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This paper considers the problem of robust reconstruction of simultaneous actuator and sensor faults for a class of uncertain
Takagi—Sugeno nonlinear systems with unmeasurable premise variables. The proposed fault reconstruction and estimation
design method with H . performance is used to reconstruct both actuator and sensor faults when the latter are transformed
into pseudo-actuator faults by introducing a simple filter. The main contribution is to develop a sliding mode observer
(SMO) with two discontinuous terms to solve the problem of simultaneous faults. Sufficient stability conditions in terms
linear matrix inequalities are achieved to guarantee the stability of the state estimation error. The observer gains are obtained
by solving a convex multiobjective optimization problem. Simulation examples are given to illustrate the performance of

the proposed observer.
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1. Introduction

Fault reconstruction and estimation design can determine
the size, location and dynamic behavior of a fault. It
is becoming a powerful alternative to the residual fault
detection approach. Indeed, it is considered a major
problem in modern control theory that has received a
considerable amount of attention during the past few
years. Especially, thanks to its robustness, some research
has exploited the SMO as the best solution to solve the
robust fault reconstruction and estimation problem. Up
to now, this application has been discussed extensively
for both linear and Lipschitz nonlinear systems. In
the context of actuator fault estimation, constructing a
diagnosis model in order to reconstruct faults is not
possible if sensor faults occur simultaneously. The
same difficulty is present when trying to estimate sensor
faults. Several design methods have been developed in a
precise and effective way when actuator and sensor fault
reconstruction is divided into two steps:

e If actuator fault reconstruction is considered, fault
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estimation is possible without sensor faults (Edwards
et al., 2000; Ng et al., 2007; Tan and Edwards,
2003b; Dhahri et al., 2012; Raoufi et al., 2010;
Xing-Gang and Edwards, 2007a).

e If sensor fault estimation is considered, fault
reconstruction is solved without considering actuator
faults (Tan and Edwards, 2002; Alwi et al., 2009;
Xing-Gang and Edwards, 2007b).

Nevertheless, in practical systems, it is often the case
when actuator and sensor fault occur simultaneously. In
this framework, reconstruction of simultaneous faults is
highly important. So far, only the work of Tan and
Edwards (2003a) has addressed the fault reconstruction
and estimation problem in a simultaneous actuator and
sensor fault scenario. It is worth pointing out that the
previous work referred to above considers only certain
linear systems. This paper deals with the problem of fault
reconstruction and estimation with simultaneous actuator
and sensor faults.

The actual physical systems are often more complex
and nonlinear. Due to their excellent ability of nonlinear
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system description, very interesting approaches have
represented these systems in the Takagi—Sugeno (T-S)
form. T-S models have been introduced by Takagi and
Sugeno (1985). Roughly speaking, the feature is to
understand the overall system behavior by a set of local
linear models. Each local model represents the system’s
operation in a particular area. The local models are then
aggregated using an interpolation mechanism by premise
variables satisfying the convex sum property.

Taking the T-S representation, several attempts have
been oriented to the diagnosis of nonlinear systems (e.g.,
Ichalal et al., 2010; 2012; Gao et al., 2010; Zhao et al.,
2009; Asemani and Majd, 2013; Mechmeche et al., 2012;
Bouattour et al., 2011). Special attention has already
been paid to the application of SMO design to fault
reconstruction and estimation schemes for T-S systems
subject to actuator and sensor faults (Akhenak ez al., 2007,
2008; Xu et al., 2012). The authors assume that the
premise variables are measurable so that they depend on
the inputs or the measurement outputs. This requires the
development of two different T-S representations of the
same system, depending on the reconstruction of sensor or
actuator faults. More recently, to overcome this problem,
Ichalal ef al. (2009a; 2009b), Hamdi et al. (2012) and
Ghorbel er al. (2012) have supposed that the premise
variables depend on a state variable. This implies that
these variables are unmeasurable.

In this paper, we will extend the method of fault
diagnosis based on H., optimization, developed for
Lipschitz nonlinear systems by Dhahri et al. (2012),
in order to achieve reconstruction of simultaneous
actuator and sensor faults for a T-S system subject
to disturbances. It should be noticed that the T-S
system is with unmeasurable premise variables which
satisfy the Lipschitz constraints. By considering the
sensor faults vector as “fictitious” actuator faults, an
augmented T-S system is introduced. The main
contribution is to construct H,, T-S SMO with the
generation of two equivalent injection measurement
signals to solve the problem of simultaneous faults in
actuators and sensors. In this study, we use an LMI
optimization approach in which the admissible Lipschitz
constant and the disturbance attenuation level are
maximized simultaneously through convex multiobjective
optimization.

The outline of this paper is as follows. In Section 2,
we describe an uncertain T-S system with unmeasurable
premise variables in a simultaneous actuator and sensor
faults scenario. In Section 3, we propose an H,, T-S
sliding mode observer design with two discontinuous
terms. The stability conditions of the T-S observer
are studied via Lyapunov theories and LMI convex
multiobjective optimization. Section 4 is devoted to
reconstruction of simultaneous actuator and sensor faults.
Two simulation examples are described in Section 5,

illustrating the effectiveness of the proposed method.
Finally, Section 6 presents some concluding remarks.

Notation. || A|| denotes the Euclidean norm. The symbol
I,, illustrates an n-th order identity matrix. RT and C
represent the set of nonnegative real numbers and the
complex plane, respectively.

2. Problem statement

2.1. Uncertain T-S system description. Consider
an uncertain T-S system with unmeasurable premise
variables affected both by actuator and sensor faults as
follows:

k
i) = 3 pale(){Asa(t) + Buu(t) + Mifu(t)
=1

+ Di&(x,u,t)}, (1)
y(t) = Ca(t) + N fs(t), 2

where k represents the number of sub-models, z(t) €
R™ is the state vector, u(t) € R™ is the vector of
control inputs and y(t) € RP denotes the output vector.
fa(t) — RY and fs(t) — R" represent the behaviors
of actuator and sensor faults, respectively, which are
assumed unknown but bounded by some known constants
as [faOl < por 1O < po E@ut) : R x
R™ x Rt +— R! models the uncertainties and external
disturbances. A; € R"*"™, B, € R*»*™ M, € R"*49,
D, € R"*l C € RP*™ and N € RP*" are known real
matrices with appropriate dimensions. We also assume
that the matrices C' and N have full row and column
ranks, respectively. Here 11; (x(t)) represent unmeasurable
premise variables on the T-S system which satisfy the
properties of the sum convex

k
S pila() =1,
i=1

0 < pie(t) <1,

3)
Vie{l,...,k}.

In order to transform the sensor faults to fictitious
actuator faults affecting the system states, initially we
assume that there exists an orthogonal matrix T € RP*P,
obtained by the QR transformation of the sensor fault
matrix /N, such that

_ [ () = Cra(t),
Try(t) := { 32@) = Cyx(t) + Ny fs(t), @

where 32(t) € R" and N; € R"** is a nonsingular
matrix.

Now define w(t) € R” as a filtered version of the
potentially faulty sensor signals ya(t),

w(t) = —Apw(t) + Asya(t) (5)
= —Arw(t) + ApCox(t) + Ar N1 fs(t),
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where —A; € R"*" is a stable filter matrix.

From the preceding equations, an augmented
uncertain T-S system of order (n + h) can be obtained:

E@= ém(x(t)){ [ A’;liCZ _Zf] B((?)]
X As x(t)
+ o] wor+ [ o

+ [AfONl ]fs(t) - [%} f(x,uvt)}v
~—— —~

i

yi(t)| _|Cr O [z(t) 7
w(t) 0 Ip| |w(®)|"
—— ———

z(t) ¢ x(t)
The T-S system (6)—(7) with unmeasurable premise
variables can be reduced to a T-S system with measurable
premise variables as

(6)

o

M

k
208 = 30 m&O){ Acx(t) + Bu(t)

+ Di(x; u, t) + (X, X)
+ Maifal®) + Mof(0) ], ®)
z(t) = Cx(1), 9)
such that

k
60 %) = (i) = (RO Aix(®)+Bu(t)

i=1

+ Ma,ifa(t) + Msfs(t) + ,le(X» Uu, t)}v
where x(t) denote the estimated augmented states, 4; €
R(n+h)><(n+h), B; € R(n+h)><m’ Mo € R(n+h)><q’
M, € RHmxh D e ROHMXLand ¢ € RPX (1) gre
the matrices defined for the i-th model, Vi € {1,..., k},
wheren+h >p > g+ h.

2.2. Existence assumptions. Each local model for the
T=S system (8)—(9) must satisfy the following conditions:

Condition C1:
rank(C [Mg,; M,]) =q+ h. (10)

Condition C2:

51n+h_-Ai Ma,i M
C 0 0

=n+ h+rank [M, ;M], (11)

rank

Vs € C such that 93(s) > 0.

Condition C3: ¢(x, X) satisfies the Lipschitz constraint
(Ichalal et al., 2010),

o0 I < v lix =Xl (12)

where v > 0 is a known scalar called the Lipschitz
constant.

Conditions C1 and C2 express the observability
properties for each local model of the T-S system (8)—(9).
These conditions must be satisfied for each vertex of the
original uncertain T-S system (1)—(2).

Furthermore, from (6)—(7), it is easy to see that

C1 M; 0

Vie{l,...,k}. (13)

Premultiplying C[M,; M| in (13) with a
nonsingular matrix

we obtain

{ CiM; 0

0 Nl},we{l,...,k}. (14)

It follows that, Vi € {1, ..., k},
rank(C [Mg,; M,]) =rank(CyM;)+rank(Ny). (15)

Since N; € R"*" has full rank, Condition C1 will be
satisfied if and only if

rank [C1 M) =¢q, Vie{l,...,k}. (16)

The matrix in (16) has p — h rows and ¢ columns. Hence,
since by assumption p > ¢ + h, Condition C1 is fulfilled
for each vertex of system (8)—(9) if (16) is satisfied.

In addition, after expressing (11) in terms of the
partitioned matrices in (6)—(7), it follows that, Vi €

{1,...,k},
SIn - Ai Ml‘ 0
rank | —ArCo 0 AN
Ch 0 0

=n+q+h (17)

Pre-multiplying the matrix in (17) by the following
nonsingular matrix:

I, 0 0
H T(il] 0 0 I |, (8
R 0 Ayt 0

we have, Vi € {1,...,k},

rank{ c N]—n—f—q—l—h. (19)
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Since N has full rank, we obtain, Vi € {1,...,k},

SIn — Ai Ml‘

rank { C 0

} =n+rank(M;),  (20)

which must be satisfied for the original T-S system
(1)—(2), Vs € C such that R(s) > 0.

The following section presents a T-S sliding mode
observer design with two discontinuous terms intended
to the reconstruction of simultaneous actuator and sensor
faults for the uncertain T-S system (8)—(9).

3. H, T-S sliding mode observer design

3.1. Observer structure. The proposed sliding mode
observer design with two discontinuous terms has the
following T-S structure:

k
£00) = 30w AR (W) + Bau(t) + G e (1)

+ gn,ivati (t) + gn,ivs,i(t)}a

(2D
2(t) = Cx(1), (22)
where e, (t) := z(t) — Z(t) represents the output error

estimation.
Assuming that, Vi € {1,...,k}, G,; have the
following structure:

=L oo
Gni = [Ip ] sy, (23)

where L; = [Ll,i 0] , together with the design matrices
Ly,; € ROvHh=p)x(p=a=h) will be determined later.

Here v, ;(t) and v, ;(¢) are nonlinear discontinuous
terms, which compensate f,(t) and f4(t), respectively,
defined by

————  if e, (t 0
Ua,i(t) = 77a,z| ez(t)|| 1 ez( ) 7& ) (24)
0 otherwise,
e.(t) .
S, f z t O,
V,i(t) = Ns,i e- (0] if e, (t) # (25)
0 otherwise.

Here 7,; and 7,; must be bounded as 7,; >
ICaM 2.l pa + Ma0,s and ns; > ||CaM 2|l ps + 1s0,is
respectively, Vi € {1,...,k}. Ca, My2,; and Mo will
be described formally later, Vi € {1,...,k}.

Under Condition CI1, there exists a linear
change of coordinates such that the matrices

(Ai, [Ma}i MS] ,Di,C) yield, Vi € {1, cee k},

AL Az
A = A3z A4,J ’
[0 0
[MaiMs] = Maz,i MSJ ’
D1
Di - :Z)27;| Y
c=[0 C |, (26)

where -Al,i S R("+h_p)x(n+h_p), Mazyi e RP*4,
Mg € RP*h Dy € ROVFR=P)IXUand €y € RPXP is
nonsingular.

‘We also assume that

o -A31,z'
AB,z - _A32,i:| )
[0
Ma?,i - M 0 :| ’ (27)
: 0
M32 = M 0:| ’

with Az ; € Re—a=h)x(nth=p) Aq o c Ra+h)xq
and Mo € ROTM)*" having full rank, Vi € {1,...,k}.

Remark 1. Condition C2 implies that the invariant zeros
for each vertex of the T-S system (8)—(9) are given, Vi €
{1,...,k}, by the system triple (A;,[M,,;, M,],C).
By construction, (A;,;,.A31,;) must be detectable and
the system zeros are actually the unobservable modes of
(Aj i, Ag1,;) which must lie in C™ Vi € {1,...,k}.

Define e(t) := x(t) — x(t) as the state estimation
error. From (8)—(9) and (21)-(22), the dynamics of state
estimation error is given by the equation

k
é(t) = 3 m(K(O){ Avie(t) + 6(x. ©)

+ sz(X» uv t) + Maﬂ‘fa (t) - g’ﬂ,iva:i (t)
+ Msfs (t) _gn,ivs,i(t)}a

(28)

where -Al,i = .Az — gl,iC.

In order to identify the sliding motion, it is required
to apply a further change of coordinates according to

Inynp L; } . (29)

TL::[ 0 G

Then, in the new coordinates system, it is
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AL, = [ Apii Aps
t | Az Arai |
[0 0
Mo iMsp| = )
MaziMsc] Mar2,i MSLQ]
[Drai |
Dy, = il 30
L, Dy | (30)

0
Gnpi = c{:[l :
p

Giri,i |
Gin,i = [ “

Gir2,i |

such that Arq ; = Ay ; + L; Az ; must be stable, Aps; =
CoAsi, Mara,i = CaMaz, Mgre = CaMsa, Dro, =
CoDy;and Gy, ;s = Apa; —As i. As,; are stable matrices.

It can be easily verified that, in the coordinate
system (30), the state estimation error dynamics can be
partitioned as

k

e1(t) = D mi(R()] (AvitLids Der (1)

+ (D1,i+Da2,i)E (X us 1)
ey L1060 -

€29

k
() = D mal(e) { et

+ Ca(As ie1(t)+¢2(x; X)) (32)
+ CQMaQ,ifa(t) +C2M52f8 (t)

- Ua,i(t) _Us,i(t) +62D2,i£(X7 u, t) } .

The objective of this paper is to present a robust
sliding mode observer with two discontinuous terms for
estimating both actuator and sensor faults, as well as
the T-S system states. It will be shown that sufficient
conditions for the stability with H., performances of
the observer error (31)—(32) are established by using
Lyapunov stability and LMISs.

3.2. Stability of the sliding motion. Let
er(t
g(t)zH[ o ] (33)
stand for the controlled output error estimation system,

where H is a full rank design matrix having the following
structure:

| H 0
H._[O H2]. (34)
The purpose is to design the observer parameters L;,
Vi € {1,...,K}, where the observer error dynamics

are asymptotically stable with an achieved disturbance
attenuation level ¢. Hence, the following specified Ho
norm upper bound is guaranteed:

lglZ < <2 |i¢)i?. (35)

The following theorem provides sufficient conditions
to ensure the desired properties of stability. It is based on
the results of Dhabhri et al. (2012).

Theorem 1.  The state estimation error is asymptot-
ically stable with simultaneously maximized admissible
Lipschitz constant v* and minimized gain <*, if there exist
fixed scalars 0 < A <1, > 0,0 > 0and o > 0, and
matrices Py > 0, P, > 0, W; and L;, such that the fol-
lowing LMI convex multiobjective optimization problem
has a solution:

min [Aa +¢€) + (1 — A\)6]

subject to
(11,4 AgiCzTPz PiDy; + WDy Py
(%) V22,i P Dy 0
(%) (%) —01; 0
(*) (*) (*) —elnynp
(*) (*) (*) (*)
(*) (*) (*) (%)
L (%) (*) (*) (%)
(36)
0 Iy, 0]
Py 0 I,
0 0 0
0 0 0 <0,
—el, 0 0
(x)  —alpih—p 0
() () -al,

where Y11, = Al P + PAy; + WiAs; + AL Wi +
H{ Hy, 922 ALiPy + P Asi + HI Hy, Vi €
{1,...,K}.

Once the convex multiobjective problem is solved,

¢* = min(s) = V0,
e* = min(e),
o = min(a),
*=max(y) = ——t
! PP Ve

&(t) = { ex(t) ] . (37)
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Then we have

Zm

+ DL,if()ﬁ u,t) + Marifa(t)
+ MsL,fs (t) - gnL,iUs,i (t)}a

>{-AO ()T X)

— GnL,iVa,i(t)

(38)

where

Agi =

)

[ A+ LiAz; 0 ]

CoAs; Asi |-

The proof of this theorem proceeds by using the
following quadratic Lyapunov function:

V(e®l) = el (t)Pe(t), P=PT >0, (39
where
[P0
Sl

P, € ROvth=p)x(nth=p) = p, c RPXP_ (40)

The time derivative of V' (é(t)) along the system
trajectories is

Zﬂz {e

+ 28 () P(Td(x, X) +Dr i€ (x, ust)  (41)
+ Mar,ifa(t) — Gnr,iva,i(t)
+ M fs(t) — gnL,ivs,i(t))}~
For actuator faults, from (24) and (30) it follows that
ETA)PMar,ifa(t) — €T () PGrr iva,i(t)

~¢ <t>< o B, 50

B o)

AO P+PAy;)EN )

= ez(t)PQCQMQQ,ifa (t) — ez(t)PQ'Ua,i(t) (42)
< [[BoeZ 0| (NesMazall a0
o ex(t)
"o o)
< || P2el (1) || (IC2Maz,ill pa — 1a.i)
<—||P2eX (t)|| a0,i < 0.

In the same way, for sensor faults, from (25) and (30)
it follows that
éT(t)P(M

sts (t) - gnL,ivs,i(t)

< —||Poel(t)|| nsoi < 0. (43)

Applying the inequality
1
2XTy < gXTX + YTy, (44)

valid for any scalars € > 0, and using the Lipschitz
constraint in Condition C3, the following inequalities are
satisfied:

26T () PTLé(x, X)

< S WP) + 6" (x

1
= Z&"(OP*e(t) + < TLo (v X 45)

1. - 2 ~ 2
geT(t)Pze(t) + el T2l

1

< e (P + ey e,

IN

where ¥ = || T 7.
Substituting (42)—(43) and (45) into (41) yields

V(e(t))

k
Z { t)(AL, PP Ay ;
im1 (46)
+ EP2+5'~72)é(t)
—+ 2éT(t)PDL,l£(X7u7t)}
Now define
s T
J(t) _V(Qe(;))ng ()g(t) @7
—q g (Xau;t)f(X u t)

We have
k
0 < 3RO (A5,
+PAoi + EP2+5&2 + HTH) (48)

é(t)+2eT(t)PDy €(x, u, t)
- §2£T (Xv u, t)g(Xv u, t)}

Define the new variable

1
= 5_'3/2 (49)
We get
1
y=—, 0:=¢2
Y ok S

Maximization of 4 guarantees the stability of the
T-S system for any Lipschitz nonlinear function with
a Lipschitz constant less than or equal to an unknown
constant 4*. Maximization of 4 and minimization of 6
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can be accomplished by simultaneous minimization of -,
¢ and 6. This leads to a multiobjective optimization.
Therefore, we have

J(t)

fj ) {eT AT, P

+ PA077;—|—EP2+0671 + HTH)é(t)
+2&"(t)PDy i£(x, u, t)
— 667 (x, u, )Gy, 1)

pi(X(1))

T(t)([A AAT LT Al Tc7] [pl 0}
A 0 P

P 0 A1,¢+L1A3,i 0
0 P CoAs; As.i

P2 0 Lsn_p O
-1 11 —1{n+h—p
+e€ {O Pg}—i-a [ 0 Ip]

+F§ EZ]T[% Igj)é(t)+2éT(t)

B OP B2 g

I
-
—_—
™

K3

X

_|_

0 P CoDs s
- OET (Xv u, t)g(Xv u, t)}

k , T oT
=m0 o, e

1\ [P1D1,i+P1L; Do
+2¢0) [ P,CyDsy

- GgT(Xa U, t)f(Xa U, t)}a

’i]ﬁ(x,%t)

(50)
where

Q1,i=(A1; + LiAs )" P+ Pi(Ay; + LiAs )
+e P2t a Ly, + HE Hy,
Q2 =AL,Pi+ PiAs i+ 'P} + o ', + Hy Hs.

Thus, we obtain

a) 1" er(t)
Jt) < | el(t) Q| e |, 6D
E(x,u,t) £(x,u,t)
with

Q1. AgT,ngPQ PiDyi+P1LiDs;
Q= (%) Q2,i PyDo; . (52
(*) (*) —01

If Q < 0, then J(t) < 0 along the system
trajectories. The system of the state estimation error
(31)—(32) is asymptotically stable with the attenuation
level 6 and the admissible Lipschitz constant 7*.

Integrating the expression in (47) from 0 to oo, we
have

V(&(c0)) — V(E(0) + llgll; — 0 1€l 0. (53)

Together with the zero initial condition e;(0) =
e-(0) = 0, we have

V(€(0))=0,
V(é(c0))=eT (o) Pre1(o0) + €X' (c0) Pre,(c0) > 0.
(54
Therefore,
lglls < oli€ll3 - (55)

Notice that 2 < 0 is nonlinear because of the product
P, L;. This problem can be solved by using the changes
of variables W; = P;L;. Thus, applying the Schur
complement, the inequality (36) can be obtained.

In addition, it is reported that the designation (x)
in (36) satisfies the symmetric property of the LMIs
technique. |

4. Reconstruction of simultaneous actuator
and sensor faults

A clear distinction of this paper is the proposed H,
sliding mode observer with two discontinuous terms,
especially designed for reconstruction of simultaneous
faults for a T-S system subject to disturbances. Thus, we
are looking forward to generate two equivalent injection
measurement signals where each one is designed to
compensate a particular fault’s class, actuator or sensor.

If all the conditions of the preceding theorem are
satisfied and the LMI convex multiobjective optimization
is solved, then

lgllz < 0 I€ll5- (56)

Consequently, the error dynamics of e, (¢) in sliding
motion is given by

O_Z“Z

+Dz 480G ust) (57)
+Ma21fa( ) leaz(t)

+ Mo fo(t) — Cy Uw(t)}

This is equivalent to

k
0= Z i (X (t)
i=1

_62_17161 i(t) + Maafs(t) —

0){ As.ie1 (6200 %)

W00, t) + Maz,ifult)
(58)

Gy vnilt)}.
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Where\:[j Xvu t) A3,iel(t)+¢2(Xa)A()—’—IDQJ{(Xvuat)'

Using the Lipschitz constraint (12), ¥(x,u,t) is
bounded as follows:

HlI/(Xauat)HQ
<Az +v)er@)lly + D26 00w, D), (59)
< (A +7)e@)l, + D28 (x; u, )l -

Since [|é(t) ||, < ||[H~ 1|| llg(t)|l5, it follows that
WO u, t)][,< €, (60)
where € = (|| (As,; + V) H |, + [D2ill) 160w, )] -

Therefore, approximately, for some small €*

- o] o[, a(t)
= (v a 1| Yaeq,i
O—;Mz(X(t)){[Man ]|:f5(t):| CQ [Useq,i(t)]}7
(61)
where the equivalent injection measurement signals are

e:(t) .
a,i g f zt O,
vy i) =4 Mol +s 1@ 6
0 otherwise,
e-(t) .
si———— if e,(t) #0,
vay i) =4 M@l 1WA (6
0 otherwise,

with § used to obtain a continuous sliding gain capable of
estimating both actuator and sensor faults that jointly exist
during the T-S system’s operation.

Consequently, simultaneous actuator and sensor
faults estimation for the T-S system is given by

k

fult) = D7 mi(R() Mk 5 va, (), (64)
=1
Z“Z ) MEHCs s,,(t), (65)

where /\/la2 ; and M, represent the pseudo-inverses of
Mz,; and Msg, respectlvely.

5. Illustrative examples

The proposed design of robust fault reconstruction and
estimation is illustrated with two simulation examples.

5.1. Illustrative example 1. Firstly, let us consider an
academic T-S system taken from the work of Ichalal et al.

(2009a) with the structure of (1)-(2) and the following
matrices:

-2 1 1 1
A=|1 -3 0], Bi=1|5],
2 1 -8 0.5
(6 (1
M, = (3], D, = |1|,
1 1
-3 2 -2 [3
Ay=1|5 =3 0], By=1|1],
1 2 —4 -7
7 (1
M, = |5], Dy = |1|,
2 1
111 5
C__1o1’ N=]-

The parameters are

1 — tanh(z4 (t))

p(aft)) = L)
pafa(t)) = 2O g ey,

5.1.1. T-S sliding mode observer design. A suitable
choice of the matrix T from (4) can be shown to be

7 _ [F044 —0.89
R= 1089 —0.44

where we have Ny = —6.70, C; = [0.44 —0.44 0.44 |
and Cy = [0.78 —0.19 0.78}. The filter matrix Ay
from (5) is chosen as Ay = 1. Hence, the design T-S
system (6)—(7) can be obtained.

It was found that rank(C1M;) = ¢ = 1, so that
Condition C1 is fulfilled. In addition, we also assume
that Condition C2 is satisfied. Therefore, the proposed
observer design (21)—(22) exists for the uncertain T-S
system (8)—(9).

The aim of the following study is to simulate states
by the proposed H, T-S sliding mode observer, and then
estimate the actuator and sensor faults in the simultaneous
scenario. We assume that

Hy =50,
Hy = 210,

As i = Ay = diag {—2, -3},
A =0.99.

The T-S sliding mode observer is designed by using
the Matlab LMI toolbox. Once the convex multiobjective
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problem is solved, we get

1 = 5.96,
£ = 5.55,
a* = 5.52,
~* =0.99,

154 —0.18 1.87 0.01
Pl_{—0.18 2.60 ] PQ_[o.m 1.27]'

For a given Lipschitz constant in the uncertain T-S
system v = 0.65 and the maximum admissible Lipschitz
v* = 0.99 > ~, the maximization of + guarantees the

stability of the error for any Lipschitz nonlinear function.
The T-S siding mode observer gains are

[2.23 —2.37

G . _ | 167 025

L7 1503 6547
—6.75  4.65

G _ P35 167 055 q’

w25 118 —1.44 1)
[—0.39  0.81

G, | 47T —139

b2 12,07 088
—2.54  0.73

G, _[115 082 032 q’

™27 024 0.83 045 1

5.1.2.  Reconstruction of simultaneous faults. In
the corresponding simulations, we assume that zy =
[0.1,0.2,0.1], 74 = Ma = 25, sy = ns = 35,
0 = 0.001, and the scenario with simultaneous actuator
and sensor faults starting at ¢ = 7's. The simulation was
carried out with the input signal u(t) = 0.5sin(¢) and
uncertainty &(x, u,t) = 0.1sin(0.2t).

Premise variables
T T

1y (1)
===,

NPT T T T T T s e T )

i i i i
0 5 10 15 20 25
Times(s)

Fig. 1. Premise variables.

Actual and estimated state x1
0.4 T T

T

N —= ]

03l : : stimate
.

0.2

0.1

State x1

Time(s)

Fig. 2. Trajectories of state z1 (¢) and its estimate &1 (¢).

Actual and estimated state x2
0.6 T T T T

Actual
= = = Estimated

-

State x2

i i i i
5 10 15 20 25
Time(s)

Fig. 3. Trajectories of state x2 (t) and its estimate &2 (¢).

Actual and estimated state x3
0.5 T T T T

Actual
- - - Estimated| |

0.4r

0.3

0.2

0.1

State x3

i i i i
5 10 15 20 25
Time(s)

Fig. 4. Trajectories of state x3 (¢) and its estimate &3 (¢).

Figure 1 describes the behaviors of the premise
variables such that 0 < pq (2(¢)) < 1,0 < pg (2(f)) <1
and 1 (2(t))+pe2 (z(t)) = 1 along the system trajectories.

Figures 2—4 show the states x4 (t), z2 (t) and 3 (¢)
plotted for comparison against the estimated values &1 (¢),

-



A. Ben Brahim et al.

ames &

Actuator and sensor faults reconstruction
T T

actuator fault
= = = estimated fault

0.6

sensor fault
= — = estimated fault

0.4

0.2

-0.2
0

Fig. 5. Reconstruction of simultaneous actuator and sensor
faults.

Zo (t) and Z3 (t), respectively. It can be seen that the
estimated states can converge towards the original states.

In order to see the effectiveness of the proposed fault
reconstruction and estimation design for T-S system with
unmeasurable premise variables, Fig. 5 shows that the
T-S sliding mode observer faithfully reconstructs faults
simultaneously occurring in the actuator and sensor in
spite of the presence of uncertainties.

5.2. Illustrative example 2. In this example, an
application of the proposed reconstruction design for
simultaneous actuator and sensor faults is illustrated by
the nonlinear model of a single link flexible joint robot
arm, taken from the work of Ichalal ef al. (2010), whose
model is defined by

ém = Wm,

Om= 7= (00 = ) — F2wm + e (ult) = fa(b)),
9[ = Wi,

W = 20 — Om) — 2 sin(6)),

where 0,,, and w,, are the position and angular velocity
of the DC motor, respectively, §; and w; represent the
position and angular velocity of the link. The DC motor
is excited with u(¢t) = sin(t). We choose ©1 = 6,,,
Ty = W, 3 = 0, and 4 = w;.

The flexible joint robot arm system is described in
the nonlinear form as

{i(t)zAx (t)+Bu(t)+(x, u, t)+M fo () +DE(x, u, t),
y(t)=Ca(t)+N fs(t),

with the matrices

0 1 0 O

A —48.64 —1.25 48.64 0
0 0 0 1]’

1.95 0 —-1.95 0

0
B M~— 21.62 ,
0
0
(1000
c=1o 100/,
0011
[ 0
F(o,u,t) = 21.6§u(t)
|—3.33 sin(x3(t))

The variable f,(t) denotes the signal of the actuator
faults. The potentially faulty sensor signal, which affects
the first output system, is fs(t), with N = [1 0 O]T.
I'(z,u,t) encapsulates the nonlinearities present in the
D-C motor.

As described by Ichalal et al. (2010), the flexible
joint robot arm system can be formulated in the T-S
representation (1)—(2), where & = 2, with the system
matrices

0 1 0 0 0
—48.64 —1.24 48.64 0 21.62
A=l 0 o 1| P=lo |
| 1.95 0 —22.83 0 | | 0]
[0 1 0 0] [0 ]
—48.64 —1.24 4864 O 21.62
=1 0 o 1| P
| 1.95 0 —18.77 0 | | 0]
The parameters (; (x(t)) are given by
9(t) 4+ 0.21
t) = ———7—
i (a(t)) = "2
1—9(t)
t) = ——
palat) = 1
where

sin(zs (t))
z3(t)

The matrices T'r and Ay are chosen respectively as

0(t) =

0
Tr = |0
1

o = O

1
0
0

and Ay = 1. Hence, the designed TS system (6)—(7) can
be obtained.

It was found that Conditions C1 and C2 are satisfied.
Therefore, the T-S observer design (21)—(22) exists due to
the TS system (8)—(9).

After solving the optimization problem with LMI
technique, for a given Lipschitz constant in the T-S
system v = 0.33 and the maximum admissible Lipschitz
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v* = 0.96 > =, the obtained observer matrices are given
by

0 1 0 0 1 0
0.07 1.75 0 0 1.75 0
Gi=1] 1 0 0, G2 =11 0 0f,
-199 0 O 2 0 0
0 0 3 0 0 3
00010]"
gn,l = gn,2 =0 1000
0000O01
Premise variables
L R )
- ==,
————— 1y O+,

0 5 10 15 20 25 30 35 40 45 50
Fig. 6. Premise variables.

Actual and estimated state x1

e T T T T T T T Actual
= = = Estimated

i i i i i i i i i
0 5 10 15 20 25 30 35 40 45 50
Time(s)

Fig. 7. Trajectories of state x1 (¢) and its estimate &1 (t).

Figure 6 describes the behaviors of the premise
variables, such that they satisfy the properties of the sum
convex.

From the following simulation results, cf. Figs. 711,
it clearly appears that the proposed robust fault
reconstruction and estimation method is effective in
estimating simultaneously the actuator/sensor faults and
states for the T-S system with unmeasurable premise
variables subject to uncertainties.

Actual and estimated state x2
T T T

i i i i i i i i i
0 5 10 15 20 25 30 35 40 45 50
Time(s)

Fig. 8. Trajectories of state x2 (t) and its estimate &2 (¢).

Actual and estimated state x3
T T T

0.1

Actual
0.08 — — - Estimated

0.06

0.04

-0.02
—0.04
-0.06

-0.08

-0.1 i i i i ; ; i ; ;
0 5 10 15 20 25 30 35 40 45 50
Time(s)

Fig. 9. Trajectories of state x3 (t) and its estimate &3 (¢).

Actual and estimated state x4
T T T

T T T T T T
Actual
0.2 = = = Estimated [

i i i i i i i i i
o 5 10 15 20 25 30 35 40 45 50
Time(s)

Fig. 10. Trajectories of state x4 (¢) and its estimate &4 (t).

6. Conclusion

This paper presented a robust H, fault reconstruction and
estimation scheme for a T-S system with unmeasurable
premise variables subject both to actuator/sensor faults
and disturbances. An augmented system was constructed
by assuming the sensor faults to be auxiliary actuator
faults. Hence, the proposed T-S sliding mode observer
with two discontinuous terms was constructed through
the search for suitable Lyapunov matrices in order to
decouple simultaneous faults. The LMIs conditions were
formulated by using convex multiobjective optimization
techniques for maximizing simultaneously the admissible

O -

Actual
= = = Estimated
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Actuator fault

— — — Estimated fault

1 L i L il i L i i |
0 5 10 15 20 25 30 35 40 45 50

1F ! ! ' ! ! ! ! Sensor fault
— — — Estimated fault

g T
|_U L ]
i i i i i i i i i k|
0 5 10 15 20 25 30 35 40 45 50
Time(s)

Fig. 11. Simultaneous reconstruction of actuator and sensor
faults.

Lipschitz constant and the disturbance attenuation level.
Finally, simulation results were presented to verify the
effectiveness of the proposed method in this design
framework. The extension of our work to fault tolerant
control of T-S systems is under study.
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