from applying the model to samples not used
in its development, that is, a measure of the generalization
ability.

If the noise variancer? is not known, it can be es-
timated by an iterative procedure, as described in (Zhang,
1997). To do that, start from an initial guess = s, for
the optimum number of regressors and obtain a first esti-
mate of 02 as the MSE obtained on the modelling set
with the resulting linear-wavelet structure. With this es-
timate of o2, determine the minimum point oZC'V (s)

The proposed construction procedure has six parametersand use it as a new value for*. This procedure is re-

R, o, B, Mmin, Mmax, k. AlS0O, a criterion to determine the
optimum numberm of wavelets should be adopted.

peated until convergence, which usually occurs in a small
number of iterations.
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3.3. System Identification Applications 4. Numerical Example

In a discrete-time system identification framework, the Consider a fermentation process described by the fol-
linear-wavelet network can be used to approximate thelowing Monod model (Aborhey and Williamson, 1978;
functional mapping between the present output of a dy- D'Ans et al,, 1972):

namic system and the information available up to the pre-

vious sampling instant. Thus, #i[k] € R and y[k] € R ac - cs _ Cu (27)
denote respectively the input and output of the system dt S+p ’

at the k-th sampling instant, the linear-wavelet network ds S

would be used to implement a nonlinear ARX (autoregres- Fri fqgm + (Sin — S)u, (28)

sive with exogenous input) model of the form
where C is the microbial concentratior§ stands for the

ylk] = f <X[k]) + e[k, (25) substrate concentration (process output)denotes the

where ¢[k] is a modelling residual, and dilution rate (process input)g signifies the maximum
growth rate,p is the saturation parametey, means the

x[k] = [y[k — ylk —2]--- y[k—n,] yield factor, andsS,,, is the inlet substrate concentration.

ulk—6—1]ulk—5—2] --- u[k—é—nb]}T (26) Suppose thats is observed at discrete time instants:
for fixed values ofn,, n, > 0 and § > 0. Notice that the ylk] = S(kT;) +elk], k=1, (29)
dimension of the inpuk|[k] to the model isd = n, + np.

In this case, it is assumed thitis square-integrable
in R or at least in a compact subs&t c R? where the
approximation is to be carried out.

It is also assumed that a set 8f modelling sam-
ples {(x[k],y[k]),k = 1,...,M} is available for the g=055 p=015 ¢=2, S;=08. (30)
construction of the linear-wavelet network. The modelling
samples must be representative of the functional mapping The system was simulated in closed loop, as in
to be approximated. (Zhang, 1997), with input: being provided by a PI con-

The design of an appropriate excitation sequence  troller with proportional gaink’, = 0.5 and integral gain
to satisfy such a requirement may not be straightforward ; = 0.05. The set point forS was changed between
and is actually a matter of research in the field of system three values: 0.2, 0.4 and 0.6. The measurement noise
identification (Ljung, 1999). In fact, since the function was simulated using a zero-mean white Gaussian noise
f is unknown from the start, one does not knawriori process with a standard deviation of 0.005. The sampling
in which regions ofR¢ the approximation off requires  period adopted wag’; = 1.0 time unit. The resulting in-
more modelling samples. At this point the designer’s ex- put (u[k]) and output¢[k]) signals can be seen in Fig. 3.
perience, or a first-principles engineering analysis, would
be of relevance to choose an excitation protocol that would
drive the system across the modes of operation that should
be captured by the model. In this process, time, cost and °sf
safety limitations related to the physical operation of the
system should also be taken into account.

Finally, it is worth noticing that the dynamics of the
system introduce correlations between the components of oz, o s 1500
the input vectorx[k], thus preventing large variations be-
tween those components. This is a fundamental limitation
of system identification methods. However, that should
not affect the utility of the resulting model, aslong asitis _°°f
used to predict the behaviour of the system along the tra- 33‘0-4*
jectories similar to those used to generate the modelling s
samples. That is, the model will not be applied to regions
of the R¢ space where the relations between the compo- o 500 1000 1500
nents ofx[k] are much different from those found in the e
modelling trajectories of the system.

whereT; is the sampling period anelk] is the measure-
ment noise.

The values for the model constants were taken from
(Zhang, 1997) as

=1
Boaf

0.3

0.6

Fig. 3. Input and output data from the simulation.
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The first 750 samples were employed for modelling,  -28
and the remaining data for validation. The means of the -3 .
input and output signals were removed during the identi- ;| i
fication procedures. oal |
For the purpose of illustration, assume that it is de- w el |

sired to obtain a model of the form =

838 Wavelet (Validation) |

y[k} = f(y[k - 1]7y[k - 2]vu[k - 1}) + 6[/{} (31) —4r

Wavelet (Modelling)

. ) ) —4.2K . S 1
as proposed in (Zhang, 1997), whefeis a nonlinear wdmn)
—-4.4F 2

function to be estimated from the input-output data and Linear_Wavelet (Modelling)
elk] is the modelling residual. Notice that the input to the 46— ‘ ‘

25 30

5 10 15 20
model isx[k] = [y[k — 1] y[k — 2] u[k — 1]]", sod = 3. Number of regressors
Eat_:h element ok[#] is associated with a linear regressor, Fig. 4. Mean-square-error (logarithmic scale) for the linear-
asin (12). wavelet and wavelet models. The modelling and val-
The procedure described in Section 3 was employed idation results are represented by thin and thick lines,
to estimatef with a linear-wavelet structure. The mother respectively.

wavelet employed was generated from the Mexican hat

function in (8). . .
(8) linear-wavelet network yields a smaller mean-square error

Parametennu,, of Algorithm 1 (construction) was  than the wavelet network both in the modelling and vali-
adopted asmui, = —2. USiNg mmin = —1,—3 OF  dation sets. Conversely, it can be stated that, for a given
smaller led to worse approximation results. Steps 1 and 3gegree of the approximation accuracy, the linear-wavelet

resulted in 1907 wavelets, a number which was reducednetwork is more parsimonious than the wavelet network.
to 1042 by Step 4. Algorithm 2 (selection) was subse-

quently applied withx = 10~3. After carrying out prun- .
ing (Step S2) according to criterion (a), 703 wavelets re- 5. Experimental Example
mained. In this application, it was found that better results

were obtained if pruning criterion (b) was not used. The plant used in this case study is illustrated in Fig. 5. It

) o ) consists of a pressure vessel containing air and water. The
[For comparison, a similar construction process was air pressure is measured at the top of the vessel by means
carried out to build a wavelet network. In this case, o pressure transducer. A hydraulic pump is used to cre-
Step S4 in the selection algorithm was skipped and the 46 5 water flow that enters the vessel through an inlet pipe
vector of wavelet weightsw was obtained by least- 54 g0 decreases the air volume, thus increasing its pres-
squares regression from the vector of outputvalyemnd e For a given pump rotation speed the system reaches
the matrix of selected wavelet regressdfs an equilibrium point where no extra water enters the ves-
Figure 4 compares the linear-wavelet and the waveletsel. Furthermore, the direction of flow can be reversed
network models in terms of the mean-square-error of pre-so that the level decreases and so does the air pressure.
diction MSE defined for either the modelling or the val- The input signal, with a range of 0-10 V, is the voltage

idation set as applied to the power amplifier that drives the DC motor
which operates the hydraulic pump. The signals are sent
MSE(s) and acquired by a supervisory PC via a Profibus network.
LM ) The pressure signal ranges between 0 and 100 mBar. The
= MZ [y[k] — folylk — 1], y[k — 2], ulk — 1])} , sampling time used was 0.165 s.
k=1 Assume that the plant is to be modelled by the struc-

(32) ture defined in (25) and (26). Figure 6 presents the input
A u and outputy signals which were used to build and val-
where M is the number of data samples involved afid idate the model. As in the previous section, the means
is an estimate off thatwas generated usingregressors.  of the input and output signals were removed during the
For the wavelet network, each wavelet corresponds to aidentification procedures.

regressor (a column of matri¥ iq (14)). In the case of To choose parameters,, n,, 6 of the model input
the linear-wavelet network, the first three regressors are(ct, Eqn. (26)), a linear identification was initially carried
related to the linear part. out. Different linear models were identified with,, 7,

Figure 4 reveals that, for a given number of regres- varying between 1 and 10, and the delayarying be-
sors (which indicate the complexity of the model), the tween 0 and 9. Figure 7 presents the unexplained variance
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Fig. 5. Schematic diagram of the pilot plant.
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Fig. 6. Input-output data used for modelling and validation.
The quantities are shown as percentages of their max-
imum value (100 mBar for the output and 10V for the
input). The horizontal axis is the time in seconds.

in the modelling data as a function of the number of pa-
rametersn,+mn; inthe model (in each case, the best result
obtained with models of a given complexity are shown).
The choice indicated by the arrow, which corresponds to
ne =5, ny = 1, 6 = 0, was made to balance the accu-
racy and complexity of the model. In fact, for a number of

parameters greater than 6, the improvements in the model

accuracy are minor.

It should be pointed out that choosing the input struc-
ture (the elements ok[k] in (26)) to the linear-wavelet

network on the basis of a linear formulation, as described
above, is a heuristic procedure. In fact, the best choice(in modulus) and their respective standard errors.

% Unexplained of output variance

L

No. parameters

6
Fig. 7. Selecting the model order.

ing and testing different linear-wavelet networks (includ-
ing the construction and the regressor selection phases)
for each combination ofn,, n,, §, which might be
impractical.

After the inputs were selected, the procedure de-
scribed in Section 3 was employed to build the linear-
wavelet network. The mother wavelet employed was ob-
tained from the Mexican hat function and the parameters
adopted for Algorithms 1 (construction) and 2 (selection)
were the same as in the previous example. After the pre-
liminary pruning (Step S2 of the selection algorithm), 241
wavelets remained. In this case, the use of both the prun-
ing critera (a) and (b) was found to be necessary in order
to obtain the model with a good generalization ability.

Figure 8 presents the generalized cross-validation in-
dex (see Section 3.2) for the linear-wavelet network. The
arrows in the graph indicate two inflection points that
could be used as a criterion to select the best number of
wavelet regressors. For the sake of model parsimony, the
point (a), which corresponds to 53 wavelets, was selected.

The validation phase was carried out by using the
models to predict the process output in a recursive manner,
thatis, jlk] = f(glk—1],9[k—2],...,g[k—5], u[k—1]),
starting from the initial conditionsj[k] ylk], & =
1,...,5.

The results for the linear and linear-wavelet models
can be seen in Fig. 9. A comparison between the upper
and lower graphs reveals that the use of wavelets consid-

erably improved the prediction ability of the model.
Figure 10(a) presents the coefficients ¢ W1 s3]

It is

of inputs to a nonlinear model does not necessarily corre-worth noting that, even though the number of the esti-
spond to the best inputs to a linear model. However, op- mated coefficients is considerably large, the least-squares
timizing the inputs to the full model would involve build-  procedure was not ill-conditioned, since most coefficients
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Fig. 8. Generalized cross validation of the linear-wavelet net- Regressor

work. The arrows indicate two inflection points. ) o ) )
Fig. 10. (a) Coefficients of the linear-wavelet network in abso-

lute values (thick line) and respective standard errors
(thin line). The coefficients are plotted in the order the
regressors were selected. The first six coefficients cor-
respond to the linear regressors. (b) Absolute value of
the coefficients divided by their standard errors.

Linear Model

Output (%)

data was also presented. For illustration, the proposed

0 5 10 15 20 25 30 35 40 45 50 technigue was applied in a dynamic system identification
Linear-Wavelet Model framework

Results for the identification of a simulated fermen-
tation process revealed that the introduction of the linear
term in the wavelet network leads to a more parsimonious
model for a given accuracy level. Moreover, results in-
volving experimental data from a real pressure plant re-
vealed that the use of wavelets can indeed improve the

Time (s) prediction ability of a linear model. Those findings cor-
roborate the initial hypothesis that linear regressors might
Fig. 9. Validation results. The solid line is the model prediction be appropriate complements to wavelets and vice-versa.

and the dashed line is the measured output. A possibility not studied in the present work is the
use of the standard error of the model coefficient estimates

. . for the selection of wavelet regressors. This could be done
are at least twice as large as their standard errors (see

Fig. 10(b)). It could be argued that this is a result of the n a backward stepwise procedure, starting with a large
: : . . ; wavelet network and pruning those wavelets whose coef-

mechanism for collinearity avoidance employed in the se- . N )

; ficients were not significantly larger than zero, for a given
lection of wavelet regressors (see Remark 3.2). However, ) . S
o . . ) confidence level. This procedure would implicitly take
it is possible that a more parsimonious model could be . ; . .

. . . - into account collinearity problems, since the standard er-
obtained if the wavelets with a small coefficient/standard

AT - ror tends to increase with collinearity.
error ratio in Fig. 10b were eliminated and a new regres- ) ) ) .
sion performed with the remaining regressors. Work is being carried out on the use of linear-wavelet

networks for predictive control. At each step, the linear

term will be employed to generate an initial solution for
6. Conclusion the sequence of control movements. This solution will

then be used as the starting point for an optimization algo-
This paper proposed the combination of linear and waveletrithm that takes the whole model into account. Such warm
terms in a regression structure for nonlinear function ap- initialization of the optimizer may potentially save com-
proximation. A deterministic algorithm for constructing a putation time, allowing a better solution to be obtained
linear-wavelet network from a given set of input-output within a fixed time frame. It is worth noting that, in this

Output (%)
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&Y

application, it would be of interest to assign confidence Li K.C. (1986): Asymptotic optimality ofc; and generalized

limits for the model predictions (which could be derived
from the standard errors of the estimated coefficients), in
order to address robustness issues.
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Appendix — Hyperspherical Coordinates

The hyperspherical coordinatés, v1, o, . .
defined as

1 Yd—1) are

1 = TcCcos71, (Al)
k—1
Tp =7 Hsinvj cosvVg, k=2,....,d—1, (A2)

Jj=1
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d—1
. dzy dzy . O%a-2 9%a—1
Tg=r H sin~y;, (A3) ar or or  COSTd-1"5,
= dzq_ OZq_
wherer > 0, 0 < v < m k =1,2,...,d —2 and <1 . . .
—7 < y4-1 < w. Avolume element is expressed on these o o 5 s
. . . k Tq— Td—
variables as/y dr dvy; dys - - - dyg—1, with .J; defined as s Tas T e COSVa-1gy4,
7, = 0 (x1,2,23,...,24) — Ay (sin2 N1 + cos? ’Yd—l)
8(7"’71772’"'7’)%—1) B
dz1 dzy , O%Ta—z  OTaa
Oxy 9z .. OTa—2 Oma—1 Oxgq or or or or
or or or or or Oz dxp o Oxgq_o OTg_1
Oz dza . Oza—2 Oma [e27) o1 o1 071 Ov1
071 Ov1 071 071 o X . .
' ) ) ) ) dzy dzy . Omas OTga
Oz dzy ., Oza—z Oza Ozq 0Vda—2  O0Vd-2 0Yd—2  O0Yd-2
0Yd—2 O0Vd-2 0Yd—2 O0vi-2 OYa—2
Oz, Oxo . Orq_2 OTgq_1 Oxg - Ade—la (A7)
Ova—1 Ovd_1 0vYd—1  O0vd-1  Ovd—1
sincexy, x2, ... Tq—1 are represented in hyperspherical
ox ox 0xq_» 0xgq—1 Ox . K
S G e =5t T T coordinates byr, vy, ... 74—2. Then, it can be seen that
. dwy .. Oma s Or4_1 Oz Jqg = AqAq—1--- AzJa, Wwhere Jo = r (because an el-
o O m om Im ement of area in polar coordinates is given tbyr dv,).
= o : : ) Finally, by applying the expression fot,; given by (A5),
dxy  _dzy . Oma s dxa_1 dxy it follows that
0Yd—2 O0vd-2 0Yd—2 0vd—2 0vd—2
0 0 --- 0 —Agsinyg_1 Agcosvyg_1 g1 d—2 ) dj1
Ja=r H (sin~y;) .
(A4) j=1
where
d—2
Ag=r H sin ;. (AS) Received: 3 February 2003
Jj=1 Revised: 14 January 2004

Define a new variablez;_1 as z4-1 =
d—2 . _
Tszl siny; sothatry_1 = (cosyg—1) Zs—1 andz,
(sinyg4—1) Tq4—1. It follows that

oz Ozy ., Oza—2 OTg_1 _: OTq_1

or or or COS Ya—1 or S Yd—1 or
Oz Oxy . Oza—» OTg_1 _: O0Tq_1

O0v1 Ov1 o1 COS Yd—1 o SH1 Yd—1 o

J= . . . .

Oz Ozy . Oza—» OTg_1 _: O0Tq_1
0va—2 Ovd—2 Ovd—2 COS7d—1 0vd—2 SIL7Yd—1 0Yd—2

0 0 R 0 7Ad sin Yd—1 Ad COS Vd—1

(A6)

Applying the minors rule to the last line of the above
determinant, it can be evaluated as

Ja = (—1)% (~Agsin_1)

dx1 dxo . Oxgq_2 . OTq_1

or or or S 7Yd—1 or
dzy dxo . Oxq_2 - OTq—1

% | om oy, SMYd-175,,
Ox1 dxo . Oxqg_o - OTq_1
Ovd—2  Ova-—2 Tva_s  OMVd-135,7,

+(—1)*(Agcosv4-1)



