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AND IMPULSIVE CONTROL

YONGKUN LI%*, HUIMEI WANG ®, X1AOFANG MENG ¢

“Department of Mathematics
Yunnan University, Kunming, Yunnan 650091, People’s Republic of China
e-mail: yklie@ynu.edu.cn

*Department of Mathematics
Kunming University, Kunming, Yunnan 650214, People’s Republic of China

In this paper, we are concerned with drive-response synchronization for a class of fuzzy cellular neural networks with time
varying delays. Based on the exponential dichotomy of linear differential equations, the Banach fixed point theorem and
the differential inequality technique, we obtain the existence of almost periodic solutions of this class of networks. Then,
we design a state feedback and an impulsive controller, and construct a suitable Lyapunov function to study the problem of
global exponential almost periodic synchronization for the drive-response systems considered. At the end of the paper, we
provide an example to verify the effectiveness of the theoretical results.
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1. Introduction

Neural networks have been extensively studied for their
potential applications in many engineering and scientific
fields, such as image processing, associative memory,
computing technology, nonlinear programming, and so
on (Arik, 2002b; 2002a; Sen, 2006; Cao and Liand,
2004; Xia et al., 2007; Xu and Yang, 2005). There
are many research results, especially for Hopfield neural
networks (Aouiti et al., 2017), cellular neural networks
(Park, 2009; Pan and Cao, 2011), bidirectional associative
memory neural networks (Aouiti et al., 2017) and
Cohen—Grossberg neural networks (Yang et al., 2017).
However, when using mathematical modeling to solve
real-world problems, the uncertainty of vagueness is
encountered. In order to solve the problems of vagueness,
Yang and Yang (1996) applied fuzzy logic to the
traditional cellular neural networks, which integrates
fuzzy logic into the structure of traditional cellular neural
networks and maintains local connectedness among cells.

Unlike previous cellular neural network structures,
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fuzzy cellular neural networks have fuzzy logic between
their template and input and/or output besides the “sum of
products” operation. Combing the advantages of fuzzy
operations and cellular neural networks, fuzzy neural
networks have wide applications in image processing and
pattern recognition problems. Therefore, there are a lot of
results for fuzzy cellular neural networks; see the works
of Li and Wang (2013), Yuan et al. (2006), Long and
Xu (2011) or Li and Zhang (2009) and the references
therein. Moreover, it is well known that periodicity,
anti-periodicity and almost periodicity are very important
dynamics for non-autonomous neural networks (Li ef al.,
2009; Pan and Cao, 2011; Li and Fan, 2009). In addition,
in the real world, almost periodicity is more realistic and
more general than periodicity. Also, time delays are
inevitable both in biological and artificial neural networks.
Recently, the almost periodic problem of fuzzy cellular
neural networks with time delays were considered by
Huang (2017a; 2017b).

Pecora and Carroll (1990) proposed the concept
of synchronization. Its mechanism is as follows: a
chaotic system, called the driver (or master) system,

@


mailto:yklie@ynu.edu.cn

amcs@

Y. Liet al.

generates a signal and sends it to a response (or slave)
system over a channel. The response system is identical
with the driver system. Then the response system uses
this signal to control itself so that it oscillates in a
manner synchronized with the drive system. Since then,
due to its wide applications in engineering such as in
secure communication, biological systems or information
processing, much attention has been attracted to this
topic. There are many synchronization strategies, such as
coupling control, state feedback control, adaptive control
and impulsive control (Heagy et al., 1994; Yang, 2001;
Cao et al, 2005; Tang et al., 2017a; 2018b; Yuan
et al., 2014). In the past few years, the problem of
periodic synchronization for systems has been extensively
investigated (see Hu et al., 2010; Hong, 2014; Cai
et al., 2015; Wu et al., 2015). Very recently, the
problems of almost periodic synchronization, almost
automorphic synchronization and pseudo almost periodic
synchronization for quaternion-valued neural networks
have been studied by Li et al. (2018b; 2018c; 2018a),
respectively.

It should be noted that the impulsive control
method has found favor with many researchers, since it
allows synchronization of systems to use the impulsive
controllers with only small impulses, generated by nodes
of the state variables of the drive and the response
systems at discrete time instants. Moreover, when
the synchronization impulses are sent to the receiving
systems at discrete time instants, this can drastically
decrease information redundancy in the transmitted signal
and increase robustness against disturbances, which can
greatly reduce control cost. Recently, some interesting
synchronization results for chaotic neural networks have
been reported using the impulsive control method, see the
works of Cao et al. (2009), Lu et al., (2013; 2018), Yang
et al. (2015; 2018), Guan (2018), Zhang et al. (2018) or
Lin and Zhang (2018) and the references therein.

Up to now, although there have been few studies on
synchronization of fuzzy cellular neural networks (Ding
and Han, 2008; Abdurahman et al., 2016; Wang, 2018;
Ding et al., 2009; Feng et al., 2011; Yang et al., 2017),
almost periodic synchronization of fuzzy cellular neural
networks via impulsive controls has not been studied. But
it is interesting and challenging.

Inspired by the above analysis, in this paper, we
are concerned with the following fuzzy cellular neural
network with time-varying delays:

2 (t) = —ai(t)zi(t) + Z bij(t) fi(z; (1))

+ Z Cij (t)gj (]}j (t — Oij (t)))

30y (00 + A Ty (O 1)

+ /\ iy ()h; (25(t = 735 (1))

(h
+V% — i (1))
+ \/ Sig(O)p (8) + Li(t),
j=1
where ¢ € {1,2,...,n} := TII, n corresponds to

the number of units in a neural network, x;(t) is the
state variable of the i-th neuron at time ¢; a;(t) >
0 represents the rate with which the i-th neuron will
reset its potential to the resting state in isolation when
disconnected from the networks and external inputs;
aij, Bij, Tij, Sij are elements of the fuzzy feedback
MIN template, fuzzy feedback MAX template, fuzzy
feedforward MIN template, fuzzy feedforward MAX
template, respectively; A,\/ denote the fuzzy AND
and OR operation, respectively; b;;, d;; are elements of
the feedback and free-forward template; c;; denotes the
weight strength of the ¢-th neuron at time ¢; y; denotes an
input of the ith neuron; I;(¢) denotes the external input
to the ith neuron at time ¢; fj, g;, h; : R — R are
the activation functions of signal transmission; o;;(t) >
0,7;(t) > 0,m;;(t) > 0 correspond to transmission
delays.

Throughout the paper, for convenience,
bounded continuous function, we use the notation

fr= ig]g'f(t)% f7 = b [f(D)].

for a

The initial conditions associated with the system (I))
are of the form

2i(8) = @i(s), € [-6,0], iell,
where
0 = max{o,7,n}, o= 121??”{0”},

{mJ 3

and ;(-) is a real- valued bounded continuous function
defined on [—6, 0].

The main purpose of this paper is to study the
problem of almost periodic synchronization of (1) via
state-feedback and impulsive control. To the best of our
knowledge, this is the first paper to study almost periodic
synchronization for fuzzy cellular neural networks. Our
results are completely new and our methods can be
used to study the problem of almost periodic and almost
automorphic synchronization for other types of neural
networks.

T= max {7; }, n= m

1<i,5<n <1
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Remark 1. Following ideas similar to those
used by Cai et al. (2015), Hu et al. (2010) or
Li et al (2018b; 2018a; 2018c), in this paper,
drive-response synchronization of systems with almost
periodic coefficients and almost periodic solutions is
called almost periodic synchronization.

We organize the paper as follows. In Section 2,
we introduce the notation and definitions, and state some
preliminary results which are needed in further sections.
In Section 3, sufficient conditions for the existence of
almost periodic solutions of system (I)) are obtained. In
Section 4, the exponential synchronization is investigated.
In Section 5, the effectiveness and feasibility of the
developed methods are shown with a numerical example.
The paper ends with a brief conclusion in Section 6.

2. Preliminaries

In this section, we shall recall some fundamental
definitions and lemmas.

Definition 1. (Fink, 1974) Let f € BC(R,R"); then f is
said to be almost periodic if, for any € > 0, it is possible
to find a real number | = [(e) > 0, such that for any
interval of length [(¢), there exists a number 7 = 7(¢) in
this interval satisfying | f(t +7) — f(¢)| < eforall t € R.

We denote by AP(R,R™) the set of all almost
periodic functions from R to R™.

Lemma 1. (Diagana, 2013) If f,g € AP(R,R"), then
f+g,fge€ AP(R,R").

Consider the following linear homogenous system:
a'(t) = A(t)x(t) 2
and the linear non-homogenous system

2'(t) = A(t)x(t) + f(t), 3)

where A(t) is an almost periodic matrix function and f(¢)
is an almost periodic vector function.

Definition 2. (Fink, 1974) The system (@) is said to admit
an exponential dichotomy if there exist a projection P and
positive constants «, 3 such that the fundamental solution
matrix X (¢) satisfies

X (PX T (s)] < pem (),
X ()(I — P)X~!(s)] < BemC71),

Lemma 2. (Fink, 1974) If the linear system @) admits an
exponential dichotomy, then the system @) has a unique
almost periodic solution

x(t) = 1 X(t)PX1(s)f(s)ds

+oo

- X = P)X~1(s)f(s)

t

g
ds,

where X (t) is the fundamental solution matrix of ).
Lemma 3. (Fink, 1974) Let a; be an almost periodic func-

tion on R and

1 T
Mla;] := lim —/ a;(s)ds >0, iell
t

Then the linear system
o' (t) = diag(—a1(t), —az(t), . .., —an(t))z(t)
admits an exponential dichotomy on R.

Lemma 4. (Yang nad Yang, 1996) Let x;,y;, aij, Bij €
R, f; : R = R be continuous functions where 1,j € 11;
then we have

/\ Oéijfj(ﬂ?j) - /\ Oéijfj(yj)
j=1

Jj=1

<D laigllfilay) = Fiys)ls
Jj=
\ Bisfixs) =\ Bisfi(yy)
j=1 j=1
< Z |Bii 1 £5(x5) = £i(y;)l-

J
Similarly to the proof by Huang (2017b,
Remark 2.2), we have the following result.

Lemma 5. For i,j € 11, let Tj, g, Tig, Mig» Xij,
Bij» Tij,Sij € AP(R,R) and (As) hold; then we
have N;_y oj (Yh (25 (- =735 ())), Vi Big (Y ( (- —
i3 () Nj=r Tij (g =y Sij (1) € AP(R,R).

Throughout the paper, we make the following
assumptions:

(A1) Function a; € AP(R,RT) with Mla;] > 0,
bij, cij, dij, cij, Biz, Sij. Tij, i It €  AP(R,R),
Oij,Tij,Nij € Cl(R,RJr) N AP(R,R) with

=i — g
'Y - %gﬂg{l O'” (t)} > 07
=i — 7
p - tlg]g{l sz (t)} > 07
— i —
where 7,7 € II.

(A2) For any u,v € R, there exist positive constants
L;, LY, L such that

£ (w) = £ ()| < L ju— ],
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195 (w) = g5 (0)] < LfJu =], B =N A
J (1) = ) dij(t)p;(t) + /\ Tij(t)p;(t)
[y () = hj(v)| < Lfu— vl ; j/:\l
and f;(0) = g;(0) = h;(0) = 0, where j € L +\/ Sij (£ (1) + L(2).
j=1

(A3) There exists a positive constant » such that

P;
maxq — ¢ =71 <1,
ieJ a;

where ¢ € II and

— +7f + tLh 4 gtk
b= Z |:b1]LJ + oLy + oL + B L7 |
j=1

3. Existence of almost periodic solutions

In this section, we shall state and prove sufficient
conditions for the existence and uniqueness of almost
periodic solutions of the system (T)).

Set Y = {¢o = (pr,02,---90)7 : @i €
AP(R,R),i € II} and equip it with the norm [¢| =
max;er { supyeg |i(t)|}. ThenY is a Banach space. Let

(1) = (£2(0), 58, -, 2 (1)
where
ﬁ@=[fef“mﬂfﬂ
+/n\ \n/ s) + Ii(s)] ds,

i € Il and L be a constant satisfying L > ||¢°].

Theorem 1. Let (A1)—(A3) hold. Then the system (1) has
a unique almost periodic solution in Y* = {¢ € Y|||¢ —

@Ol <rL/(1 =)}

Proof. For any given ¢ € Y, consider the following linear
system:

2i(t) = —a;(t)w

where

i(t) + Fi(t,o(t) + Ei(t), i€ll, (4)

n

Ei(t, (t)) = Zb )+ ch

x gj((pj(t —0i;(1)))

n

+ N\ i (0)hy(;(t — 745(1)))

Jj=1

fj ‘PJ

From Assumption A; and Lemma [3 it follows that the

linear system
2i(t) = —a;(t)xi(t), i€l

admits an exponential dichotomy. By Lemma[2] we have
that the system (@) has a unique almost periodic solution
x¥ = (2%, 25, ... 2¥), where

t
o) = [ e Fe E s ()

+ Ei(s)]ds, ielL
For every ¢ € Y*, we find

rL L
ol < el + e = ¢°ll < L+ 7= =

1—r

Now we define a mapping ® : Y* — Y* by setting ¢ =
¥, p e Y™

First, we will prove that, for any ¢ € Y*, dp € Y*.
In fact, we have

|Fi(s, <ﬂ( )|
i ()£ (p;(s +ch
x gj(sﬁj(s = 0ij(s)))
+ ;\laiJ(S)hJ(wg (s = 7i5(s)))

+V%@mew®w
j=1

< mefj(%oj( s)) — £;(0 )|

3 cbloy(esle = ) = 0s0)

+Z%MwJ — 735(5))) — h;(0)]

+ Zﬁiﬂhj(%‘(s —nij(s))) — h;(0)]

n

Z +Lf|<pj

)| +ZC$Lf\SOj(S — 0ij(s))|

+ ) o L oi(s — 7ii(s))]
=1
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+ 3 BELE i (s —mig(s)|. i€ 1L
j=1

From this and the definition of ® it follows that

sup | (@) (t) — 2 (t))

teR
t
= sup {/ e Js ai(")duﬂ'(s,@(s))}ds
teR oo
n
< = 37 B+ e 1+ af Lt + 85 L8]l
Z ]:1
L
<rllel € =, el
1—r

which implies ®p € Y*.
selfmapping from Y* to Y*.

Next, we will show that ® is a contraction mapping
in Y*. For any ¢, 1) € Y*, we have

Thus, the mapping ® is a

|Fi(s, () — Fi(s,9(s))]
< Zb;_j|fj(<ﬂj(5)) — [i(¥;(9))]
+ZCU|97 % UU( )

n

95 (05(s = a1 ()| + 3
—mi(s)) =~ s s Q;ml
+Zﬁwwj —11i5(5)))

wm—w@m

Z b LT 0;(s)) — ()]

I CAC

ch J |90J
+ Zaw J |‘pJ

+Z/Blj ]\ij 5_77w( ))

—04i(8)) — (s — %‘(8))|

= 7i(8)) — (s — 735 (5)))|

—wj(s =i ()], €Il

From the above inequality and the definition of ®, we
obtain

sup |(De)i (t) — ) () (1) (¢)]
teR
t n
<su e~ JSai(w) du b+Lf +chL?
<sw{ [ D [eed it

Jj=1

VA VA

+ Ll + B e - ¢||ds}
P; :

< —lle—9ll, iell
a’L

Therefore, we get

[®p — || < rllp — .

By Assumption Ag, ® is a contraction mapping. Based on
the Banach fixed theorem, we obtain that ¢ has a unique
fixed point in €2, which means that the system (I) has
a unique almost periodic solution in Y*. The proof is
complete. [ |

4. Almost periodic synchronization via
state-feedback and impulsive control

In this section, by utilizing some analytic techniques
and constructing a suitable Lyapunov function, we will
investigate the exponential synchronization problem of
fuzzy cellular neural networks with time-varying delays
and almost periodic coefficients. For this purpose, we
consider the system () as the drive system, and the
response system is designed as

Yi(t) = —ai(t)yi(t) + Y bij (8) £ (y; (1))
j=1

+ 3 di (O () + N\ Tig (6 (2)
n 5
© N ag @y (- ) O
j=1
+ \/ Bij () (v (t — 15 (1))
j=1

() 1 €11,

where u;(t) is the control input to be designed. The initial
condition of (@) is as follows:

yi(s) = vi(s), se€

where v = max{o,7,7,£}, € = maxi< j<n{&}
and 1, (-) is a real-valued continuous function defined on
[_Va 0]

Let z;(t) = yi(t) — z;(t) be the synchronization
error; then we can obtain the following error dynamical

[_Vv O]v (S Ha

aamcs
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- - T
system of (I)) and (@): = (Jlk(zl (3 )s Jar(22(ty ), - - s Tnk(2n(ty, )))
n . . . .
1(8) = —a;(£)2( b (VF (2 (4 represents impulsive perturbation of the i-th neuron at ty.
a() as(t)al )+Z 4 (OF () Set B = {{te} : tr € Rty < tpp1,k €
Jj=1
" Z*,limp 400 ty = o0}, For {t;} € B,let PC(R,R")
+ Z cij(£)Gj (2 (t — 0y5(t))) be the space formed by all bounded piecewise continuous
= functions ¢ : R — R™ such that ¢(+) is continuous at ¢
n forany t ¢ {t} and (tx) = @(t]) forallk € Z*.
+ o (O H: (2 (t — 15 (¢t
j/:\l i(®) J( i il ))) Definition 3. (Stamov, 2012) The function ¢ €
PC(R,R™) is said to be almost periodic if the following
" . holds:
+ \/ B (0 H; (25t — iz (1))
j=1 ©) (i) {tr} constitutes a uniformly almost periodic
+u;(t), el sequence.
where Fj(z;(t)) = fi(y;(t) — fi(z;(t), G (2t — (1) For any ¢ > 0, there exists a positive number § =
oij () £ gi(y;t — 0i5(2)) — g;(z;(t — 04(t))), d(e) such that, if the points ¢’ and ¢ belong to the
H; (2t — ;1)) 2 hy(y;(t — (1)) — ( (t — same interval of continuity of ¢(t) and |t' —t"'| < 6,
N h n _ " ]
7 (1)), Hi(z(t — nii @) 2 hy(y;(t — 1i;(1))) — then [[p(t') — ()] < e
iy (5 (t =35 (£)))- (731) For every € > 0, there exists a relatively dense set T'

The impulsive controller u;(t) is designed as

(t) = Z Jik (2i())d(
+ Z eij(t

where k € Z*, 6(-) is the Dirac impulsive function.

With the impulsive controller (7), similarly to the
proof by Zhang et al. (2018) and using the property of
5(+), the error system (&) becomes the following

t— tk) — m(t)zi(t)

= &), eI, (D)

2(t) = —ai(t)zi(t) + é i3 (1) F; (2 (1))
+jé e ()G (2 (t — 055(t))
+ /31 iy (O H, (25t — 755(£))
+j\Z/1 By (OH; (2t — (1) ®)

—ri(t)=(t) + ; ei5(t)
<L(z;(t — &5 (1)),

t # tk,
Nzi(ty) = Zz'(tk) zi(ty )
= Jie(zi(ty,)), t=tx,
zi(s) = Yi(s) — pi(s), s€[-v,0]

where i € I,k € ZT, Az;(t) denotes the state jumping
at impulsive time instant ¢ = ¢, while z;(¢;) and z;(¢,)
are the right-hand and left-hand limits of function z;(¢) at
tx. Moreover, z;(t}) = z;(tx) and

Je(zi(ty))

such that, if 7 € T', then || p(t+7) —¢(t)|| < e forall
t € R satisfying the condition |t — tx| > €, k € ZT.

Definition 4.  The response system (3) and the drive
system () are said to be globally exponentially synchro-
nized if there exist positive constants M/ > 0 and A > 0
such that

ly(t) — z(@®)]| < My — ¢lloe™™,
where
ly(t) — 2(t)]| = max {lyi(t) — @)},

[¥i(t) — %‘(t)|}~

te[—v,0]

v —llo = meag{ sup

Theorem 2. Let (A1)—(As3) hold and suppose further the
following:

(A4) K € PC(R,R+), €i; € PC(R,R) and fij
PCY(R,RY) with ¢ = infier{l — &;(t)} > 0 are
almost periodic, where i, j € IL

(As) Forany u,v € R, there exists a positive constant Lé

such that
11 (w) = (V)] < Liju — |
and 1;(0) = 0, where j € IL
(Ag) The impulsive operator Ji(zi(t;)) satisfies
Jik(zi(t,:)) = —)\ik(zi(t,:))), 0< >\ik < 2,1€ H,
keZ".
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(A7) There exists a positive constant w such that = (1= Xin)(2i(ty,))s
Then, by (Ag) and (@), we obtain
mfﬁc{w—(a + Ky +Zb;’;L; y (4o)
' i=1 (D) < |z(ty)], keZt, iell
+—Zc;§L§ Za;’;L? With W (t) = e!|2i(t)], for t # t1,, we have

o W () < wWilt) +e'|2(1)], iell
+71h +7l
SISt —Z%LJ}

and for t = t;, we have

(4T — Wt | (47
Then the drive system (1) and the response system () are Wity) = e |zi(ty )] < e |zi(ty))]|

globally exponentially synchronized. =Wi(t,), kezt, iell
Proof. Fort >0,andt # ty, k € Z*, we have Let us construct a Lyapunov function V(t) as
(0] = ) - a4t oo
= | = ai()[y:(t) — za()] + > bis (1) =
j=1 where 7 € II and

ch (95 (y; (t — 045(1))) T oty

- +71h ) ws
— gj(x_](t — 0'”(75)))] + ZOC”LJ ‘/t rer®) |Z] (S)|€ ds
+ /\ @i ()[R y; (= 75(2))) :
j/:\l ij [ A ij +_25$L? |Zj(8)|6wgd8
t—n;;(t)
= hy(z;(t —Tij(t))ﬂ
+ N et L / |zj(s)|e*® ds.
+ \/ Bij(t) = 1i5())) Z P e
B (F— e . ) For t # ty, calculating the Dini right-hand derivative of
h 7 Kj t Zi t
j( (¢ =t )))] (£)z(0) V(t) along the solutions of the error system (6), we obtain
+ Zew ~65(0) v
n LA)G' n
t
< —(a;y +r;)|z(t) |+Zb:;Lf|Zj @®)| S;{wWi(t)—l-e“p |+—Zc”
j=1 =
- +79
+ ZcZLi’ [23(¢ = o35(1))) X Lz () ZCULJ

X |zj(t — o3 (t ))|€w(t a”(t))( —0i;(t))
+Za1j j|ZJ t_le(t))| h ot
+ —Za”LJLzJ
+Z/61j ]|ZJ t_nlj(t)” N
- —ZOJJLJIZJ —75(1))]

+Ze$L§|zj<t—@j<t>>|, ieTL
j=1 x ew(t= m(t))(l _ T _|_ - Zﬁ

Also, for t = t,, k € Z1, we obtain

Ls o +h
Zl(tZ) = Zz(t};) - )\zk(Zq,(t];)) x |Zj Z/Blj j |ZJ
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— 15 |e m-j(t))(l _ 77§j (1))

+—ZG?3L§|ZJ ——ZGM
xvxr—@<»wMt&ﬁ”u—5xﬂﬁ
<> {omi + e | = (a4 R0l 00)
+me L1zt |+chJL§|zj (t — o3 (1))

+Za1j J|ZJ t— it |+26;5L;L|Z]

_mj |+Ze j|th_€U())|:|

+—ch leﬂ _—ZC;;L?
X |Zj(75 — o (t))|e* oM (1 — Uij(t))
+—ZQ$L§‘|% ——Z%EL?
X |z;(t —Tz‘j( ))le T ®)(1 —T{j(t))
+_25:J_L;L|ZJ __Zﬁw J
x |Zj(75 — 5 (1)) |e 7 (1

—|— — Z ej}L“zj

i=1 j=1
Y +r9 € - +h
+—ch J’+—Zaw J
=1 j=1
€ S +Lh ewf S +Ll
+_Z/8U j+TZ%‘ J
=1 =1

From Assumption Ag, we can calculate the right limits
of Lyapunov functional V' at impulsive moments tj, as

follows:

=2 {wie + Ty

=1

.
tk
X e
tf =i (t))

k

ewT n
*lzi(s)|ds + — ) aff
p =

(10)

+
]

¢+

k
X L?/
th—1i ()

+—ZB” J/

¢*|z(s)] ds

e“%)z;(s)| ds
—MNij (t )

tk
X / e“?|z;(s)|ds
b, —oij ()

+—Za;L§/t e )em|zj( s)| ds

ewn t,
e« mwﬁ/ e*|2(5)| ds
; S siL! ey &1

Jj=1

—Ze:;Lé/ |zj(s)|e*® ds}
—&ii ()

=V(t,), keZt. (11)
In view of Assumption A7, (I0) and (L), we obtain
DV (t) <0

which implies V' (¢) < V/(0) for all ¢t > 0.
On the other hand, we have

> {wio+ T s

=1

V(0) =
e“?|z;(s |ds+—Za;;L;L
+rh
|d8+—ZﬁULJ
0
x/ e“?|z;(s)| ds
75 (0)
+—ZG:ZL§/ |zj(s)|e‘“5ds}
€i;(0)
<> [+ ey
i=1
wr 1 2
+71h
> oLy

j=1

€

ijj

+ 7l
w@hw—@m
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It is easy to check that The corresponding response system is given by
ly(®) = =(®)]| < V(e " < V(0)e ™! , :
y;(t) = —a;(t)y:(t) + bii () fi(y,(t
< M=t — pllo, £>0, (t) i(t)ya(t) ; i3 (8) f5(y; (1))
2
where + > e ()9; (w5t = 05 (1)))
n Jj=1
M=>" [1 + ;Lg 2 >
i=1 + Y dig () + N\ Tig (8 (1)
YT — 1 — otk 4 j=1 j=1
i1 = + /\ g (0h i (t = 735 (1))
wf -1 j

Ze;Lz]

Therefore, the drive system () and the response system

@) are globally exponentially synchronized. The proof is
iJ t i(t Ii t i t s 13
complete. - "'\/Sj()ﬂj()"' () +uwi(t), (13)

2
+ \/ B () (y; (8 = mis (£)))
j=1

|

Jj=1

Remark 2. Li et al. (2018b; 2018a) considered almost and the controller is as follows:

periodic synchronization and pseudo almost periodic

synchronization for quaternion-valued cellular neural _

networks with time-varying delays, but the controllers in uilt) = Z Ti(z()0(t = tr) = rmi(t)zi(t)

those works are only state feedback ones, not the state

feedback and the impulsive controller. In addition, the + Z eij(t — &), (14)
networks considered in these works are deterministic,

rather than fuzzy networks. Therefore, Theorem[2]is new.
where ¢ = 1, 2, and the coefficients are

5. Numerical example fi(z) = fa(x) = 0.3sinz,

In this section, an example is given to show the g1(z) = ga(z) = 0.2 tanh z,
effectiveness of the result obtained in this paper.
hi(x) = ha(z) = 0.5(|x + 1 + [z — 1),

Example 1. Consider the following fuzzy cellular neural lh(z) = ly(x) = 0.4z],
networks as the drive system:

2 ay(t) = sin V2t + 3, as(t) = cos 2t + 4,
x;(t)——al(t)xl(t)—l—Zbi (t)f5(z;(1)) I;(t) = 0.1sin 2¢, I1(t) = 0.1sinV/3t,
) = w1 (t) = sint, ua(t) = cost,
+ Z cij(t)g;(x;(t — 0i;(1))) b11(t) = 0.1sin5t, b12(t) = 0.2 cos 2t,
j=1 ba1(t) = 0.4sint, baa(t) = 0.5 cost,
2 2 c11(t) = 0.3sin7t, c12(t) = 0.1 cost,
" ; i (it 0) + j/:\l T (O () c21(t) = 0.4 cos 3t, coa(t) = 0.2sinV2t,
2 dy1(t) = 0.5sinv/2t, dy2(t) = 0.5 sin 5t,
+ j/:\l i (#)h (2 (t = 735 () do1(t) = 0.4 cos V3t dao(t) = 0.5sint,
9 a11(t) = 0.25 cost a12(t) = 0.55sin 2t,
+ \/ B (0)h (¢ — mi (1)) as: (t) = 0.6sin 5t, ass(t) = 0.3sin V3,
jzl Bi11(t) = 0.2 cos V/3t, Bia(t) = 0.1sin /5,
+\/ Si (O (t) + L(t). 12) Ba1(t) = 0.3 cost, Baz(t) = 0.45 sint,
Jj=1 T11(t) = 0.38in2¢ T12(t) = 0.4 cost,
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T (t) = sinV/2t, Tao(t) = cosV/3t,
S11(t) = 0.5sint, S12(t) = 0.6 cost,
Sa1(t) = sin 3t, Saa(t) = sin V3t,
k1 (t) = cos V2t + 3, Ko(t) = sint + 4,
e11(t) = 0.1sinv/2t, e12(t) = 0.2sint,
e21(t) = 0.3sin 2¢, e2a(t) = 0.2 cos V/3t,
0:;(t) = 0.4sin* ¢, 75 (t) = 0.2 cos? ¢,
nij(t) = 0.3]sint|, &i;(t) = 0.5| cost]|
By simple calculation, we obtain
a; =2, K =2, ay =3, Ky =3,
LI =1} =03, L =14=0.2,
Lh=rh=1, LY =1L =04,
bf, =0.1, bl = 0.2, by, =04, biy, =0.5,
cf; = 0.3, cfy =0.1, 3 =04, ¢, =02,
df, = 0.5, djy = 0.5, di, =04, df, =05,
of; =025, al, =05, af =06, af, =0.3,
B =0.2, Bl = 0.1, B4 =03, B =0.45,
T = 0.3, Th =04, Ty =1, Ty =1,
St =0.5, ShHh=06, SHi=1 SH=1,
I =1 =01, pf=p3 =1,
el; = 0.1, el =0.2, eq; = 0.3, €35 = 0.2,
o=04, T=0.2, n =0.3, & =0.5,
P, =122, P,=204.

Then we obtain

max {ii , %} ~ max{0.61,0.68} = 0.68 < 1,
a; Qg

and therefore all the conditions of Theorems [I] are
satisfied, so the drive system (I2) has an almost periodic
solution. Moreover, take t, = 0.5 + 2(k — 1)m, k € Z+
and impulsive functions Jx (z;) = —(1+ 5 sin(2+k))z;,
i1=1,2,w=1,v=0.6,p=0.8,0=0.7,¢ = 0.5; then
we get

n

- - +rf

o @ )+ 305
J:

ewo n N ewT n o
e g " :
T DL+ P > afL
=1 =1

n

e o NS
7, D BELy+ . Z%‘Lg}
=1

Jj=1

~ max{—0.5918, —0.8198}
= —0.5918 < 0.

Thus, Assumption A7 is also satisfied. Therefore, the
systems (I2) and (I3) can be globally exponentially
synchronized (see Figs. 1-6).

6. Conclusion

In this paper, we considered the problem of almost
periodic synchronization of fuzzy cellular neural networks
with time-varying delays via state-feedback and impulsive
control. By applying the Banach fixed point theorem,
constructing a suitable Lyapunov function and designing a
state-feedback and impulsive control, we obtained that the
drive-response structure of fuzzy cellular neural networks
with almost periodic coefficients realize exponential
synchronization. We know that almost periodic
synchronization for fuzzy cellular neural networks with
time-varying delays via state-feedback and impulsive
control is new. Our results are completely original and
our methods can be used to study the problem of almost
periodic and automorphic synchronization for other types
of neural networks.

¢

Acknowledgment

This work is supported by the National Natural Sciences
Foundation of the People’s Republic of China under the
grants no. 11861072 and 11361072.

References

Abdurahman, A., Jiang, H. and Teng, Z. (2016). Finite-time
synchronization for fuzzy cellular neural networks with
time-varying delays, Fuzzy Sets and Systems 297: 96—-111.

Aouiti, C., Gharbia, I1.B., Cao, J., M’Hamdi, M.S. and Alsaedi,
A. (2018). Existence and global exponential stability of
pseudo almost periodic solution for neutral delay BAM
neural networks with time-varying delay in leakage terms,
Chaos Solitons & Fractals 107: 111-127.

Aouiti, C., M’Hamdi, M.S., Cao, J. and Alsaedi, A. (2017).
Piecewise pseudo almost periodic solution for impulsive
generalised high-order Hopfield neural networks with
leakage delays, Neural Processing Letters 45(2): 615-648.

Arik, S. (2002a). An analysis of global asymptotic stability of
delayed cellular neural networks, IEEE Transactions on
Neural Networks 13(5): 1239-1242.

Arik, S. (2002b). An improved global stability result for
delayed cellular neural networks, IEEE Transactions on
Circuits & Systems I: Fundamental Theory & Applications
49(8): 1211-1214.

Cai, Z., Huang, L., Guo, Z., Zhang, L. and Wan, X. (2015).
Periodic synchronization control of discontinuous delayed

networks by using extended Filippov-framework, Neural
Networks 68: 96—110.



Almost periodic synchronization of fuzzy cellular neural networks . . .

0.8

=
| !:M/I\/L”W\ “\/r\‘\/'[\‘v"MVMIL/JW\J\/JLM/}NLJ.\'\/

0.

1,2

X,

I
04 4

0.6

4 L L L L L L L L L
0 10 20 30 40 50 60 70 80 920 100

Fig. 1. States of 21 and and x.

04f B

02—

0.2

Fig. 2. Phase diagram of x; and and 2.

T T T T T T T T T
— N
0.6 v

0.4

AAMMAANASBA AN,

=1,2.

i

i
04 - B

os] |

08b 4

4 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Fig. 3. States of y1 and ya.

Cao, J., Ho, DW.C. and Yang, Y. (2009). Projective
synchronization of a class of delayed chaotic systems via
impulsive control, Physics Letters A 373(35): 3128-3133.

Cao, J., Li, H. and Ho, D.W.C. (2005). Synchronization criteria
of Lur‘e systems with time-delay feedback control, Chaos
Solitons & Fractals 23(4): 1285-1498.

Cao, J. and Liang, J. (2004). Boundedness and stability
for Cohen—Grossberg neural network with time-varying
delays, Journal of Mathematical Analysis and Applications
296(2): 665-685.

Diagana, T. (2013). Almost Automorphic Type and Almost Peri-
odic Type Functions in Abstract Spaces, Springer, Cham.

031

04t

0.5

0.6

07 L L L L L L L L L

Fig. 4. Phase diagram of y; and y».

z,i=12
A?“"%.ﬁ
I
|
|
l}
]
|
|
|
|
|
|
|
|
|
|
|
]1
|
1
Il
‘J
|
|
|
|
|
|
1
|
|
|
L )

Fig. 5. Drive system (I2) and its response system (I3) are syn-
chronized.

Fig. 6. Curves of z in a 3-dimensional space for the synchro-
nization case.

Ding, W. and Han, M. (2008). Synchronization of delayed fuzzy
cellular neural networks based on adaptive control, Physics
Letters A 372(26): 4674-4681.

Ding, W., Han, M. and Li, M. (2009). Exponential lag
synchronization of delayed fuzzy cellular neural networks
with impulses, Physics Letters A 373(8-9): 832-837.

Feng, X., Zhang, F. and Wang, W. (2011). Global
exponential synchronization of delayed fuzzy cellular
neural networks with impulsive effects, Chaos Solitons &
Fractals 44(1): 9-16.

Fink, AM. (1974). Almost Periodic Differential Equations,
Springer, Berlin.



Y. Liet al.

amcs@

Guan, K. (2018). Global power-rate synchronization of chaotic
neural networks with proportional delay via impulsive
control, Neurocomputing 283: 256-265.

Heagy, J.F., Carroll, T.L. and Pecora, L.M. (1994).
Experimental and numerical evidence for riddled basins
in coupled chaotic systems, Physical Review Letters
73(26): 3528-3531.

Hong, H. (2014). Periodic synchronization and chimera in
conformist and contrarian oscillators, Physical Review E
89(6): 1-37.

Hu, C., Yu, J., Jiang, H. and Teng, Z. (2010). Exponential
stabilization and synchronization of neural networks with
time-varying delays via periodically intermittent control,
Nonlinearity 23(10): 2369-2391.

Huang, Z. (2017a). Almost periodic solutions for fuzzy cellular
neural networks with multi-proportional delays, Inter-
national Journal of Machine Learning and Cybernetics
28(4): 1-9.

Huang, Z. (2017b). Almost periodic solutions for fuzzy cellular
neural networks with time-varying delays, Neural Comput-
ing and Applications 28(8): 2313-2320.

Li, Y., Chen, X. and Zhao, L. (2009). Stability and existence
of periodic solutions to delayed Cohen—Grossberg BAM
neural networks with impulses on time scales, Neurocom-
puting 72(7-9): 1621-1630.

Li, Y. and Fan, X. (2009). Existence and globally exponential
stability of almost periodic solution for Cohen—Grossberg
BAM neural networks with variable coefficients, Applied
Mathematical Modelling 33(4): 2114-2120.

Li, Y, Li, B., Yao, S. and Xiong, L. (2018a). The
global exponential pseudo almost periodic synchronization
of quaternion-valued cellular neural networks with
time-varying delays, Neurocomputing 303: 75-87.

Li, Y., Meng, X. and Ye, Y. (2018b).  Almost periodic
synchronization for quaternion-valued neural networks
with time-varying delays, Complexity 2018, Article ID:
6504590.

Li, Y., Wang, H. and Meng, X. (2018c). Almost automorphic
synchronization of quaternion-valued high-order Hopfield
neural networks with time-varying and distributed delays,
IMA Journal of Mathematical Control and Information:
dny015, DOI:10.1093/imamci/dny015.

Li, Y. and Wang, C. (2013). Existence and global exponential
stability of equilibrium for discrete-time fuzzy BAM
neural networks with variable delays and impulses, Fuzzy
Sets and Systems 217: 62-79.

Li, Y. and Zhang, T. (2009). Global exponential stability
of fuzzy interval delayed neural networks with impulses
on time scales, International Journal of Neural Systems
19(06): 449-456.

Lin, Y. and Zhang, Y. (2018). Synchronization of stochastic
impulsive discrete-time delayed networks via pinning
control, Neurocomputing 286: 31-40.

Long, S. and Xu, D. (2011). Stability analysis of stochastic fuzzy

cellular neural networks with time-varying delays, Neuro-
computing 69(14-15): 2385-2391.

Lu, J, Ho, DW.C. Cao, J. and Kurths, J. (2013).
Single impulsive controller for globally exponential
synchronization of dynamical networks, Nonlinear Anal-
ysis: Real World Applications 14(1): 581-593.

Lu, X., Zhang, X. and Liu, Q. (2018). Finite-time
synchronization of nonlinear complex dynamical networks
on time scales via pinning impulsive control, Neurocom-
puting 275: 2104-110.

Pan, L. and Cao, J. (2011). Anti-periodic solution for delayed
cellular neural networks with impulsive eftects, Nonlinear
Analysis: Real World Applications 12(6): 3014-3027.

Park, J.H. (2009). Synchronization of cellular neural networks of
neutral type via dynamic feedback controller, Chaos Soli-
tons & Fractals 42(3): 1299-1304.

Pecora, L.M. and Carroll, T.L. (1990). Synchronization in
chaotic systems, Physical Review Letters 64(8): 821-824.

Sen, M.D.L. (2006). Stability of impulsive time-varying systems
and compactness of the operators mapping the input space
into the state and output spaces, Journal of Mathematical
Analysis and Applications 321(2): 621-650.

Stamov, G.T. (2012). Almost Periodic Solutions for Impulsive
Differential Equations, Springer, Berlin.

Tang, Z., Park, J.H. and Feng, J. (2018a). Impulsive effects on
quasi-synchronization of neural networks with parameter
mismatches and time-varying delay, IEEE Transactions on
Neural Networks and Learning Systems 29(4): 908-919.

Tang, Z., Park, J.H., Wang, Y. and Feng, J. (2018b). Distributed
impulsive quasi-synchronization of Lur’e networks with

proportional delay, IEEE Transactions on Cybernetics,
49(8): 3105-3115, DOI:10.1109/TCYB.2018.2839178.

Wang, W. (2018). Finite-time synchronization for a class
of fuzzy cellular neural networks with time-varying
coefficients and proportional delays, Fuzzy Sets and Sys-
tems 338: 40-49.

Wu, H., Li, R., Zhang, X. and Yao, R. (2015). Adaptive
finite-time  complete  periodic  synchronization of
memristive neural networks with time delays, Neural
Processing Letters 42(3): 563-583.

Xia, Y., Cao, J. and Cheng, S.S. (2007). Global exponential
stability of delayed cellular neural networks with impulses,
Neurocomputing 70(13-15): 2495-2501.

Xu, D. and Yang, Z. (2005). Impulsive delay differential
inequality and stability of neural networks, Journal of
Mathematical Analysis and Applications 305(1): 107-120.

Yang, H., Wang, X., Zhong, S. and Shu, L. (2018).
Synchronization of nonlinear complex dynamical systems
via delayed impulsive distributed control, Applied Mathe-
matics and Computation 320: 75-85.

Yang, T. (2001). Impulsive Control Theory, Springer, Berlin.

Yang, T. and Yang, L.B. (1996). The global stability of
fuzzy cellular neural network, IEEE Transactions on Cir-
cuits and Systems I: Fundamental Theory and Applications
43(10): 880-883.



Almost periodic synchronization of fuzzy cellular neural networks . . . g amcs

Yang, W., Yu, W,, Cao, J., Alsaadi, F.E. and Hayat, T. (2017).
Global exponential stability and lag synchronization for
delayed memristive fuzzy Cohen—Grossberg BAM neural
networks with impulses, Neural Networks 98: 122—153.

Yang, X., Cao, J. and Ho, D. W.C. (2015). Exponential
synchronization of discontinuous neural networks
with time-varying mixed delays via state feedback
and impulsive control, Cognitive Neurodynamics
9(2): 113-128.

Yuan, K., Cao, J. and Deng, J. (2006). Exponential
stability and periodic solutions of fuzzy cellular neural
networks with time-varying delays, Neurocomputing
69(13-15): 1619-1627.

Yuan, K., Fei, S. and Cao, J. (2014). Partial synchronization of
the distributed parameter system with time delay via fuzzy
control, IMA Journal of Mathematical Control and Infor-
mation 31(1): 51-72.

Zhang, B., Deng, F, Xie, S. and Luo, S. (2018).
Exponential synchronization of stochastic time-delayed
memristor-based neural networks via distributed impulsive
control, Neurocomputing 286: 41-50.

Huimei Wang received the MSc degree in ap-
plied mathematics from Yunnan University in
2007. Currently she is an assistant professor at
Kunming University, China. She is working to-
wards the PhD degree in applied mathematics at
Yunnan University, China. Her research inter-
ests include differential equations and neural net-
works.

Xiaofang Meng received the BSc degree
from Yunnan Agricultural University, Kunming,
China, in 2012, and the MSc degree from Yunnan
University, Kunming, in 2015. She is currently a
PhD student at the Department of Mathematics,
Yunnan University. Her present research interests
. include neural networks and nonlinear dynamic
" systems.

Received: 14 June 2018
Revised: 19 November 2018
Re-revised: 25 November 2018
Accepted: 22 February 2019
Yongkun Li received the PhD degree from

Sichuan University, Chengdu, China. He is a pro-

fessor of Yunnan University, Kunming, China.

He is also the author or a co-author of more than

200 journal papers. His research interests include

nonlinear dynamic systems, neural networks and

applied mathematics.




	Introduction
	Preliminaries
	Existence of almost periodic solutions
	Almost periodic synchronization via state-feedback and impulsive control
	Numerical example
	Conclusion


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [597.600 842.400]
>> setpagedevice




