Appl. Math. and Comp. Sci., 1996, vol.6, No.1, 27-32

STABILIZATION OF LINEAR DESCRIPTOR SYSTEMS
BY STATE-FEEDBACK CONTROLLERS

TADEUSZ KACZOREK*

The necessary and sufficient conditions are established for the existence of a so-
lution to the stabilization problem for linear continuous-time descriptor systems.
A new procedure is presented for designing a state-feedback controller such that
the closed-loop system is asymptotically stable and its response is impulse-free.

1. Introduction and Problem Formulation

The pole assignment, stabilization and regularisation of descriptor linear systems by
state and output feedbacks have been considered in many papers and books (see
References). Most results have been obtained for regular descriptor systems. In this
note, the following stabilization problem for linear, not necessarily regular descriptor
systems will be solved. Consider the linear continuous-time descriptor system

Ei(t) = Az(t) + Bu(t) (1)

y(t) = Ca(t) (2)

where z(t) € IR™ is the semistate vector, u(t) € R™ is the control (input), y(t) € R?
is the output, and E, A € R**", B€ R™™, C € IRP*™ with IRP*? being the set of
px q real matrices. The problem is to find a state—feedback controller

w=-Kz, KeR™" (3)

such that
i) the response of the closed-loop system

Ei(t) = (A - BK)z(t) : 4)
is impulse-free, and

ii) tlim z(t) = 0 for all initial conditions Ez,.

The necessary and sufficient conditions for the existence of a solution to this
problem will be established.
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Proof. Substituting

u=-Kzg= _[Kl KQ]N_lz = -—-[K1 Kz] [ “ jl
22

into (5) and (6) we obtain
2 = Anz + Arazo , (15)
0= Aoz + Azs 2 (16)

The response of (15)-(16) is impulse-free since Az is non-singular (Cobb, 1983;
Christodolou, 1988; Dai, 1989).

Substitution of 2o = —fi;zlfizl 2z into (15) yields

4 = (A - BiKy)n (17)
where A;; and B, are defined by (11). Then tlim z1(t) =0 and also tlim z9(t) = 0.
t
Hence, by z(t) =N () , we have lim z(t) = 0. n
‘ Zg(t) t—oo

Therefore we have proved the following result.

Theorem 3. The stabilization problem has a solution if and only if the system (1)-(2)
is stabilizable and condition (9) is satisfied.

Remark 1. If the system (1)-(2) is regular (det [Es — A] # 0), then condition (9)
is satisfied if and only if all its impulse modes are controllable (or, equivalently, the
system is controllable at infinity) (Kaczorek, 1992).

Remark 2. From the above considerations it follows that there exist many matrices
K = [K1, K,] which are solutions to the stabilization problem (satisfying conditions
(i) and (ii)) of the system (1)—(2). The freedom can be used to satisfy additional
requirements imposed on the dynamics of the closed-loop system (4).

Example. Consider eqn. (1) with

10 1 2 2

, A=
0 0 2 0 1
Note that the equation has already the form (5) and (6) with r =1, A;; =1, Ajp =
A1 =2,A20=0,B,=2,By =1.

Conditions (9) and (13) are satisfied since rank B, = 1 and

E= , B=

-1 -2 2

rank [Es — A, B] = rank ’
-2 0 1

} =2 forall Re(s)>0
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Therefore the stabilization problem has a solution.

Choosing Ky = k2 # 0 we obtain Agy = Ay — BoKy = —ky, A1 = Ajg —
B1K2 = 2(1 — k‘g) and

R - 4 . I 2
An =An+ ApAy Ay =5——, By =B, —A;4;!B, ==
k2 k2
. . 4 2k 5
Hence, for K7 = k;, we have A;; — B1 K, ZS_E—_k_l <0 for k1 > —2-k2—2
2 2

if k2 >0 and k; < gkz — 2 if k3 < 0. The desired state-feedback controller has the

form u = —kyz1 — kozs.

3. Concluding Remarks

The necessary and sufficient conditions for the existence of a solution to the stabiliza-
tion problem for linear continuous-time descriptor systems have been established. A
new procedure has been presented for designing a state-feedback controller such that
the closed-loop system is asymptotically stable and its response is impulse-free.

With slight modifications the presented approach can also be used for linear
discrete-time descriptor systems.
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Appendix
The matriz equation
Ags — BoKy = Ag (A.1)

has a solution K3 € R™*(7=7) for given Agy € R=x(n=7) 4nd By € R(»—r)xm
such that Ass is non-singular if and only if

rank [A22, B2] =Nn-rT (A2)
Proof. From (A.1) rewritten as

Loy
Ao — Bo Ky = [Ag, Bo) [ ] (A.3)

-2

it follows that Ajs is non-singular only if (A.2) holds.

To prove the sufficiency, we may assume without loss of generality that A2, and
B, have been transformed to the form

By

y B2 =
Ba2

(A.4)

) '22 Izlz
Aoy =
22 0 0

where Al is square with det Ay # 0.
Choosing K in the form K, = [0 K3] we obtain

! A" — B, K!
Ags — BoKy = 22 22 21802
0 By K}

Note that if (A.2) holds, then Ba; has full row rank and there exists K5 such that
By, K is non-singular. [ ]
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